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N the following Treatiſe are laid 4 
I. the Principles for the Menſuration of Mag- 
> nitude, with ſuch other Parts of the Ma- 
thematicks only, "as are neceſſarily leading there. 
to, and their Application in the Inveſtigating © 
and Demonſtrating the ſeveral Theorems for 
meaſuring thoſe plain Surfaces and Solids, which 
more immediately belong to Gauging : Tl he whole - 
being originally defign'd for the benefit of the 
e of. the Exciſe, that they might not only 
acquainted with the moſt eafy and exatt Me- 
 thods for Practice, but be at the ſame time cer- 
tain of the Truth of the Rules made uſe of: 
© Care has been taken to avoid meddling with 
the Methods prattiſed by ſome others; or any 
way to be concerned in refuting their Errors; 
but here the only buſingſs is, to give the ne- 
ceſſary Rules for the juſt and ready Practice of 
the Art of Gauging ; ſbewing the Manner of co- 
ming at thoſe Rules, from Principles within them- 
Jehves the moſt perfect of all human Knowledge. * 
For that End, it ts hoped, every thing here 
fepated of, 15 explain'd i in 4 ea) a manner, as to 
be 
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vi PREFACE, 

be within the reach even of Beginners, that 
will give that ere, which is unavoidab h . 
required in the Study nr f Part of the Ma- 
 thematicks : And 122 RE 2 ſafety be affirm'd, 
that w1 thout a competent Skill in A and 
Geometry, it is abſolutely impoſſible for any Per- 
fon to determine, whether the Rules given -by 
common Writers upon this Subject be true or falſe, 
and much leſs to make any ( even the legft) Im | 
provement in this Part of Science, 

Tho the Practice of Gauging may be gl. 
lowed to be a Juffictent Qualification for ever 

Officer : Yet, *tis well known from common 
Experience, that, by far the greateſt Part of 
them, neither want Abilities to underſtand, or 
Ambi tion to have a reaſonable Proof of the 
Truth of the Rules and Methods on which the 
Practice is founded, | 

And as no Writer hitherto has thought für 
to give both the Theory and Practice of Gaug- 
ing in one and the ſame Book, I hope that may. 
be hok'd on as a ſufficient Apology for my Un- 
dertaking to do what ] here Mer, which 1s di- 
vided into three Parts. 

The firſt, as an Introduction to the other 
Parts, containing the Method of computing de- 
cimally, by the Pen, with all the uſeful Con- 
trations : And by the Sliding-Rule. with its 
Conſtructions, and a very full and particular 
Account of its Uje, iogether with 1 Rea 225 of 
the ſeveral Operations made by each Met 


_ FREFACE. vil 
In the ferond Part, there are ſome of the 
primary Principles of plain Geometry, with 
thoſe of the Conic Sections, as preparatory to 
what follows : Where ſuch general Propoſitions, 
for the Meaſuring of Plane Surfaces and So- 
ids; are laid down, that the Rules for moſt of the 

common ones, are deduced by way of Corollaries. 
You have here particular Rules for Menſu- 
ration of all right-lined Plane Surfaces, Cir- 
cles, Conic Sections, and for Solids, ſuch as Paral- 
lelopipedons, Priſms; Conoids, Spindles, with the 
Segments and Fruſtums of theſe : Some of theſe 
perhaps were not publiſhed before, ſuch I ſup- 
gſe, are the Series for the Circle (in Pag. 100.) 
for the Hyperbola (in Pag. 109.) and the Theo- 
rems for meaſuring the 2 rcular, Elliptic, and 
Hyperbolic Spindles ( in Pag. 156.) Then are 
given the Inveſtigation of Theorems, for redu- 
cing theſe Solids nearly into Cylinders of the 
ame Length: From whence is deduced, occas 
fionally, the common fixed Multipliers, and ſhewn 
how far they may be deperided upon, in the 
Practice of Gauging. Next, a general Theorem 
is given, for the Menſuration of all Pyramidi- 
cal or Conic Hoofs, and the ſame is accompliſhd 
in the three Hoofs of an upright Cone, and 
that of the Square Pyramid : On this depends 
the method of Gauging an inclined Pyramidical 

Conical Tun. 

Den the Method is ſhewn of Meaſuring by 
Approximation, which, if brought into Uſe, 
A 2 would 
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would render the Art of Gauging far more con. 
pleat, than it has been hitherto: For by this 
Method, the Meaſure of any Caſe, Tun, Cop- 
per, on Still may be found within any defired 
Degree of Truth, and that by only taking a ſuf- 
. ficient Number of Dimenſions, which will ever 
be leſs than what is required in the common me- 
todo of gauging Coppers, and the Concluſions will 
be much nearer the Truth, But for Caſks, 
there is, beſides the uſual Data, required only a 
Diameter in the Middle between ihe Head and 
the Bung; from which the Form of the Ly, 
in ſome Degree, 1s determined, 

This perhaps may at firſt be kok'd upon as a 
Deſire to introduce Novelty in a Matter ſuffi- 
ciently confirmd by Experience, and by that 
means be rejected as a ſpeculative Nicety. 

But if it be conſidered that the preſent Prac- 
tice of Gauging depends upon aſſigning ſome 
known Form to the Tun or Caſk to be gauged ; 
and without aſſuming that Form, we cannot 
make one Step towards computing its Mea- 
ſure : So that if we are not exact in our A, 
ſumption, it is not poſſible we ſhould be exact 
in its Content, And it may be with truth 
affirm'd, that there never was, ſtrictiy ſpeaking, 
a Caſe in the Shape of any one of thoſe Solid 
Figures whoſe Names they bear ; fince it never 
could happen ſo, unleſs per fectiy by Accident: 
The Maker having no thought of defigning them 
as es 3 and * ſhould a Ct approach 

nearly 
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* in Figure to ſuch a — 1 55 et the Officer 
has no manner of Kal to a im in 2 
taining the ſame ; WL that WW; rs but mere gef 
fg a beſt. 

ut. by the M. :thod I bere ebe thery\ 15 
. a Certainty, either to have the Content 
exattly true, or exceedingly near the Truth : 
neither is there any Difficulty in taking the - 
fourth Dimenſion required among the Data; and 
the Operation: will be very eaſy by the Sliding- 
Rui 
The third Part of this Book is wholly taken 
up with the Practice of Gauging ; and is on- 
ly a more full and particular Illuſtration of 
what was delivered in the Second Part: The 
Meaſure here being eſtimated by Gallons or 
Buſhels, which, there, were Cubical Inches. 
Here is ſhewn the Manner of Caſt-Gauging; 
Firſt, on the Suppoſition of a Caſe having a 
known Form : Secondly, Without any Regard 
fo the Form, by the Help of a Fourth 2 
ion taken ; ſo that every one may follow that 
which ſeems to him beſt. 

Den the Practice of Ullaging Caſes flanding 
or lying is delivered in a Method, which wil 
be found more univerſal and exaB, than what 
is given for that Purpoſe, by the Line markd 
Seg. ſta. or Seg. ly. ( which ſignifies Segments 
ſtanding, or Segments lying) on the Sliding- 
Ruler ; which certainly can ſerve but one ſort 


of Caſts, and that muſt be ſimilar to the 
Caſe 
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Cafe from whence the Lines themſelves were 
made. 


Afterwards follows the ſeveral Rules and 
Precepts for Gauging Tuns, ers, Stills, 
Cifterns, &c. with Examples at large to each; 
And that nothing might be wanting on my Part 
to render this Treatiſe as compleat as poſſibly 
I could, I have carefully conſulted all that 
bas been wrote hitherto upon the Subject, and 
1 J. Kepler, P. Guildin, J. Wallis, 
. Jones, — Sharp, and J. Mat, Haſius; be- 
ing the moſt confiderable Authors who have de- 
liuvered any thing to the purpoſe about this Af 
fair, and at the ſame time baue demonſtrated 
the Rules they gave. 
From theſe I have ſelected whatever was 
thought might conduce either to the Improvement 
of the Pradtice of Gauging, or that might make 
tbe N of the Methods already given more 
eaſy to be comprehended. WS 
And as to the Way taken in findings out 
the ſeveral Rules herein delivered, 1 have not 
ferupled to make uſe of either the Arithmetic 
of Infinites, or the Method of Increments, ac= 
cording as J imagined the one or the other 
would render the Inveſtigation the moſt eaſy. 
In this I bave followed the Example of one of 
the ingenious Authors above-mentioned, whoſe 
Judgment in theſe Matters will never be doubt- 
ed, he having deduced the Solutions of 2 — 
| | 70 
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Propofitions in bis Synopſis aften the ſame 


manner. 

I hope the Reader will favourably þ 
any Inaccuracy of Style 1 may | 2 —_ 
with, and excuſe ſuch Errors as to often 
cur in Subjects of this Nature. 1 


Occober 30, 1749. 
Portland-ftreet, C 

of lortimer-ſtreet, 

pear Oxford-market. 


* The Theorem, p. 272. is deduced from Cor. 2. 
Page 191. thus, let MNum (Fig. 74.) be any Part of 
the Fruſtum of a Sphere, and #/#'a Diameter there- 
of, in the Middle betwixt the extreme ones MN, n, 
continue zm, and thro* m draw a Line perpendicu- 
lar to nn, MN, let it meet the firſt in R, the other 
in 3, and the Circumference in P; alſo put mn=y, 
MN==b, Oo, Ry, Pu, and wn'=m the Mid, 
Diam. then by Corol. 2. Page 191. the Meaſure of 
MN x +. Now 'tis inanifelt 
from 3. Eucl. 36. Ru x Rn RP y NP; alſo by the 
35 of the ſame Elements, m'qxqP = Mqx9gN ; but 
Ra == y- , Rn = -, RP= 0, 


Re = — alſo wq =—> 24 =, My = 2 


2 NS = ==, hence the above E- 
Ly EY 33.3 
quations give ie x > 
BE | LOOP" I e | 
ind —— =vx — the latter taken from the for- 
| etl £2 oa. Wn 
mer leaves — N = —, therefore 4m*=4/* 
24*4-y*, put this for 4m in the above Expreſſion, 
then we have the Meaſure of Mun NK 
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cubic Inches, or —x x „0034. 9. E. O. 
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* that are inclined to have the Sliding- Rule, 
as conſtructed Page 240. may have it accu- 
rately made by the ingenious Mathematical Inſtru- 
ment-makers, Mr. Jobn Coggs and Mr. William Wyeth, 
near St. Dunſtan's Church in Heetſtreet. 
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1 P. 3 26 for 4, three, read 3. four. P. 14.1. 28. 7. 
.. 14. I. 29. fir =, 12 81 P. 15. l. 556, 


10 : | ; 
7. 8, 9, 10. for rc, r. r+t. l. 6. 7. 9s p. 19. 1.29. 
For right, r. left. p. 34. J. 31. for 3;, 26, 1 


7. Te 28. 
4. 26. for on, r. to. p. 37. l. 18. fer 10. r. 36. J. 31. 1 
a. l. 18. 7. dr- 


firſt, 1. on. p. 39. J. 9. r. repreſented by 
. * EY” j N F . CRT | er ; 
ſtance. p. 42. l. 5. 7. = X — x ==, Pp. 45. J. 19. for 
C, r. c. for —2L 2c. r. 2L: 44 L e. p. 49. J. 8. for —; 
r. . p. 50. J. 17. for proportionals, r. Propoſitions. p.-5 1. J. 


29. for 5, r. J. 585 5 I. 4. for Li r. I. P. 53. l. 26. dele © 


each of. p. 55. J. 8. for their Diviſion, 2. Diviſors. p. 57. 
J. 31. r. ſurface. p. 64. I. 19. for Ba tis, r. B and de drawn 


*tis, þ. 66. J. 5. for AC, r. AP. p. 67. refer to Fig, 17, 


18, J. 34. r. the half Sum. p. 71. J. 26: r. Fig. 21, J. ult. 


r. right Lines. p. 83. J. 19. r. an Hyperbola. p. 86. J. 6. 


for 5, r. 5. p. 87.1. 17. for rm, r. 1m 5. p: 88. l. 2. 
for r. r. u. J. 16. for of, r. a. P. 92. J. 4. for III, r. 
II 1. F. 90. J. 20. dele are. p. 109. J. 10. for mu, r. 
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my”, P. 110. J. 18. for foll. r. above. p. 115. l. 3. fir 


ſquare, r. ſolid. p. 121. J. 33. * and, r. add. p. 125. . 
antepenult. for fruſtum, r. conoid. p. 126. J. 6. for conoid, 
r. fruſtum. p. 128. J. 13. for 216. r. 816. p. 136. J. 18. far 
2. 3. r. I. 3. P. 141, J. 14. for rb*, r. 3b*. 1, 17. for zXy/ 02 
—4z", r. y bꝛ—4Zz . p. 142. J. 12. for "mg EY P. 
144. J. 5. for p. r. 9. P. 15 2. J. 7. for reſpectively, r. on c 


reſpectively. p. 156. 1. 10. for —, r. +. p. 159 J.. 
for y=24, r. 52 24. p. 165. I. 2. for 6m, r 6m. |. 


Jor . K 18, r. 7s X58 b. 17 3. l. 19. after ĩſoſceles, r. and 


di eircular- p. 170. . , n d. 

L. G. for Hoof, r. Fruſtum Hoof. p. 192. J. 13. Far laſſ 
7. IV. I. 26. r. Axis of the Section. p. 193. J. 7. for WB, 
7. W. B. J. 8. for Line, r. Cone. p. 194. J. 25. for much, 
7. little. p. 199. l. 27. far 58. r. 59. n eee 
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Of Decimal Fractions. 


SECIMAL Fractions are of ſuch great Im- 
portance not only in, Gauging, but all 
kind of numeral Computations, where 
=& Fractions are concerned, the Operations. 
being ee with the fame eaſe as by whole 
Numbers only; and the Sliding-Rule, on which: 
the Practice of Gauging ſo much depends, being 
decimally divided, it feem'd unavoidable in this 
Treatiſe to give a ſhort Account of Decimal Arith-: 
metick, But fince in the common Occurrencies in 
life, the Integer is ſeldom decimally divided, for. 
a Pound Sterling i5 divided into 20 equal ry 
eac 


2 we THEORY and Ch. I. 
each of which is one Shilling; a Shilling into 12 
equal Parts, each of which is one Penny; and 
each of theſe again into four Parts, each of which 
is one Farthing: So a Foot is divided into 12 
equal Parts, each of which is one Inch; a Lear 
into 363, each of which is one Day, and ſo on. 
We muſt therefore in the firſt place ſay ſome- 
thing of dividing an Integer in general; for every 
Whole may be conceived as diviſible into any 
Number of equal Parts, any Multitude of which, 
leſs than the Whole, is in general (properly) call'd 
a Fraction. But it is maniteſt in order to form an 
Idea of the Magnitude or Value of any given 
Number of Equal Parts of any Whole, we muſt 
not only know into how many Parts it is divided, 
but alſo how many of them we would expreſs; 
thence it is, that to denote any Fraction, we are 
obliged to uſe rwo Numbers, each of which has 
its peculiar office, the one to ſignify into how many 
equal Parts the whole is divided, called the De- 
nominator; and the other the Number of them we 
want to expreſs by the Fraction, called the Nu- 
merator; the latter of which is ever placed above 
the former. | 
Ex. gr. If the Integer was divided into four 
Parts, then one of them is expreſſed thus +, two 
two of them thus r, and three of them thus 2, 
of which 1, 2, 3 are the Numerator, and 4 the 
Denominator. 
But if the Integer be ſuppoſed divided deci- 
mally, that is into 10, 100, 1000, &c. equal Parts, 
then: any Number of theſe, lefs than the whole, 
is called a Decimal Fraftion : In this way of divi- 
ding the Integer ſince the Denominator is ever 1, 
with a certain Number of Cyphers, therefore here 
to know the Value of any Fraction, we need OP 
3 


A 


PRACTICE of GAUGING. 3 
know the Numerator, and the Number of Cy- 
phers in the Denominator, and that may be done 
by prefixing Cyphers to the Numerator, till they 
with the Numerator, be equal in Number to the 
Cyphers in the Denominator ; thus, A is expreſs*d 
by ,53 5s by 5 ind roy by 00x 3 lon 
the contrary, from any Decimal Fraction given, 
we may go back and reduce it to the Form of a 
Vulgar one; thus, 15 is equal to 45; : 052235 3 
„Ola re, Sc. This Thought (to whomſoever we 
are indebted for it) is no more than a Continua- 
tion of the common Scale, which is alſo Deci mal; 
for in that any Figure is but 4th, esth, 4h, 
what it would be if placed one, or two, or 
three, Sc. places more towards the left Hand; 
and thus by going on till we pits the Place of U- 
nits, we then fall in with the Fractional Scale. 

Thus in the Expreſſion 6543210,123456 ; to 
expreſs the Value of any particular Figure of the 
integral Part, we annex to the Figure itſelf as ma- 
ny Cyphers as it is diſtant from (o,) the Place of 
Units, ſo to expreſs the fourth Figure from o, 
which here is 4, we muſt azzex three Cyphers, 
and it becomes 4000; but if we would expreſs 
the fourth Figure in the Decimal Part from o, 
we mult prefix three Cyphers, and it becomes 
ooo; fo that the common Scale continued be- 
low Units is as here under. | 
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4 We THEORY and Ch. I. 
From what has been ſaid it appears that Fractions 
commonly firſt preſent themſelves in the common 


Form, therefore in the following Propoſition we 
ſhall ſhew how to reduce them into Decimals. 


PROP, EL 


Any Vulgar Fraction being given, to reduce it to 6 
g | Decimal Rule. HE 


Annex to the Numerator a competent Number 
of Cyphers, let this be a Dividend, and the De- 
nominator the Diviſor; the of this Di- 
viſion if there is no Remainder, is the Decimal 
ſought : But ſhould there be a Remainder, you 
may approach to any degree of Exactneſs, by an- 
nexing more Cyphers. RS 


Examples. 

Let it be required to reduce 3, 5, and £2; to 
Decimals. | | 
Operation. 

4) ,300 (,75=3 p) 3000 (, 62 5 
e 48 
20 20 
8 20 16 
— 40 
| 40 
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16) 3 (5562 5e 


The Invention of this Rule is as follows. Let 7 
be any Vulgar Fraction which is to be reduced hs 
a Decimal, and put x for the Numerator or Deci- 


mal ſought, then *tis plain = 7 0 Sc. and 


multiplying the Equation by 1coo, Sc. we have 
x2 —.— Sc. but to multiply any Number by 
1000, Sc. is only to annex Cyphers to the Num- 
ber itſelf, whence the Rule is manifeſt. | 
Having now ſhewn how to turn any vulgar 
Fraction into a Decimal, in the next place we muſt 


ſhew the Method of an by them after they 


are ſo reduced. 


NOF. . 


Any Number of Decimal Fractions being given, it 
is required to find their Sum? 


Set them under one another, as in common 4 
rithmetick, viz. tenths under tenths, hundreds un- 
der hundreds, thouſands under thouſands, c. 
then add them together as whole Numbers, and 


B 3 | Place 


6 The THEORY 4 Ch. I. 
place the decimal Point of the Sum directly under 


thoſe of the Terms, ſo ſhall you have the Sum re- 
quired. 


Fxamp. J. II. = - IV. 
1543 1,4238 64,521 743» 
22754 55784 $7,043 82,4763 
„0132 7,2189 75218 1549, 32187 
58054 6,3432 054 8.0431 
„7268 „07414 65.— „07289 


1 58394 223, 836 2382, 91432 


Subſtraction of Decimals, 


| PROP. MM. 
Any two decimal Fractions being given, to find their 


Difference; or two Quantities being given, com- 
. poſed of Integers and Decimals, from the greater 
to ſulftratt the Loſer. 


1 9751 


Naule. Place the Terms under one another by the 

ſame Rule that was given in the above Propoſition, 

then ſubſtract them as if Integers, placing the de- 

cimal Point directly under thoſe above, fo ſhall 

you have the Difference ſcught. 

_ Examp. I. II. . | 
From ,5743 8,7284 460, 934 

Subſtract „2379 1,3896 29.7387 


Remainder 3164 7,1388 430, 3567 
55 . | 

94 38,0000 

72,5847 


— — 


9365,4153 
Mul- 
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Multiplication of Decimals. 


PROP. IV. 


Two Quantities compoſed of Integers and Decimals, 
or Decimals only, being given, to find their Pro- 
dut?, 1 


Set the Units Place of the Multiplier under the 
laſt Figure of the Multiplicand, and the reſt in 
order; then multiply as in common Arithmetick, 
always placing the firſt Figure of every Multipli- 
cation under the multiplying Figure, ſo ſhall each 
Figure of theſe Products when added together, be 
of the ſame Name with that Figure of the Multi- 
plicand, under which they ſtand. 5 


Examp. I. © III. 
1,305 23754 5135272 
56.32 ::: :0, 00425 
3915 2 : 15016 ::: 676360 
3520: :18770 : 2 2 25% 


: 26278 :: : 2 : 541088 :: 


— 


73,4715. - - 2820x216 00057490600 
Corol. Whence the Number of decimal Places 
in the Product, is equal to the Sum of decimal 
Places in the Factors. 3 
When the Multiplicand and Multiplier together 


contain more Decimals than we would chufe to have 


in the Product, they may be contracted to any 
deſired Number, and yet the Product be as true 
to ſo many Figures, as if the Factors had been 
multiplied at large; for which obſerve this Rule. 
Under that Place of the Multiplicand which you 


would have ſecured, ſet the Units Place of the 


Multiplier, and write the reſt in in inverſe Or- 
| =4 | der; 
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der; then let each Fi igure in the Multiplier begin 
to multiply that of the Multiplicand under which 
it ſtands, (but ſo as to have due regard to the In- 
creaſe that would be brought thither from the 
foregoing Figures) and the reſt towards the left 
hand as in common Multiplication, ſetting the 
firſt Figure of every Product under the Units 
Place of the Multiplier, or under that of the Mul- 
tiplicand, whoſe Place is to be kept in the Pro- 
duct, and the Sum of theſe Products gives that 
ſought: 

Examples. 


Let „248264 be multiplied by, 72323 24, and fix 
Figures, or five Figures, or four Figures, of the 
Product only required. 


For fix Fig, Fer five Fig. Fer four Fig. 


5248264 „248264 248 264 
432527, 432527, 0 1352750 
173785 17378 1738 
: : 4965 : 497 49 
4241. 23 12 
22 3 1 
none / I — — 
| SES — „1800 
— — 18006 | 
180049 
But if the above Factors 5248264 
were multiplied at large, 0,7235234 
the Product would be as in — 5 
the Margin. "1 993056 
144792: 


: 496528: 

„ 120 
498528 :: 

. 1737848 :::: 
The — — 
180049493776 


98 6 „% #4 „ 60 


6 09 ©. 00-0 - S:- 
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The Reaſon of the preceeding Rule may be 
ſhewn after this manner; let a, B, c, d, Cc. 


ſent the Primes, Seconds, Thirds, Fburtbs, Fr. re- 


ſpectively of any Multiplicand, (as 24826, Fc. 
where a=2, b=4, c=, d, Sc.) and e, f, g, B, Sc. 
the Primes, Seconds, Thirds, Sc. of the Multiplier 
(ſuppoſe ,7252, , Cc. then e=7, f=2, . e. 
here then on POE will be ———- | 


thus, — = + — 5 2 — + — Sc. and the Mul- 


89 5 
24; 
tiplier thus, - = + ye FE I N ral —_ Sc. or for 


brevity wks 5 n lo, and the Terms when 
POR in order ſtand thus, 


7 +a +5 Sc. 


0+ * +538 2 &c. and 


the Product i is as follows; 


| : 2 += LELETE | 
: „e ＋ 
2 5 


But if the Mulcip i ier is placed under tne Multi- 
plicand by: our Ru: 7 = will ſtand * 


7 — 3 ＋ 8 4Þ£ 


= + 2 77 4. = + — - +0 2 Place. 


And from hence ' tis ie GSO the Sam of the In- 
dexes of every two Terms that ſtand under one 
another, is exactly equal to the Index of that 

Term 


— = — — © af 7 an.” — N _ 
* = G — s = - — 3 Whrany . r 7 — — = an 
— bo <= 3 282222 — — . yg — ”— — — _ — — 4 — i — — gw 0 Pye 2 — 2 ates 4 > * — 9 *.* — — 
, 8 * "Lg — ns Ap — — > — . * - 5 ID — 3 
9 * we — 4 D — * * * 3 : 2 2 px — — = r — — - — — 0 uh 
2 — bo 222 2 - Ls — — D 2 8 6 - : 4 Ft - 4 2 — . 
a — * 7 — = — — — — — 
” — — — — — * * _ — 
* Sed — — - — - — mmer = — pe 5 85 — * DA : = — : b — _ 
- = WE) _ 3 a T 2 = 2 1 * ” 7 — 4 * *. » 5 
v9 — — — 2 — - a — 2 — — ode = Y F WC. : — 9 — 
: — 3 L . — - — 22 * 35 2 1 Xx 
EE Nona. — 4 — — - - : 
— 2 * — 8 8 . . —.— — — tree y * +. 
< - - N 5 — _ 232 ——— — * 1 — — 
— * — N „ 1888 n . 7 a = . — 


— p ˖ » A Se De. 
. — 
— Wrong 


3 


1 
— > 
N 
— y 


| Y. 71: 

' . 
14 ; : 0 
" 4; 
. 
- '' 

4155 

1 
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Term of the Multiplicand under which is (o) the 
Place of Units, viz. u the Place in this Example 
to be kept; and therefore in multiplying the Fac- 
tors thus placed, you need only begin with that 
Term of the Multiplicand which is above the mul- 
tiplying Term of the Multiplier; for thereby it 
is evident you'll have every Term of the Product 
to the 2 1b Place, in the ſame manner as if they 
are multiplied in their natural ordet; which will 
appear moreevident by comparing the above Exam- 
ple (at large) with the following one (contracted.) 


+2 ++ 
Sc. +5 ＋ 4 + Jo Units Place. 


"ED ea eh ec ed 
Ta Tac 


Diviſn of Decimals. 


N © 


Two Decimal Frafions being given, or two Puantities 
compoſed of Integers and Decimals, to find the Quo- 
tient ariſing from dividing the one by the other. 


If there are more Figures in the Dividend than 
in the Diviſor, divide them after the ſame man- 
ner as you do in whole Numbers; if not, ſupply 
the Defect by annexing Cyphers to the former; at- 
ter which, proſecute the Diviſion, and cut off from 
the Quotient as many Figures for Decimals, as 
there are Decimals in the Dividend more than 


5 | the 
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the Diviſor; but when this cannot be done, you 


muſt prefix a ſufficient Number of Cyphers to the 
Quotient to make good the Defect, and place the 
decimal Point on the left hand, ſo ſhall you have 
the Anſwer, if there is no Remainder; but when 
that happens, you may continue the Quotient at 
pleaſure, by conſtantly annexing a Cypher to each 
Remainder. = 

Example I. Let ,13975 be divided by 43, the 
Work is as follows; | | 

43) »13975 (325 
129 


107 


86 


215 
ws: -- 


O 


— 


No becauſe there are five Decimals in the Divi- 


dend, and none in the Diviſor, there muſt be five 
Decimals in the Quotient, which is therefore 
00325, 
Examp. II. Let 5,29125 be divided by 4,25 
then we have the fotlowing Proceſs. 
4325) 5429125 (1,245 
425 


Nen .. 
The Quotient being 1243, and becauſe there are 
five Decimals in the Dividend, and but two in 
the Diviſor, the Quotient by the Rule will have 
three Decimals ; and from thence it is1, 245. 
Scbolium. When the Terms in Diviſion each con- 
Hit of many places, and but a few Terms of the 
Quotient required, the Work may be ſhortned after 
the ſame manner as before in Multiplication : For 
all thoſe Terms of the Multiplier, which when 
multiplied by the Figure laſt put in the Quotient, 
would give an Index /more diſtant from Unity, 
than the Index of the loweſt Place required in the 
aottent, I ſay all ſuch may be omitted by only 
conſidering the Increaſe to be brought from them 
10 the firſt of the retain'd Figure: This will be 
plain by an Example, Let it be required to di- 
vide ,743268 by ,54213 and only to have fix Fi- 
gures in the Quotient; the Operation as under. 


55 4 — 7 | 3) 5743268 (1,37102 
54213 


201138 
162639 


„ 
—_— 


550 
542 


33 


Having now given the fundamental Rules of 
Decimal Arithmetick, it remains only that we add 
to what has been ſaid, he Method of reducing any 
Decimal to the known Parts of Meaſure, Weight or 
Coin, and that is performed by the following Rule. 

Multiply 


LS 4 * 


= n 


y 


RR ET EY i, or + MF. RS, LES. as act Pe. 
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Multiply the Decimal given by a Number which 
is equal to the multitude of Parts in the Denomi- 
nation required, that makes an Integer of the Deci- 
mal given; then cutting off from the Product as 
many Figures from the right hand as is equal 
in Number to thoſe of the Decimal given, ſo ſhall 
thoſe on the left hand of the ſeparating Point 
be the Anſwer, and the Remainder (it any) a De- 
cimal in that Denomination. | 

What are the Values of ,84375 of a Pound 
Sterling, of ,75 of a Yard, of ,754 of a Var? 


N 584375 110 | > 
20 Shillings ina Pound. 


16,87500 | 
12 Pence in a Shilling. 
"p30 
875 
10,500 1 8 
4 KFarthings in a Penny. 
2,000 SE | 
"579 2 8 754 5 | 
3 Feet ina Yard. 13 Months in a Year. 
2,25 9,802 | 55 
„12 Inches in a Foot. 4 Weeks in a Month. 
3,00 | 22208 1 
P Days in Week. 
1, 456 


So that the firſt is 16 5. 102 d. the ſecond 2 Feet 
3 Inch. the third 9 Months 3 Weeks 1, 9 Days. 
But to find the Value of the Decimal of a Pound 
Sterling, the following Rule is ſufficient, and very 
ready in Practice. It 
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If the Figure in the Place of Seconds be above 
4, add 1 to twice the Figure in the Prime's Place, 
fo you have the Shillings. Secondly, The Exceſs 
of the Figure in the Seconds Place above 5, or 
-the Figure in the Seconds Place if under 5, mul- 
tiplied by 10, and added to the Thirds, is Far- 
things, which are eaſily reduced to Pence ; but 
if the Farthings exceed 12, ſubſtract one from 
them, and 2 when they exceed 37, ſo have you 
the neareſt Value (in Engliſþ Money) of the Frac- 

tion given. | ITS 

Mr. Malcolm and Hill direct to ſubſtract 1, 
when the Farthings exceed 23, and the firſt bids 
ſubſtract 2 when they exceed 40, both which are 
deficient. 

The Invention of this Rule is as follows. Put 
p, 5, 7, for the Figures ſtanding in the firſt, ſe- 
cond, and third Places of the Decimal reſpective- 
ly, that is, p is the Primes, s the Seconds, and : 
the Thirds; alſo put S the Shillings, and F the 
Farthings ſought. | 
7 1 F . . . 

Then, 25 +— + = is the Fraction given, oo 
that by Suppoſition is equal to S Shillings plus 
F Farthings ; but S Shillings is equal to ths of a 


Pound, and F Farthings is equal to 56515 of a 


Pound; hence have we this Equation, 


P >; t 8 F ; . 

- +—+===5z+ — which multipled by 
3 8 5 

20, gives S+ =22+= +=: Now s divi- 

ded by 5, muſt either give in the Quotient 1 or 0, 

(kor it can't exceed 9) therefore pur q for 1 or o, 


(the Quotient) and 7 the Remainder, that is, ler 


— 
—— 


F . 
5 
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| 7 | : 1 
22 + 7 then STS 2 50? thence 


8 
5 50 
„and this may be re- 


5 
; F 
S=2 +94 the Shillings, conſequently = 
„ __ 48074487 __ 240r7-+24t 
or F e 
duced to F=10r+— 107H<; Now if lor c ex- 
25 


ceed 12, then A is greater than 2, and ſo 


52 | 
2 9 1 ore. . F 2 1 
107 — is neareſt equal to 1074c—1 ; 


lor c 
25 


but if 107 Cc exceed 37, then is greater 


. is neareſt 


then 12, and conſequently 1074 : 


to 107+c—2 ,, from whence the Rule and Cor- : 


rection are evident. Q. O. E. 

Rules ſimilar to this might be invented from 
theſe Principles, to value the Decimal of any other 
Integer, but I cannot ſay whether or no with equal 
Succeſs in Simplicity of Expreſſion. Seeing that 
the Multiplication is often performed with greater 
eafe than Diviſion, eſpecially when the Diviſor 
conſiſts of many Figures, therefore before we finjſh 
this Chapter of Decimals, it will not be amiſs ro 
ſhew how ſuch Diviſors may be converted into _ 


equivalent Multipliers, which is done by this Rule. 


Let Unity with a competent Number of Cy- 
phers (as Decimals) annext, be divided by the 
Diviſor given, and the Quotient will be the Mul- 
tiplier ſought: for let Q be the Quantity divided 
by d, and m ſuch a Quantity that multiplying Q_ 


8 this Product and the former Quotient, may be 


equal; hence we have this Equation, Z=xQ, 
or 


4 
4 
1 l 
th 


| 


ou — . * 1 = * 
— . — * e 5 * N my — 
N — + 9 — 
— — 23K prong: WEL 
- 21 « 
— — wv , ——— ox 
* > i b 


— —— 
OO ET 


4. 
3 — 
— AR Ren 
— 5 _ 
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_—_ ”, or thus, 2-=Qx5 T's hence 7 7 turned into a 


Decimal, is the Multiplier ſought. 1 

We ſhall illuſtrate this from the Diviſors for 
reducing the Content of any Body in cubick Inches 
to Gallons.” 


;c 2 
= = = Ale Gall. | 
Then 8% 2 ine Gall, f in * 


* 
5 — Malt 8000. 


ſ mn, oog 546 the Multiplier for 
Ale. 
1 mm rr 0043289 the Multiplier for 
„ 
| M= 3x =0004651 the Multi- 
L plier for Malt. 


— y—_— K 8 


4 
, 


—_ 


CHAP. 3 
Of the Square Root. 


Defin. I. HE ſquare Root of any Number or 

uantity is that which multiplied 
by it ſelf, ſhall produce the ſaid Number or Quan- 
tity. Thus, 1, 2% 3 to, 11; 


12, Sc. are reſpectively the ſquare Root of 1, 


4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 


Se. becauſe IxI, 2X2, 33, 4X4, 6x6, Sc. pro- 


duce thoſe Numbers; hence this Table of ſimple 
ple Roots and Squares: 


Fetz. III II LZ ZL SL 71 8] TEA 

Square. 14916 25 [36 49 64 81 Sc. 

Defin. II. The ſquare Roots of Numbers are of 

two Sorts, /imple, when they conſiſt of one Figure 
only; 


—_ 
_— 
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ly; and compound, when of more than one; 
Wrefore the Square Root of every Square Num- 
r of leſs than three Figures, is Simple, and ma 
had from the above Table; but to obtain thoſe 


ich are compounded, we muſt premiſe the fol- 
ing Lemmas. 


LE MMA. 


WF n be the Number of Integral Figures in the 

* are Root of any Number, then n I hall be the: 

mber of Figures in the Square Root of the ſame 

oy nber when two Figures are annext to it. 

* For let Q be the Number whoſe Square Root q 
| fiſts of u Figures, this when two Wy are an- 

1 t will be ro bur lince ee by — 

, therefore 10042=100Q , therefore 10g 

he Square Root of 1000 dut at is 1 Figures 

7, and therefore »-+1 Figures in 104, or in the 

are Root of Q when two Figures are annext. 
E. D. 


orol. 1. Hence if any Number be divided in- 
parts of two Figures, each by beginning at the 
ht-hand, and fo on to the Left, the Square 
bt will conſiſt of as many Integral Figures as are 
he Number of Points more by one; that is, if 
e de the Number of Points, then pi is the 
mber of Integral Figures in the Root: Alſo the 
are Root of the firſt Diviſion to the Left- hand, 
3 Square Number, or the Root of the next leſs, 
therwiſe, will be the _ Fi igure of the Thus 
| us 
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Thus let the Number be 1743268 this divided; 
above ſtands thus, 1. 74.32.68 3, from whence | 


appears there will be four Integral Figures in d 
Root, and the firſt Figure will be one. 


It is common to point the above Number thu 
1743268, and then the Points ſtand under the 1 


Figure that is brought down at each Operatia 
and we have followed this method to prevent Co 
fuſion to ſuch as have been uſed to the ſame, thi 
the firſt ſeems moſt natural; but *tis probable t 
laſt was choſe to avoid Miſtakes when the Root 
a mixt Number was ſought, that conſiſted of Ii 
tegers and Decimals, becauſe of the Reſemblan 
of the Point (.) and the Decimal Mark (, Hg 


Corol. 2. By the ſame way of lets 5 it m 
be ſhewn, that 1f q the 7 Rot of any Number 
conſiſt of » Integral Figures, then the Root of t 
ſame when r Figures are annext to it, ſhall con 
of 141 Figures. And therefore univerſally if a 
Number whoſe 7 Root is. ſought, be divided fra 
the Right-hand into Parcels, each of which 
7 Number of Figures, the Root ſhall conſiſt of 
many Figures plus one, as are the Number 
ſeparating Points. Thus the by-quadrate Root 
1726854 396, ſhall have two Figures in it, becaul 
when divided, it ſtands thus-17- en ITY 
2 is the firſt Fi igure of the Root. 


Corol. 3. Therefore if any Square Numb 
(whoſe. Root is required) be pointed, by placii 
one Point over the Units, another over the Hu 
dreds, and ſo. on for. every - other Place to 


„ ard oy 4 ao. 
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left hand, then from the above Lemma, the Root 


will conſiſt of as many Figures as in the Numbe 
of Points placed above the ſame, 85 


Lemma II. 


If 4“ denote any ſquare Number wanting the 
two laſt Figures, and & be put for them, then ſhall 


+, . b 
(e) the remaining Figure of the Root be — 3 


or e 24) bi (nearly: for 100a*>+-þ is the given 
ſquare Number, whoſe Root is ſuppoſed 10a e, 
therefore TO 10 aοe- Fee 100 , 


whence e 
2 


3 5 
rw but 108 is much greater than 


5 
e, whence — or 10 is nearly equal to e: Con- 

2a | 
ſequently if - be divided by 24, ſo that e the Quo- 
tient being annexed on the right hand 24, and that 
multiplied by e, the Product may be equal to 5, 
then is Ioa te the Root ſought; but if no ſuch 
Number (e) can be found, take the next leſs, and 
place it on the right hand 24 as before, the Pro- 
duct of which, and the Diviſor ſo found, muſt 
be taken from #,: and the Remainder ſhews how 
much the ſaid Number exceeds an exact Square 


Number. From hence, and the firſt Lemma, we 
deduce this Rule. 


To fn1 the ſquare Root of any given Number. 
Let the Number whoſe Root is ſought be point- 
ed, beginning at the Units place, and fo on to- 
wards the right hand, placing a point over every 
other Figure: Then ſeck among the ſimple Roots, 
that, whoſe Square is equal, or the next leſs, to 
the firſt Period, this is the firſt Figure of the W 
232 | et 
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let it be ſquared and taken from the firſt Period; and 


the next Period annexed to the Remainder, ſo 
have you what is called a Refolvend  letthis want- 


ing the Units place (which is equivalent to 28) 


be conſidered as a Dividend, and twice the firſt Fi- 
gure of the Root the Diviſor, the Quotient of 
this Diviſion is the ſecond Figure of the Root, 
which being annext to the ſaid Diviſor, the Pro- 
duct thereof by the ſaid ſecond Figure, muſt be 
taken from the Reſolvend, and another Period 
annexed to the Remainder, will form a new Reſol- 
dend; this wanting the Units Place, is again to be 
conſidered as a Dividend, and twice the Figures 
already found of the Root the Diviſor, the Quo- 
tient of which is the third Figure of the Root, 
which being (as before) annext to the laſt Divi- 
ſor, and the whole multiplied thereby, the Pro- 
duct taken from the laſt Reſolvend gives a Re- 
mainder, to which another Period muit be annext 
for a new Reſolvend; and with this, and the Fi- 
gures already found of the Root, you muſt pro- 
ceed as before, to get the fourth Figure, and ſo on 
till all the Periods are brought down: But if 
there ſhould be ſtill a Remainder, then the given 
Number has no exact Root, but you may approach 
it at pleaſure, by annexing two Cyphers to every 
ſuch Remainder, for a new Reſolvend; this will 
be made plain by the following Example. 

Zxample I. Let it be required to find the ſquare 


Root of 273529, this pointed, ſtands thus 273529, 
from whence it appears (from Lemma I.) there is 
three Figures in the Root (if a ſquare Number); 
The firſt Period is 22, which is not an exact 
ſquare Number, but the next leſs is 25, whoſe 
Root 5 js the firſt Figure of the Root fought ; 
then 25 taken from 27 leaves 2,*to which I annen 


35 
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35 (the ſecond Period) ſo we have 235 for the firſt 
Reſolvend, of which 23 is the Dividend, and 10 
(the double of 5) the Diviſor; but 23 divided by 
10, gives 2 in the Quotient, which is the ſecond 
Figure of the Root, and this annext to the Divi- 
ſor 10 gives 102, and 102 multiplied by 2'gives 
204, which taken from the Reſolvend 235 leave 
31, to which I annex 29 (the next Period) ſo we 
have 3129 for a new Reſolvend, of which 312 is 
the Dividend, and 104 (the double of 52) the Di- 
viſor. Then 312 divided by 104 gives g in the 

uotient, which annex'd to 104 makes 1043, this 
multiplied by 3 gives 3129, and this taken from 
3129, the laſt Reſolvend, there remains (o): And 
becauſe all the Periods are brought down and no 
Remainder, we may conclude 523 is the Root 
ſought. See the following Work, where obſerve 
a denotes the firſt Figure of the Root, a! the two 
firſt, a” the three firſt, Sc. alſo e denotes the ſe- 
cond Figure of the Root, & the third Figure, e“ 
the fourth Figures, Sc. R is the firſt Reſolvend, 
R/ the ſecond, R/ the third, c. ſo that a lG, 
a = oa /e, ao -e, Sc. But when any of 
the e's is a Decimal, then the next à is only equal 
to the Sum of this e, and the laſt 2. For in that 
Caſe abe\* =a*+b=a* 4-2ae-+ce, or e 72 * 
and a a e, which will be manifeſt from the 
following Example. 


273529 


1 1 1 
2 ] 
„ - 
© 4 
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273529 (5==8 
=10 7 
doe ie 235 (2e r. ds 
204=ex a0 


24 2104 e 112 b 
20al .- 043 3129 =e „a 


r 
9000 


Erenp. Il. What is the ſquare Root of 4786954 f 
this being pointed ſtand thus 4786954, fo that b 
Lemma Ift, there will be four Figures in the 
pe! Part af the Root, che. Operation as ſot- 
OWS. 


F 0» Se => © 
8 3 R bite ice Pia 

8 2 us 41=2a-þ-e xe | 

5 244+ =428 ; 3769 N (S g . 104/218 =i# 

8 4 3424=24'+e x & 

>.< .H& =436 | — 7 5 I 22 

> 20% C43 67 34554 f (720 +. Io C2187 a 

8 e 5 
— 24 4374 } $:,00=R" (,o e . a- Ce 2187, 

; 5 4. Len 3995» 2 
. 2 N 4374.9 

- 5 30% xe | 

DT 24 2437599 1 470 R (,or=%"! „, a -e 2 187, 91 =a 
& ens. | CO Lorne” 9 

| 43758 z e x of 


3-3319 the Remainder, 


1832244 
S my 
8 8 8 21 
d 8 S 2 
FEES 8D 
Biv 5 ERS 
& SBP 
282 8 1 . 
Ca, OS 
vg 5K 0 
FEE 
3 228 
932 8 8 88 
9 8 5 2 
283832 
9 
= 8 8 5 
2 «og 8 3 
42888538 


124 


ma | 
If the Number given was a decimal Fraction, 
or compoſed of Integers and Decimals, then the 
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if 3.8319 be divided by 4375,8 the Quotient, 
0,00876 are the Figures to be annext to 2187,91: 
ſo that the ſquare Root of 4786954 is 2187, 910876 
nearly, which was required: Or having obtained 
the Root pretty near, you may treble the Figures 
of the Root already found by this Rule; let Q be 
the Number whoſe Root is ſought, and 7 denote 
any of the above Remainders which we expreſſed 
by R, R, R“, R“, Cc. with remaining Figures 

annext; alſo put q for the Figures already — 
of the Root, when the Remainder r was got, then 
the Figures ſtill wanting of the Root will be ex- 


prefsd by 55:5; » and inthis if 2 be fo ſmall in 


reſpect of 44* that it may be neglected, then this 
Expreſſion becomes Fs the ſame with what we 
have above in Words. But to ſave the trouble 
of ſquaring 25 in order to get 45, you need cnly 
ſubſtract 1 from Q, and the Reminder is 'q*, 
The Reaſon of this is omitted, as being eaſi- 
ly deduced from Dr. Hally's Rational Theorem 
for Pure Powers, wherein he ſhews if 3 denotes 
how much any Number exceeds the mth Power 
of a, that the mth Root thereof ſhall exceed 

VV 5 | EN 
4 by mg" += b, or that? . 1 
ab 


m , m—i þ Proxime. 


cord 
2 


Units place being found, let the Integers (if any) 


be pointed as before, and for the Decimals a point 
muſt be put over every other Figure towards the 
right hand, beginning at the place of hundreds, or 
ſeconds 3 after which the Method of Operation is 


the 
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the ſame as if the whole were Inte 


member to ſeparate as m 


8 
Bu! 


* 


1 


nts over the Dec 


Poi 


mals in the Root, as are the 


uired to find 


mal Parts of the Number it ſelf. This will be 


plain from an Example. Let 


it be req 


the Square- Root of 4226, 734693, this pointed 


ie F. 


1 


from whence 
and three Decim 


us 4226, 784698, 


ill be two integral, 
gures in the Root. The Operation follows. 


"A 


ſtan 
the 


24=12 
2a-e=125 


24'=130, 
24'-pe'=130,0 


24'—=130,0 
2a ＋ 2130, 01 


24¹ = 130, oꝛ 
2a"+&l=130,023 


4126,754695 (6224 E 


36 2 


626 R (5 . 100 Leb S 


62 5 2 Ee E ; : 


F 175=R'" (, og. a/+!=6 5, oa 


oOO S 2 ¶ xe“! 


K 


17546 R/ (, oi ge“ .*, oo C65, ol al. 


13001 2A , e x & 


c 454595 = R (% 2 au. Cen 65, o1 3 gl 5 
3000 2a e x el. | 


Os 


,0645 26=Remainder, : 
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And here if the Remainder ,064426 be divided by 
130, oz, the laft Diviſor, the Quotient ,0004955 
is nearly the remaining Part of the Root, which 
therefore is 65,0134955 : but we ſhall take this 
Opportunity to illuſtrate what was faid of tripling 
the Figures already found of the Root ; in this 
Example Q=4226,754695, and having got two 
Figures of the Root, (viz. 65) we find R'=,175, 
to which add the other Figures, and we have 
r7==1,754695, whence Q=-r—q* =4225, as is evi- 
dent, (for q= 65) hence 44 = 16900, therefore 
44*+r=16901,754695, and 27qz=130x1,7 54695 
=228,11 therefore 2224422352 
=220, 11035, therefore 1T53-754095 
ing part of the Root nearly; but in this Diviſion 
we need only ſix Figures of each, the Operation is 
ts as hereunder, 


1]619]o{1]8) 228,110 (,01 3496 f 
169018 | 
59092 
_ 50705 


is the remain- 
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CHAP. III 


The Conſtruftion of the Sliding-Rule, with the 
De thereof, and the Reaſon of the Method of 


Operation thereon Demonſtrated. 


Ince, as we obſerved before, the Practice of 

Gauging almoſt entirely depends on the Know- 
lodge of the Sliding-Rule, it muſt be of great Im- 
portance to the Gentlemen of the Exciſe to be ac- 
quainted, not only with the Method of Operation 
thereon, but the Reaſon thereof : *Tis true indeed, 
ſo many have already wrote on this Subject, that it 
will ſeem ſuperfluous to attempt any thing of this 
kind at preſent ; but beſides obſerving that thoſe 
Authors, (eſpecially the moſt modern) not bein 
ſufficiently acquainted with the Theory, have chief. 
ly confined themſelves to the Practice; ſo what 
they have done even in that is ſo irregular, that 
I fear few of their Readers have a ſufficient ac- 
quaintance with the Nature and Properties of this 
valuable Inſtrument. Therefore in what follows I 
deſign to trace it from irs Original, and that in 
ſo regular and plain a Manner, as to render the 
Conſtruction and Uſe thereof ſo eaſy, as to come 
within the Power of thoſe but indifferently verſed 
in Mathematical Knowledge : And in order to this, 
in the firſt place, the Nature and Properties of 
Logarithms muſt be firſt explained, becauſe the 
principal Lines on the Sliding-Rule are logarith- 


mical, for which purpoſe we ſhall lay down the 
following Doctrine. 


SecT. I. Of the Properties of Powers and 


Exponents. 


In Specious Computations, every one is at Li- 
berty to chuſe after what manner he will ſignify 
. the 


| hver in the following Propoſitions, after w 
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the Sum, Difference, Product or Quotient of any 
uantities a, &, c, d, Sc. for it is a matter of In- 


difference by what ſigns ar Manners they are re- 


ſented, ſo that we are conſtant in our Practice, 
and always follow the ſame Rule; for thereby we 
ſhall ever be able to go back from any Sum or 


Product to its component Factors, which is ſuffi- 


Client in all kinds of computation : It is common 
to expreſs the Sum of the above Quantities thus, 
a- - Lcd Es. and their Product thus, a d 
Sc. or for brevity ſake, ſome omit the mark (x), 
and ſignify their Product thus, abcd, by joining the 


"ſeveral Factors together, as in forming Words 


from Letters. From this laſt way of expreſſing a 


Product, if the ſeveral Factors were the ſame, 


(viz. a), then thoſe Products would be thus aaaa, 


Sc. which are called the Powers of the Quantity 


a; the firſt being a, the ſecond aa, the third aaa; 
that is any Power of a, expreſſed after this man- 
ner, is {ignify'd by as many a's ſet together, as 
is the Number expreſſing that Power. But it is 
found troubleſome to expreſs large Powers of 
Quantities after this manner, hence ſome who had 
no occaſion to conſider any Powers beyond the 5th 
or ſurſolid, choſe to denote the ſeveral inferiour 


Powers by a particular Letter or Letters adjoined 


to each, as the Square of A, was denoted by Ag z 


the Cube of A, by A. c; the fourth Power of A, 
by A. 4; the fifth Power of A, by A.qc, and fo 


on: but this, as obſerved already, is only fitted 
for ſmall Powers, ſo that the firſt Method was 
preferable. But the moſt illuſtrious Netten has 
introduced a new Method for this purpoſe, both 
more eaſy and more general than the others, ex- 


tending to Roots as well as Powers, and that how 


high ſoever; the Properties of which we ſhall de- 
| hich 
the 


3 
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the Reaſon of the Method of Operation by Loga- 
rich will b af FF - _ .—- = 

Definition, Any Power of a Quantity a, is ex- 
preſſed by the ſaid Quantity a, with a Number 
called the Index) placed above. towards the right 
hand, exprefling the Place it has from Unity in a 
Geometrick Series, whoſe firſt Term is 1, and 
Ratio the Root it ſelf a, as 1, a, aa, aaa, aaaa, 
agaaa, &c, thus for Example, aaaa, being the 
4th Term from 1, is expreſſed by a* ; alſo aaaaa, 
being the gth Term from 1, is expreſſed by 45, 
and ſo of others. Eg 

PRor. I. 


The Index of the Product of any 2 Powers of the ſame 
Quantity, is equal to the Sum of the two Indexes of 
the Fackors, vie. a xa" = an-. 

Fhe Indexes both here and in what follows, are 
ſuppoſed Integers. & 

For by what was faid above a*= d, Oc. 
till the Number of a's is m, and a aa, Oc. 
till the Number of a's is 1; whence **. 
aaaagaaaas, Sc. till the Number of 4's is 1 En, 
which Power of 4 (by the Definition) is expreſſed 
EEE 
W 
The Index of the mth Power of a, viz. am, raiſed 10 

the nth Power, viz. an, is equal lo mn. 


For, by the Definition, a®"= a" x a" x a” xa” 
Sc. till the Number of Factors is , but ax a” 
x 4"x4" c. is, by the Jaſt, equal to a . r 
Sc. and the Number of ms being u, tis evident 
u- Em- EM- EN Gi, n N, whence =. 
E. Q. | 


Por. 


= 
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#| | aer : 
The Index of the Quotient of one Power of any Quan- 
- tity, viz. an, divided by another Power of the. 


1 i ſame Quantity, viz. an, is equal to the Index of 
ts the Diviſor n, taken from that of the Dividend 
| | F am $65 4 | 

4 m; that is 7 

"Wk % 

1 g 

1 For put - Sa, and let the Equation be 

1% a* . | 
4 1 

1 multiplied by a”, then, by Propaſit. I. we have 


a a ; therefore, ſince the Roots are the ſame 
| and the Powers equal the Indexes muſt be ſo too, 
V whence nu x, or x m-. Q. E. O. 


Tk Cor. I. From this Propoſition it is plain 221 

= | | n N 
1 for if Mn, then #=0, but — =1, therefore 
uf 15 ; 
6 | = 

"Th a Sarl. 

N ; > 1 


Cor. II. Alſo from hence it follows * > 
8 1 . 


Ll p 1 VER 
F for = = a", hence if m=o then — = but 
t a | * 

x Fs. „ 

{ % | 0 | 7 — 

1 &*=1, thence a 2 a2 

7 S Er. II. Tranſition to Logarithms. 


From theſe Propoſitions we are enabled to de- 
monſtrate the Method of Operation by Loga- 
rithms ; For *tis moſt evident, if between 1 and 
any Number (ſuppoſe 10,) an infinite, or only a 
very great Numberof Proportionals 1000000 be ta- 
ken, thereby forming a Geometrical Series, ſome ol. 
| s | them 


Z 
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them muſt approach very near to the natural Num- 
bers, 2, 3, 4» 5» 6, 7, 8, 9; and by continuing 
this Series, the ſubſequent Terms will alſo ap- 
proach very near the following Numbers 11, 12, 
13, 14, Cc. till the whole Scale of Numbers to 
any deſired one, (as 100000 the Extent of the 
largeſt Table of Logarithms) is compleat : Hence, - 
thro? the natural Numbers themſelves do not form 
a geometrick Series, yet on the above Suppofition, 
they will obtain Places, very near, in fuch a Se- 
ries; and then, <7 
Definition. The Place from 1, which any of them 
has in that Series, which is ever the Index of the 
ſecond Term, is called it Logarithms. 
Thence it follows that Logarithms may be ſaid 
to be the Exponents of Ratio'ss 
Having given this Idea of the Nature of Loga- 
rithms, we ſhould proceed to ſhew how they 
might be computed : But ſince every body at 
preſent may be ſuppoſed furniſh'd with Tables, 
= we ſhall from thence take ſuch as will enable us 
do find the Diviſions on the Sliding-Rule: Bur 
that nothing might be omitted to render this Trea - 
tiſe compleat, we ſhall add, at the End, Rules 
for computing them, as delivered by the incom- 
parable Dr. Bally with ſome others, ready ia 
Practice. 3 | 
| Now let à denote the firſt Term of the infinite 
Scale of Proportionals, which is taken betwixt 1 
and 10; and let us denote the Logarithm of any 
Number by the Number it ſelf with L: prefix : 
Thus the Logarithm of 2 we expreſs by L: 23 
the Logarithm of 3 by L: 3; the Logarithm of 4 
by L: 4, Sc. then *tis manifeſt this infinite Scale 
of Proportionals will ſtand thus, 1, a, , , a*, 
.. 2 LE: 2 zal: 3 . 4 aL: 4 
e. 1% 29 Be | 
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"PROP, L. 


The Sum of the Logarithms of any Numbers, is chi 
to the Logarithms of the Product of thoſe Numbers. 


For let the two Numbers be denoted by A and B, 
then I fay, L: AL: BSL: Ax B. 


By what was juſt obſerved it is plain, A aL A, 


and B=ab*B, therefore A* B=ab: ATL: B (7 er 
Prop. I. of the laſt Section,) but (per Definition) the 
place which any Number, obtains in the Series is 
its Logarithm, and that is ever the Index of @ the 


ron Term; whence L.: AL: B=L: AX B. 
PRO p. II. 


2 he 1 of the Quotient of any two Num. 
| bers, is equal to the Logarithm of the Diviſor, 
taken from that of the Dividend, 


that is, L: I L: AL: B. 
For if the above Value of A be divided by 


that of B, we have A l AL.: B, by Propofit t. 
III. Ring: Whence by what was aJready ob- 
ſerved, L: F =L:A—L:B. & E. O. 


Por. HL 


The Logarithm of any Power of a Quantity 15 equal 
o the Logarithm of the ? Quantity it ſelf multi- 
plied by its Index, that 5 L: Am mx L: 


For ſince Ara L: A, *tis manifeſt, (by Prop. i, 
of the loſt Section) AN = an L A, whence th 
evident mL: A= L: A“. Q E. O. 


*＋ 
* 
4 * . 
Cor, 
* ; * 
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Cor. From this Propoſition it appears, if there 
are two Scales of Logarithms, in which the Lo- 
garithm of any Number in the one is double of 
the Log. of the ſame Number in the other, then 
the Logarithms of all Numbers taken from the 
former, ſhall be the Logarithms of the Square of 
the ſame Numbers taken from the latter: For 


we have ſhewn that L: A®T=mxL: A, therefore 
if m=2 then L: A*=2xL: A. Again, if there 
are two Scales, or ſorts of Logarithms, where the 
Logarithm of every Number in the one is triple 
the Logarithm of the ſame Number in the other, 
then the Logarithms of all Numbers in the for- 
mer ſhall be the Logarithms of the Cubes of 
the ſame Numbers taken from the latter: For 
in the laſt by making = 3 we have L: A= 
= 3xL:A, and A is put indefinitely for any 
Number. Theſe Corollaries muſt be well con- 
ſidered, becauſe on them depends the Reaſon of 
the Operation of a fingle Radius (of the Rule) ſli- 
ding againſt a double or triple one, by which we 
find a fourth Proportional to theſe three Quanti- 
ties, Q*: R“: S: or to theſe three, Q: R:: S: 
when the Value of Q R and 8 are only given. 
Having now demonſtrated the method of the O- 
peration by Logarithms, which was never gene- 
rally done before, we . ſhall proceed to the Con- 
ſtruction of the Sliding-Rule. | . 


| Sect. III. The ConſtruSion of the Sliding-Rule. 


The Rule we are to conſtruc, is in the Form 
of a Parallelopipedgn, on three Faces of which are 
three graduated Sſiders, ſliding by fix graduated 
Lines on the Rule; the firſt Face is repreſented 
by Fig. 1. (Plate 1.) the ſecond 1s repreſented by 
| - DD» TY Fig. 


Fig. 2. the third by Fig. # and the fourth by 
Fig, 4. of each of theſe in their order as they are 
marked A, B, C, D, E, MD, SL, SS, and N. 
The Lines graduated on the firſt Side, are four 
Lines of Numbers, or Logarithms, or rather three, 
becauſe the Sliding · piece marked B has two Lines, 
each divided in the ſame manner: A is the firſt 
of theſe Lines; to delineate which, let the Sector 
be opened till 10, 10, on the Line ef Lines be 
e to the Diſtance betwixt one and ten on A; 
then ſince the Logarithms of I, 2, 3, 4, 3, 6, 7, 8, 
9, 10, are o, 301, 477, 602, 699, 778, 845, 703, 
954, 1,000 reſpectively from the Line of Lines 
on the Sector thus opened, take thefe Numbers, 
and lay them reſpectively from 1 along the ſame 
Line A, fo ſhall you have the Points anfwering 
the Numbers, whereof the ſaid Diftances are Lo- 
garithms ; the ſame Diftances laid from 10, (which 
on the Rule is only marked 1) will give the other 
+ Diviſions on this Line, it containing its Radius 
twice; then ſince the firſt of theſe Diſtances, (viz. 
betwixt 1 and 2) is divided into 30 Parts, let the 
Logartthms of 145, 1:34; 1.44, 1+, Wc, be ta- 
ken from the Table of Logarichms, and the di- 
ſtance anſwering thoſe Log. taken from the Sector 
opened as before, and laid from 1 along A ſo ſhall 
you have all the Diviſions of the Space 1, 2. Again 
the Space 2, 3; 3,43 4, 5 are each divided into 20 
Parts; wherefore, let the Logarithms of 2. 5. 2.45, 
2.283 2.5, Sc. be alſo taken from the Sector open'd 
as before, and laid from 1 along A, ſo will you 
- have all the Diviſions to 3, then the Logarithmis 
of 3, 355, 378, 323, Oc. to 4 then the Log. 
of 41 4, 4.7 4.85 4,25 Fc. to 3, and the 
diſtances correſponding to theſe ſeveral 8 
rithms, being ſucceſſively taken from the Sector 
opened as before, and laid from 1 towards A, will 
give you all the Diviſions betwixt 2 and 5 in _ | 
1 A* 


whe 


88 


Line. 5 9 | 2 => ol 
The Lines B, C, are exactly the ſame with A, 
To nothing further is neceſſary to be ſaid on them, 
but only inſtead of A in the above Conſtruction, 
to read Bor C; the Line D has a ſingle Radius 
exactly double to A, B, &c. ſo that the Diſtance 
from 1 correſponding to every Number on this, 
is juſt double of the Diſtance from i correſpond- 

ing to the ſame Number on any of them. 
The Line E has a triple Radius, each of which 
is a third Part of the Radius D, ſo that the Di- 
ſtance from 1 correſponding to any Number on this 
Line is, exactly + of the 5 — from 1 on the 
ſame Number on D, or two thirds of the Diſtance 
betwixt one and the ſame Number on any of the 
Lines A, B, and C; whence it is. manifeſt from 
the Diviſions on A, all thoſe on B, C, D and E. 
are immediately had. We are now come to the 
Line mark d MD, which is alſo Logarithmetic, 
and the ſame with A, B, C, D, but inverted, and 
does not begin from t as the others do, but from 
21.5042, and ſo on in an inverted Order, ſo 
that the Order of the Numbers on this Line are 
2 (or 200) 10, 95 8, 75 6, Ly 44 33 2, 1, 9, 3, 7, 0, 

5» 4, 3, and the laſt Diviſion is 2,15042, by 
1 "Is 2 * which 


ST”, R ©= 2 r — wo. * Oey 94 9 


6 
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which dividing 215, you have 100 for the Quo- 
tient, which is the ſame with the laſt Diviſion on 
A, B, C, and D; by which means it will be found 
that the Point 1 will be exactly over againſt the 
Points on A, marked with M B, and a Braſs Pin, 
which correſponds with the Number 2130, 42, or 
215,042, or 21,5042 : the firſt of theſe being the 
cubic Inches in a Buſhel of Malt, for if from the 
Logarithm of 10, or 100, the Logarithm of 
2,15042, or 21,5042 be taken, the Remainder 
ſhews the Diſtance of one from the end of the 
Line MD, which is exactly the ſame with the Di- 
ſtance of the Points MB from the end of the Line 
A, that being alſo equal to the Difference betwixt 
the Logarithm of 10 or 100, and 2,15042 or 
21,5042, The Reaſon why this Line is inverted, 
and its beginning and ending as above, will be 
ſhewn when we come to the Ule of the Sliding- 
Rule. 

Cor. From what has been faid, it is plain the 
Sliding-Rule is analogous to a Table of Loga- 
rithms, the Diſtances of the Diviſions on A, B, 
C, D and E, being as the Log. of their Ratios. 

Having now ſhewn how the Lines on two op- 
poſite Faces of the Sliding-Rule are obtained, we 


come to the other two; on one of which are ar 


Lines, viz. a Slider with two Lines, which ma 
be reduced to one, they being only the ſame Di- 
viſions, continued to its two Edges, and two o- 
thers on the Rule it ſelf, to operate with the Sli- 
der; the Slider itſelf mark*d N, is exactly the 
ſame with the Lines A, B, C, already deſcribed, 
ſo that what was ſaid of them is ſufficient for 
this. One of the fix'd Lines on this fide is mark'd 
with S: L: or Seq. . whoſe office, with the affiſt- 
ance of the Slider, is to find the Quantity of Li- 


quor drawn, or remaining in a Caſk not full, and 
| whoſe 
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whoſe Axis is parallel to the Horizon : The other 
fixed Line is mark'd SS, or Seq. St. whoſe Ule is 
to find the Quantities of Liquor drawn out of a. 
Caſk when its Axis is perpendicular to the Hori- 
zon: But the Conſtructions of theſe Lines depend- 
ing on Principles not yet laid down, we ſhall poſt- 
pone them till we come to Ullaging, which is 
handled in the laſt Part. 7 

On the other Side oppoſite this are 3 fixed Lines, 
whereon is wrote Spheroid Variety, Sc. whoſe Ules 
are to find what is called the mean Diameter, orto re- 
duce a Caſk of any of the three Varieties to Cylin- 
ders; but that being of little uſe, and ſo eaſily done 
without a mean Diameter, it is not worth {pending 
any Time on their Explication. On the Infides 
of the two firſt Sliders are placed two Lines, the 
the one numbred from 13 to 16, and the other 
from ,42 of a Gallon to 3,61 Gallons ; which is 
only a Table to ſhew the Contents in Ale Gallons 
of all Cylinders, whoſe Depths are 1 Inch, and Di- 
ameter from 13 Inches to 36 incluſive, which are 
eaſily computed from the Rule following for 
gauging Cylinders, ſo that we ſhall not dwell any 
longer on them, but proceed to 


Seer. IV. The Uſe of the Sliding-Rule. 


And firſt, of Numeration, or the Method of eſti- 
mating the Values of the Diviſions on the Sliding- 
Rule, for which this is a general Rule : For the 
Lines A, B, C, D, MD and N; the Value of the 
firſt on the Rule may be aſſign'd at pleaſure, ei- 
ther 1, 10, 100, 1000, c. or ,1 3,01 3 001, Ge. 
and whatever that is, the firſt 2 is twice as much, 
the firſt 3 thrice as much, the firſt 4 four times as 
much, and ſo. on to the ſecond 1, which is ten 
times the firſt; the ſecond 2, 3, 4, Sc. being ten 
times the Value of the firſt 2, 3, 4, 5, 6, Sc. And 

FFF where 
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where there are three 1's, or a triple Radius, the 
third 1,2, 3, 4, 5, 0, Sc. are 100 times the Value 
of i art e ten times thoſe of the ſecond ; and 
this may jerve for the in egral Diviſions 3 but thoſe 
being knowr, the intermediate ones are eaſy; for *tis 
but confidering into how many Parts the Space be- 
twist any two of the integral ones is divided, and 
the difference of their Values, for then the firſt of 
them 1s eſtimated by a Fraction, ' whoſe N..me- 
rator is the Difference of the Values of the adja- 
cent Figures on each ſide, and its Denominator 1s 
the Number of Parts into which the Space betwixt 
the Integers is divided; the ſecond Diviſion is 
twice the Value of the firſt, the third thrice its 
Value, Sc. and if to any of theſe be added the 
Value of the preceding Figure, you will have 
the Number to which that Diviſion on the Rule 
correſponds. We will illuſtrate this by an Exam- 
ple or two on the Lines A, E. Ler the firſt 1 at 
the end of the Rule on A ſtand for 1, then the ſe- 
cond 2 ſtands for 20; now ſince the Space betwixt 
the ſecond 2 and 3 is divided into 20 Parts, this 
is the Denominator of all the Diviſions betwixt 
the ſecond 2 and 3z and the Difference betwixt the 
ſecond 2 and 3, viz. 30—20 is 10; ſo from the 
Rule given above, the firſt Diviſion after the ſe- 
cond 2, is -204$=20+ 3 the ſecond Diviſion 
201 eat; the third 20 Z:2=212, Gc. 
Let us take a ſecond Example on the Line E, 
which has a triple Radius, and let the firſt x ftand 
for 10, then the third. 1, (which often is mark 
10) ſignifies 1000, and: the third 5 ſtands for 
5000 z then becauſe the Space betwixt this 5 and 
the following 6 is divided into ten Parts, and the 
Difference of their Diviſions is 1000; the firſt Di- 


"viſion after the third 5, fignifies 5000-45532 = 


5000-þ100==5100,: the ſecond-'is * 
a _ 1 * the reſt. 


. Multi- 


PRACTICE of GAUGING, 3g 
Multiplication by the Sliding- Rule. 


Proy. I. 


Two Numbers being given, it's required to find their 
Product by help of the Sliding-Rute. 


Rule. Set 1 on B to either of the Factors on A, 
then againſt the other Factor on B is the Product 
on A. 

For the two Numbers being repreſented a, 6, 
and their Product by p, we have a, or ( by 
Prop. I. of the 2d Seft,) L:p=L:a+L:&; now 
*tis plain, when 1 on B is removed to c 
with 4 on A, then the Divifion on A, which 1s 
oppoſite to 5 on B, ſhall be diftant from 1 on A, 
by the Sum of the Diſtances belonging a, &; but 
thoſe Diſtances are Logarithms of the Numbers a, 

5, by what hath been ſaid above; whence the 
Diſtances of the Divifion on A, which is oppoſite 
2, on B ſhall be expreſſed by L: L: &; but 
the L: a+L: b=L : p from the foregoing, whence 
the Number anſwering that Diviſion is equal to p, 
the Product of a, b. Q. E. O. 

Example I. Let the Product of 15 and 12 be 
ſought. By the above Direction, ſet 1 on B to 12 
on A, then againſt 15 on B, I find (by the pre- 

ceeding Numeration ] is the Number 1,80, the 
Product ſought. | 
There may occur ſome Difficulties to Beginners 
in theſe Matters, for it may happen either that af- 
ter 1 on B is placed to one of the Factors on A, 
the other Factor may not be found on B, becauſe 
of the ſhortneſs of the Rule, or of its not having | 
a ſuſficient Number of Radius's, or that when the i 
ſecond Factor is found on B, it falls beyond the 
Ling A ; in both which Caſes you muſt divide, 

"RN 5G „ D 4 gs 7 $8 one 
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one or both the Terms by 10, 100, 1000, Sc. 


not only till they are both to be found on their re- 
ſpective Lines, but alſo that the Diviſion corre- 
Ponding with the Number on B, may fall oppoſite 
for Liviſion on A: and then you are to multi- 
ply the Product thence arifing, by what both the 
Factors were divided by. The Reaſon of this is 
manifeſt ; for the Factors being a, #, and their Pro- 


duct P, viz. axb=p, then — = ==, conſequently 


. We will illuſtrate this by Examples. 


Example IJ. Let the Product of 3 and 245 be 
required, tis plain the firſt 1 on B being eſteemed 
1, the laſt Diviſion on that Line is ,100, and 
therefore 245 is off the Rule; but let 245 be di- 
vided by 10, and the Factor become 3 and 24, 3, 
which by the Rule gives 73,5 for the Product; 
therefore becauſe 245 was divided by 10, Emnl- 
tiply 73,5 by 10, and get 735 for the Product of 

by 245. 

; * II. Let the two Numbers be 400 and 
330, here taking the firſt 1 on B for one 350 is 
off the Rule, ſo I divide it by, 10, and have 35; 

but when 1 on B is ſet to 400 on A, (the firſt 
1 on that Line being called 100) then 35 falls be- 
yond the Line A, fo I divide it again by 10, 
that is 330 is divided by 100, and againff the 
Quotient (3,5) on B is 1400; but ſeeing 350 was 


divic od by 100, I multiply 1400 thereby, and 


have 140000 for the Product of 3 50, by 400. 


| Divifion 
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| Diviſion by the Sliding-Rule. 
Pr O P. II. 


Two Numbers being given, tis required to find their 
Quotient by help of the Sliding- Rule, 


Rule. Set 1 on A to the Diviſor on B, then op- 

ſite the Dividend on B, is the Quotient on A. 

The two Numbers being as above called a, ö, of 
which 3 is the Dividend, and 3 Diviſor, and the 


Quotient , then SIG or L:b—L: a=L:q (by 
Prop. 2. SefF. 2.) | 

But when 1 on A is ſet to à on B, *tis evident 
the Number on A oppoſite & on B, ſhall corre- 
ſpond to the Exceſs by which the Diſtance from 1 
to 5, exceeds that from 1 to a: and theſe Diſtan- 
ces being Logarithms of thoſe Numbers, it follows 
that the Diſtance from 1 on A oppoſite & on B, 
ſhall be expreſs'd by L: þ—L : a, whence per 
Prop. 2. Sef. 2, the Number belonging to that Di- 
ſtance is g. QE. O. 

Examp. Let the Diviſor be 6, and dividend 96. 
According to the Rule I ſet 1 on A to 6 on B, 
then oppoſite 96 on B is 16 on A, which is the 
3 ſought. BS 

ut here as well as in the preceeding Propoſi- 
tions, ſome ſeeming Difficulties analogous to thoſe 
there mentioned may occur, but the ſame Remedy 
is ſufficient. For let both the Terms be divided by 
any Power of 10, as 10, 100, 1000, Cc. and 
the ES thence ariſing' is to be multiplied 
by a Fraction, whoſe Numerator is the Diviſor of 
the Dividend, and Denominator that of the Divi- 
ſor ; but both here and in the preceeding Propo- 
ſition, *tis ſcarce ever neceſſary that any more than 
| one 
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one of the Factors, or Terms, need be divided; 


the Reaſon of this 1 isevident, for liner = 243 if m 


and a are any Powers of 10, then 2 (== 


| therefore 32 * 2 == 24. 


One Example will be ſufficient to illuſtrate this: 
Let it be required to find the Quotient ariſing from 
1944, being divided by 54 3 then calling the firſt 
x on A one, and the firſt 1 on B ten, and ſetting 
one on A to 54 on B, the other Term 1944 is not 
on B, but dividing by 10, the Quotient 194,4 on 
B is againſt 3,6 on A; this multipled by * (for 
the above Reaſon) and I find 36 for the true 
Qvotient. 295 


The Rule of Three by the Sliding-Rute 
PRO r. III. 


Any three Numbers being given, *tis required to find 
4 fourth, which ſhall be to the ird, as the ſes. 
cond is to the firſt. | 


Solution. Set the firſt on B, to the ſecond on A. 
then oppoſite the third on B, is the fourth on A. 

For let us denote the three Numbers by a, b, c, 
and that ſought by x, thena;b:;:c:x therefore 


(per 16. VIih Euclid) a=, and ' one 1. 
end 3 Ste. 2.) L:z=L: I., 5 
Now when à on B is fer to b on A, . on B 
is diſtant from 1 on A * Difference of the 
Spaces agreeing to 4, 3, that is by the Difference 
of their Teras hence the 1 on B. is diſtant, 
from the me on A, by a Space expreſſed b 
L: L: a: and We the third Term on K 


is diſtant from 1 on A, dy its Log. added to the 
former 
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L: 2—L: -L: : x, hence the Number on 


A oppoſite the third Term on Bis . Q. 
E. O. | 
Here if when the firſt on B is put to the ſecond 
on A, the third cannot be found on B, or that be- 
ing found, it happens beyond the Line A; any, 
or all the three Terms may be divided by any 
Power of ten, till all the four Terms happen on 
the Rule : then the Term thence ariſing 1s to be 
multiplied by a Fraction, whoſe Numerator is the 
Product of the Diviſors of the ſecond and third 
Terms, and Denominator the Diviſor of the firſt 
Term; for put m, u, r, to denote 10, 100, 1000, 
Sc. the reſpective Diviſors of the firſt, fecond, 
5 5 „5 3 „ 
and third Terms, then : =: : =: e: but 
this multipliec by gives e x, the fame 
as was found before the ſaid Diviſion: And theſe 
are the Propoſitions whoſe Solutions are had by help 
of the Lines A, B, that is by two Lines of Num- 
bers of equal Radii, or made from the ſame Scale 
of equal Parts. We now proceed to conſider thoſe 
which are had by a ſingle Radius, ſliding againſt 
a double or triple one, or ſuch where one is made 
from a Scale either double or triple to that from 
whence the firſt was made. | 


Of extradting the Square Ret, by the 
. „ Jliding- Rule. | 2 by 
PROP. IV. 8 : 
Any Number being given, tis required io ind its 
Square Koa ty the 2 Rule, | m_ wy 


The 
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The firſt x on c ſtanding againſt the firſt 1 on D, 
againſt the given Number on c is its Root on D. 
For ſince the Radius on D is double that on C, 
tis evident the Diſtance of 1 from any Number 
on D, is double the Diſtance of 1 and the fame 
Number on C; therefore in this Poſition of the 
Rule, againſt any Number onD, is its Square on C, 
by Cor. Prop. 3. Sefi. 2. whence on the contrary 
againſt any Number on c is its Square Root on D 
.. D. A 3 | 
ut if when the firſt 1% on each Rule are one, 


the Number given cannot be found on c, let it be 


divided by 10 or 10 or 105 Cc. till it can 


be found on c; then if the Number oppoſite this 
Quotient on D, is multiplied by the Square Root 
of the ſaid Diviſor, it will be the Root ſought. 
For let Q be the Number given, and q its Root, 
then q*=Q, but when Q is divided by any Num- 


2 9 7 — 5 he 
ber »*, we have == and ; = = » Whence if 


this Root is multiplied by x, the Square Root of 
a* (the Diviſor of Q), you'll have q, which by 
ſuppoſition is the Root of Q. Q. E. O. 
Example. Let it be required to find the Square 
Root of 15129, the firſt 1's on C, D, being one, 
tis plain the greateſt Number on C is 100, and on 
D 10, therefore I divide 13129 by #4 = T0000, 
and the Quotient is 1,5129; againſt which on e 
is 1,23 on D, but becauſe 15139 was divided by 
1, I multiply 123 by 10'*=100, and that gives 
123 for the Square Root of 15129. 
Ec ER. 
Any three Numbers being given, let it be required to 
find a fourth, which ſhall be to the third as the, 
Square of the ſecond is to the Square of the firſt. 
Solution. 
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Solution. Set the firſt Root on D to the third 
Term on C, then on C oppoſite the ſecond Root 
on D, is the Term required, Tote. 
For let the three Terms given be denoted by a, 
B, c, and x the Term ſought, then a: 5* :: c: x by 
the Condition of the Queſtion, or (by the 16th VI. 


Euc. De, whence (from Prop. 1, 2, 3, of 


Sect. 2.) we have L: x L: 2L: —2 L: a+L:c. 
Now when a on D is ſet to con C, then + on 
D ſtands oppoſite a Number on C which is diſtant 
from 1, by the ſpace belonging to the Number c, 
and the Difference betwixt the Spaces correſpond- 
ing to b, a on D: but theſe Spaces being Loga- 
rithms of the Numbers themſelves, and the Radius 
of D double that of C, 'tis evident the Difference 
of thoſe Spaces on is expreſſed by 2L : —-2L: 4 
to the Radius of C, to which the Log. of c being 
added, viz. L: C: we have 2L: —2 L: c, for 
the Diſtance of a Number from 1 on C to the Ra- 
dius of C, oppoſite to þ on D. Whence the Num- 
ber on C agreeing this Diſtance 1855 K 2 — 
but that by what was faid above is equal to , 
the Term ſought. Q. E. O. 2 ol Th 
Example. Let the Numbers given be 4, 5, and 
18, ſo that the Term or Number ſought, is a fourth 
Proportional to 4\* 5 :: 18, by the Rule, I ſet 4 
on D to 18 on C, then on C oppoſite 5 on D is 
283, the Term or Number required. | 
But the chief Uſe of the Lines C, D, is in 
meaſuring of Cylinders, and conſequently the 
Globe, Spheroid, Cone, and conic Conoids, which 
(excepting the Hyperbolics) are in a given Ra- 
tio to their circumſcribing Cylinders. For it 
is demonſtrated further on, if D be tho Diame- 


; 3 
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ter of a5 Cylinder's Baſe, 5 its height, and v 
1284, Sc. the Diameter of a Circle whoſe Area is 


Unity, then the Meaſure of its Solidity is N * 
call it 85 then . or * * 8 
whence from this Prop. we have the following 
Rule to meaſure any Cylinder by the Lines C. D. 

Rule. Set 1,1284 on P to the Cylinders height 
C; then 2ppoſite the Diameter of its "Boſe on D, is 
its Content on C. 

Let the Cylinder? 8 Heig ht be 6 Feet: ind the 
Diameter of its Baſe 3 Feet r 

Then ſetting 1, 1284 on D, to 6 on C; againſt 
3,5 on. D is 57,7 on C: which is the Wand r of 
ſolid Feet i in the Cylinder given. The ſame Dif- 
ficulties may occur in the uſe of theſe Lines as in 
thoſe above: for it may happen that after. the firſt 
Root or Term on D; is ſet to the third Term on 
C, the third Term or Root cannot be found on 
D; or that being found, it happens off or beyond 
the Line Cs in this caſe let the given Terms be 
each divided by 10, 100; 160d, Sc. or any Mul- 
tiple of theſe as occafion requires; then let the 
— found be multiplied by a Fraction, whoſe 
Denominator is the Square of the Divifor of the 
firſt Term, and its Numerator the Prodüct of the 
third Term, Diviſor by the Square of that of the 


ſecond, ſo ſhall you have the Number ſought, 


Example I. Lis the three Numbers given be 3 
60, 7, ſo that the Term or Number rn ode is 4 
fourth Proportional to M: 60 .: 5; by 
the Rule I der 2 et 3 Gon 0. 


off the Rule, 3 I divided it by 10, and 
the Quotient 6 on D is te 28 on C; then 


becauſe the firſt Term was divided by 10, the ſe- 
cond by one, and the third by one, the multiplying 
Fraction 


| PRASTIOR of GAUGING. 47 
Fraction is IE 22 =100, hence 20x10002=2500: is 


the Term ſought. 
Example II. Let the three Terms given be 2, 
80, 9, ſo that the Term ſought is a fourth Pro- 


portional to c: 80 ::; 9: —now ſetting 2 on D 
to 9 on c, then 80 is off the line D : let it be di- 
vided by 10, the Quotient 8 is on the Line D, 
but does not fall againſt any Diviſion on C, 
whence divide 80 by 20, and the Quotient (4) on 
D, is againſt 36 on C, now here the multiply- 
720 
ng Fraction is = = 400, therefore 14400 is 
= Number ſought. But we may obſerve there is 
ſeldom occaſion to divide any but the ſecond Term, 
the Reaſon of this will be evident from hence ; the 
three Terms given 855 a, 6, c and x, that fought 


x is found equal to 2 . Now if a, 6, e, are divi- 
ded by m, u, r 1 then a fourth Propor- 
tional to = =: 5 is — whence this 
muttiplied by 22 gives =, which is the 
fourth ti to a : 51 :: c, the Term 
ſought; but if the ſecond Term 3 is only divided, 

the Term that is then found muſt be multiplied by 
1* n: becauſe here w and 7 become each 1. 
NN in the next Place to ſhew the Uſe of 
| ry * 15 in which the kr om former 
yt e latter, it being own from a Scale 

three trimes as large as that of 'D. 


7 n apt... KA 


* 
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The Extraction of the Cube Root by the Sliding- 
. H ͤ 


P ROP. VI. 


Any Number being piven, to find its Cube-Root by . 
the Sliding- Rule. 4 


The firſt 15s on the Lines D, E ſtanding againſt 
each other, let the Number given be found on E, 
then oppoſite it on D is the Root ſought. For 
the Radius of the line D being triple each one of 
E, every Number on the former is at a triple Di- 
ſtance from 1, that the ſame Number on the latter 
is from 1, hence the Number on D that ſtands op- 
poſite any Number on E, is the ſame that would 
be found at ; of the Diſtance on E, but theſe Di- 
ſtances are Logarithms of the Numbers: hence if 
Q be the Number given, and q its Root, then 
q*=Q, or (per Prop. III. Se. 2.) 3L : qzL: Q 
therefore L: q= = that is + part of the Di- 
ſtance between i and Q on E, to which corre- 
{ponds the Number D oppoſite Q on E is the Log. 
of the Root ſought, and therefore the Number it 
{elf is the Root of Q. Q. E. O. 1 

But if Q is ſo large that it cannot be found on 
E, then let it be divided by 10\*, or 10)*, or 100%, 
and the Cube Root of this Quotient muſt be mul- 
tiplied by the Cube Root of the ſaid Diviſor. One 
Example will be ſufficient ; Let it be required to 
find the Cube Root of 2197 : Here the firſt 1 on E 
being one, the greateſt Number on E is 1000, ſo 
that 2197 is not on the Line E, therefore I di- 
vide it by 10, and on D againſt the Quotient 
2,197, on E is 1,3; this is multiplied by . . 


Fl 
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Cube Root of 10'?, gives 13 for the Cube Root 
of 2197. The Reaſon of this dividing, and its 
conſequent multiplying may be ſhewn after this 
manner 3 Q is the Number whoſe Cube Root is 
4, let r be the Cube Root of SS then r* — A 


3 — i 0 ö | . 
or = NZ. whence m being 10, 100, 1000» 


Ec. or m*—10)', 10, 109, Sc. the thing is 


PRO P. VII. | 
Any three Numbers being given, *tis required to find 
a fourth, which may be to the third, as the Cube 
of the ſecond is to the Cube of the firſt. 


Solution. Set the firſt on D to the third on E, 
_ oppoſite to the ſecond on D is the fourth 
on E. | | 

For let us again denote the three given. Num- 
bers by a, b, c, and x for that ſought, then by 
the Condition of the Queſtion : 55: : c: x, 
therefore by Se. II. we have L: x=3L: b—3L: 
aL: c. Now when @ on D is ſet to c on E, 
then on D ſtands oppoſite a Number on E, 
which is diſtant from 1 by the Difference of the 
Spaces 1, a: 1, 3 on D, and the Space 1, c, on E; 
therefore theſe Spaces being Logarithms of their 
Numbers, the Number on E oppoſite. 5 on D is 
diſtant from 1 by a Space expreſſed by 3 L : b— 
3L:a+L:c, to the Radius of E, but that by 
what was ſaid above is equal to the Logarithm of 


*, hence the Number its ſelf is equal to =. 
therefore the Proportional ſought. Q. E. O. If ei⸗ 
ther the firſt or ſecond Terms cannot be found on 
D, they muſt be divided by 10, 100, 1000, Ge. 
till they each obtain a Place thereon, and alſo 
till the Place of 5 (divided) on D, is oppoſite ſome 

* diviſion 
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diviſion on E, and the Anſwer that thence ariſes 
muſt be multiplied by a Fraction, whoſe Nume- 
rator is the Cube of the ſecond Term's Diviſor, and 
Denominator the Cube of the firſt Term's Divi- 
ſor; for the Terms being 4, b, c, and the Term 


Be : | 8 3 | 
fought 2 if for a, b,c, we put 7 
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| ſhall have the fourth Term to theſe L222 
| - 
5 c . . | « 8 þ 13 . oC” . 
1 whence if this be multiplid by , it will give 
| 1 the Term required. | 
[If a3 ; 
'N 


Examp. Let the Numbers given be 2, 80, , here 
when2onD is ſet tog on E, 80 is off the Line 
D, but dividing it by 10, againſt 8 (the Quotient) 
on D is 576 z whence, becaufe 80 was divided by 
” . ; KG . 
10, and 2 by x, I multiply 576 by 7 Io, 
and it gives 576000 for the Term required. 
© To theſe three Proportionals we may add, that 
ſince it is demonſtrated that all ſimilar Planes are 
to each other as the Squares of their homologous 
Lines; and all fimilar Solids as the Cubes of 
their homologous Lines : thence by help of theſe 
three Lines C, D, E, all Spaces are meaſurable 
which are homologous to any given Plane; and 
all Solids which are Homologous to a given Solid. 
We are now got to the Line MD, whoſe firſt Di- 
viſion at the right hand correſponds to ,215042, 
or 2, 13042, or 21, 3042, or 215,042, Sc. by 
which means the firſt 1 thereon is againſt 2, 15042, 
of 21,5042, or 215,042, '&c. reſpectively on A; 
the Values of the Diviſions on MD increafing to- 
wards the left hand, as thoſe on the reft do' to- 
wards the right. Why it ſhould begin thus, and 
not at ove, as the others do, will be evident after 
. e Nie 
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we have laid down the two following Propoſi- 
tions, but we muſt obſerve the uſe to which this 
Line with the others on this Side the 9 
are applied, is in Malt-Gauging; the Veſſels in 
which that is uſually put being in the Forms of 
Parallelopipedons, having Rectangular Baſes. Now 
if the Length of any Parallelopipedon be , its 
Breadth 5, and Height or Depth + in Inches, h-xb 
is the Number of Cubick Inches it contains, as 1s 
demonſtrated farther on ; or the Area, or Meafure 
'of the Baſe being q, the Cubic Inches thereof is 
expreſſed by ch, but there are 2150,42 Cubic 
Inches in a Buſhel of Malt, therefore = or 


9X?__ is the Buſhels of Malt in the ſaid Veſſels 


215%, 2 
dee Floor, Couch or Ciſtern, having the above 
orm. — 


PRop. VIII. 


T, be Meaſure of the Sides of any rectangular Paral. 
lelogram being given, to find its Meaſure by the 
Lines B and MD. | ; 


Solution. Set the Length on B to the Breadth on 
Mb, then oppoſite 1 (or unity) on MD is the 

Meaſure on B. 5 
For the Meaſure of the Breadth being 5, and 
that of its Length /, the Meaſure of the Rectangle 
is bxl, as is demonſtrated farther on, hence r, 
or L: q L: L: I: (per Prop. I. Se. 2.) Now 
when 3 on B is ſet to] on MD, then 1 on MD 
is againſt a Number on B, which is diſtant from 
6 towards the right hand by the Space 1, /, ſo 
that 1 on MD is againſt a Number on B, which 
is diſtant from 1 by the Sum of the Spaces 1, 3, 
and 1, /, but thoſe Spaces are Logarithms of their 
Numbers; whence the” 1 of che Number 
2 On 


— 


2 The THEORY and Ch. Ui. 
on B, oppoſite 1 on MD is expreſs'd by L.: 6 


L: c; and therefore from what was ſaid above, 
the Number it ſelf is Lx org. Q. E. O. 


| Meaſurin Floors, Couches, or Ciſterns by 
* the Sliding-Rule. . 


Proy. IX. 


The Length, Breadth, and Height (or Depth) of 
any Couch, Floor, or Ciſtern being given, to fud i 
the Number of Buſbels of Malt it contains. 1 


Solution. Set the Length on B te the Breadth 
on MD, then againſt the Height on A is the 
Content on R : 

For the Length being 1, Breadth 5, Height 5. 
and the Area of the Baſe q=hxb; the Content is 
as obſerved before: but by the laſt Propo- 


2150, 42 2 | 
fition q is againſt x on MD, therefore by Propofition 
3, foregoing, if 21 50,42 on A oe ſet to q on B, 
then oppolite h on A is = on B. But we ob- 
ſerved above, that 2150,42 on A, is oppoſite 1 on 
MD, and 1 on MD has been already ſhewn to be 
againſt g on B, therefore 2150,42 on A is againſt 
q on B, whence againſt þ on A is the Content on 
B, VIZ, 2. 9, E. O. | 


2175042 

In the Uſe of theſe Lines, A, B, and MD to 
gether, there may ariſe ſome Difficulty about eſti- 
mating the Value of the Numbers found by theſe 
Directions, which muſt be cleared up before we 
finiſh this Chapter of the Uſe of the Sliding- 
Rule, | | 
In the firſt place therefore it is to be noted, you 
mult always have 1 on MD, rm LOT > 

1 5 ”” ocher- 
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othegways the Area of the Baſe or Product of / x5 
cannot be directly found on B: but you'll have +534, 
Bos ten times, 100 times, Cc. that Area according 
to the Value put for the firſt 1, to the right hand 
MD; wherefore that the direct Value may be had, 
let that ever ſtand for Y or 1. If it repreſent 1, 
then the Number oppoſite on A (where is a Braſs 
Pin marked MB) ſhould be 2150,42, the cubic 

Inches in a Buſhel of Malt ; but by having that 
ſo large, it will commonly happen that the Heighr 
or Depth which is to be found thereon, is off the 
Line, for the leaſt Number on that Suppoſition 
is 100; Wherefore to remedy that, you are to 
diminiſh the ſeveral Meaſures by dividing them 
by 10, 100, 1000, c. till each (when the firſt or 
ſecond 1 on MD is unity) may not only have a 
place on its reſpective Line, but that the Term re- 
quired may alſo have its place on B: and whate- 
ver is the Product of all theſe Diviſors of /, 3, B, 
the Number 21 50,42 muſt be divided thereby, by 
which the Value of the Diviſors of A will be 
known, The Reaſon of this is thus made our, 
put B the Buſhels of Malt in the Ciſtern, Couch, 
Sc. whoſe Length is J, breadth 5, and height 5, 
then Bas 08 : But let each of theſe Meaſures. 


2150,42 

be divided by m, 1, 7, reſpectively, which are al- 
ways 10, 100, 1000, Fc. then I ſay, if 210, 42 is 
divided by the Product of theſe Diviſors, the Pro- 
duct of the former Quotient divided by this lat» 
ter is ſtill equal to B, the Content of the ſaid 
Couch or Ciſtern, Sc. | 
 2150,42\ s hb {IXbXb. | 
for h N a7 (== = B. 
be ſhall make this Obſervation plain by Exam- 

es. 
Example 1. Let the Breadth of a Couch be 56;2 
Inches, its Length 250, and Height 5,2 Inches; 

E 3 1 now 
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now in order that 52 may be found 2 A, ot 
firſt 1 muſt be either T5 Or 1; let it be 

the ſecond MB on A is 21,5042 ; whence i 85 
caſe 2130, 42 is divided by 100, therefore let 270 
be divided by 10, and 56, 2 by 10, then ſetting 
27 on B to 5,62 on MD, againſt 5,2 on A, is 36,7 
on B, which is the Number of Buſhels in the 
Couch propoſed. 

Example 2. Let the Breadth be 72 Inches, Length 

140, and Depth 18,2. Now that 18,2 may be on 
A, the firſt 1 may be one by, which the 2 MB 
is 21,5042, ſo that 215042 is again divided by 
100, therefore let 140 be divided by 10, and 72 
by 10; then ſetting 14=*45 on B, to 7.2 I on 
MD againſt 18.2 on A, is 84,3 on B, which IS 
the Content dont r. 
Example 3 t the Breadth be 13 liches, the 
Length 36 Inches, and the Depth 9 Inches, there - 
fore the firſt x on A may be either +5 or 1, for 
in both caſes 9 ma 17 found on A; let it be 1, then 
(the ſecond N 5 Pin being mark'd MB) is 
21,5042, ſo that 2 150, 42 is divided by 100; there- 
fore let the Breadth be divided by 10, and the 
Length by 10, ſo that both together are divided 
TOXIO=10O, and they become 1.3, and 3.6; then 
ſetting 3.6 on B, to 1.3 on MD againft 9 on A, ü 
1.96 on B for the Cofitent. | 

Example 4. Let the Length of a Floor be 1250 

Inches, Breadth 360 — and Depth 9 Inches, 

and let the firſt x on A be , then the ſecond 
MB is 2,15042, ſo that 2150,42 is divided by 
1000; therefore let 1250 be divided by 10, and 
360 by 100, ſo we have 125 and 3.6; then ſet- 
ting 125 on B to 3.6 on MD againſt 9 on A, is 
1884 on B, which is the Content ſought. 

So that you ſee the firſt 1 to the right hand on 
MD has ever been one, the firſt one on B either 
10, or 100, or 1000, Sc. and the firſt 1 on A te 
vari 
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varied as occaſion required, which was always de- 
termined ſo as the Height might be found there- 
on, and alſo that that might fall againſt ſome 
Number on B; but from thence we determined by 
what the Diviſor 2150,42 was divided, and then 
the Diviſors of the Length and Breadth : For the 
Product of their Diviſion muſt ever be equal to the 
Diviſor of 2150,42, In the laſt Caſe, the ſecond 
Point MD being 2130, 42 was taken for 2,15042 ; 
ſo that it was divided by 1000, and the Length 
1250 was divided by 10, and the Breadth by 100, 
becauſe 10x10==1000, the Diviſor of 2130, 423 
ſo that from theſe Directions the Reader will ne- 
ver be at a loſs to eſtimate the Value of the Divi- 


| fors on the Sliding-Rule according as occaſion pre- 


fents.- ++: ; 

The frequent uſe that is made of this Rule by 
my Brethren of the Exciſe, made me the fuller in 
this particular, that they might not only be ac- 
quainted with its Uſe 3 but alſo the Reaſon of the 
Methad of Operation, which I have laid down in 
a manner as ſtrictly mathematical, as the Nature of 
the Thing admits, and yet ſo illuſtrated by verbal 
Rules and Examples, that I would fain it 
will not be out of the reach even of the Learner, 
which I think has not been done before; ſo that 
we ſhall diſmiſs it for the preſent till we come to 


the Practice, where the Reader will find a further 
Application of it in meaſuring the various Solids 


that occur in Gau aid cd. 


5 * 


K 4 PART 


CHAP. I. 
Of Geometrical Definitions and Theorems, 


IN the preceding Chapters we have laid down 
the Method of computing, both by the Pen and 
Sliding-Rule; it remains that we ſhew how thoſe 
Rules are applicable in finding the Contents or 
Meaſures of Magnitude. For as on the one hand, 
knowing for Example, that the Meaſure of any 
Parallelopipedon is equal to the Product of the 
Meaſures of its Baſe and Height, I ſay as this 
could be of little Service, without knowing how 
to compute by ſuch Meaſures: So on the other 
hand it would be of little Uſe to be able to com- 
pute without knowing when to multiply, when to 
divide, Sc. and alſo the Terms by which thoſe 
Operations are to be made. Therefore having laid 
down the Method of computing, we ſhall now 
proceed to ſhew how thoſe Rules are to be made 
uſe of in Meaſuring of Magnitude, 1 76 


Definitions. 


I. Magnitude is whatever is extended, and 
therefore may be conceived to be contained or li- 
mited by ſome certain Term or Terms. 280 

1. A Point is that which has no Parts, or con- 
ſidered as indiviſible, and ſo of it ſelf no Magni- 
tude, and yet in ſome meaſure may be taken for 
the beginning thereof. For, x 

3. It we conceive A (Fig. 6.) to be a Point, and 
any how-moved towards B, by this Motion we may 
Conceive to be generated a Magnitude AB, of one 

5 Pimen- 


* 5 | 
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Dimenſion only, that is, Length without Breadth, 


or Thickneſs z and this is called a Line. 

4. When A moves towards B the ſhorteſt way, 
AB is called a Right Line. 3 
5. But if the Direction of the hone A be 
changed in every point of its Path or Way, as Ac, 
bc, be, Ec. (Fig. 7.) then the generated Magni- 
tude is a Curved Line; the Species of which are 
infinite; but ſuch of them as are uſeful in Gauging, 
ſhall be conſidered farther on. 

6. If the Line AB be alſo conceived to move in 
2 rectilineal Direction E e, its extreme Points A, B 
will deſcribe other Lines AC, AB, and the Line 
itſelf will have generated a Magnitude AD of two 
Dimenſions, having both Length and Breadtb, but 
no Thickneſs ; — this is called @ Plane Surface, 
or ſimply a Plane. 

7. If this Surface AD be conceived to move for- 
ward or backwards in the reCtilineal Direction 
Ee (Fig. 8.) its oppoſite Points A, D, B, C, will 
again deſcribe other Lines AF, DK, BH, CG, &c. 
and conſequently each of theſe Lines other Planes, 
and thence by this Motion we may conceive to be 
generated a Magnitude of three Dimenſions, Length, 
Breadth, and Thickneſs, called a Solid. But here 
as before in the Generation of Lines, ſhould the 
Direction of the Generating Line, or Plane, be a 
curve Line, then the Plane, or Solid, will accor- 
— contained by a curve Line, or curved 

id. 8 

Mie gave this Generation of Magnitude, becauſe 
of its great Uſe and Extent in the Doftrine of curve 
Lines, and conſequently the whole of Mathematical 
Philoſophy. But yet I muſt confeſs, by thoſe of a 
wrangling or ſopbiſtical Temper, it may be objetted 
that wwe bave given the Generation of a Subſtance, 


from a Nothing, or an Attribute, which is a ſort of 


Eontradittion 3 for us moſs certain, Points and Lines 
are 
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are only Attributes of Body. And ſome whoſe Geo- 
metry ſeems to be confined to ſeeing only, have 
objefted to the Elementor, for bis negative Definiti- 
ons of a Point, Line and Surface ; or rather denied 
that ſuch Points, Lines and Surfaces exiſt at all. 
Ta the firſt it may be replied, We do not ſo much pre- 
tend to generate Magnitude, that would be abſurd 
indeed; but only to convey to the Mind the Idea of 
the Figure which the ſeveral Sorts of Magnitude 
really in being may put on. And to the ſecond we 
muſt obſerve, Method obliged the Elementor, whom we 
have imitated in this, to begin with the moſt ſimple 
firſt, and therefore he began with defining a Paint, 
where be only tells us what it is not. They will re- 


_ ply, of nothing or non-entity there are no Properties 


or Aﬀettions : But we anſwer, Points or Lines are 
the Attributes of Body, and where that exiſts, the) 
mußt alſo ; for by firſt aſſuming ſome Body 10 2 
given, it is certain it bas Ends ; then if theſe End, 
are flat, or exactly even, they will be Planes, ang 
thoſe Planes have alſo their Ends, which if freight, 
they are Right Lines, and thoſe Lines have Ends, 
which are Points. So that from bence dis plain we 
have adequate Ideas of Points, Lines, and Plains, 
as defined by the Geometers; thoſe Points and Lines 
drawn with a Pen, being only Pictures of the real 
Points or Lines which Matbematicians confider, and 


drawn to affifs the Imagination. But to proceed; 


8. A Circle is a plain Surface, terminated by 
one curved Line called Circumference, unto whic 


' all Lines, drawn from à Point within called the 


Center, are equal to each other ; theſe Lines are 
called Semidiameters, or Radii; and any Line paſ- 
fing thro? the Center, and terminated by the Cir- 
cumference, is called a Diameter; the Line joining 
the Ends of any part of the Circumference, 1s 
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9. A Sector of a Circle is part thereof, termi- 
nated by two Semidiameters, and part of the Cir- 
cumference, either more or leſs than the half; and 
this Arch is called the Baſe of the Sector. | 

10. A Segment of a Circle is part thereof, ter - 
minated by part of the Circumference and its 
Chord; and when that part is half of the Circum- 
ference, it is called a Semicircle. W | 
The Ancients divided the Circumference of a 
Circle into 360 equal Parts, each of which they 
called a Degree ; and each Degree into 60 equal 
Parts called Minutes; and each Minute into 60 
Parts called Seconds, and ſo on to thirds, fourths, 
Sc. every Arch of a Circle, being denoted by the 
Number of Degrees, Minutes, Seconds, &c. it 
contains. I Hh. | . | 
11. If two Lines in the ſame Plane, and not 
lying in the ſame Direction, are ſo ſituate, that 
being produced they would meet, they are ſaid to 
be inclined to each other ; and if two inclined Lines 
are produced till they do meet, they will form a 
Plane Angle: The Point of Concourſe is called the 
Angular Point, and the Angle is ſaid to be more 
or /e/s, according as the Inclination of its Lines are 
more or leſs ;, but the Quantity thereof is eſtimated 
by the Arch of a Circle contained betwixt its Lines, 
and having the angular Point for its Center. E- 
very Angle may be denoted by three Letters, the 
middlemoſt of which is at the Angular Point, and 
the other two at the Ends of the Lines. Thus (Fig. 
9.) the Angle form'd by the Lines BD, CE pro- 
duced, 1s denoted by BAC. BY” 

12. When a ſtraight Line ſtands on another, ſo 
that it does not incline to one end more than the 
other, but makes the Angles on both ſides equal, 
then are theſe called Right Angles; and the Lines 
are ſaid to be perpendicular to each other. 


"4 
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Hence the Meaſure of the Right Angle is 90 
Degrees. 5 
13. Every Angle greater than a Right one, is 
called an Obtuſe Angle; and every Angle leſs than 
a Right one, is called an Acute Angle; or in ge- 
neral bath obtuſe and acute are called Oblique An- 
gles. Thus, 
CBD Acute 
Figure 10.94 CBE > is ang Right Angle. 
IABD Obtuſe 
And the Lines AC, EB are perpendicular to each 


14. If to one end of any Arch of a Circle a Di- 
ameter be drawn, and from the other end a Per- 
pendicular be let fall thereon, it is called the Sign 
of the ſaid Arch. And if from that end of the 
ſaid Diameter, which co-incides with the Arch, a 
Perpendicular be erected, and a Line drawn from 
the Center of a Circle and the other end of the 
Arch, and produced till it meet the fame ; then 
that part thereof which is betwixt the Point of 
Concourſe and Center, is called the Secant of the 
Arch ; and the part of the Perpendicular betwixt 
the Point of Concourſe and Diameter is called the 
Tangent of the Arch. Alſo that part of the Dia- 
meter betwixt the Sine and Tangent of any Arch, 


is called its Verſed Sine: Thus in the Circle ACBA, 


(Eg. 11.) Fx 
_ : Sectors. 
e | 
AE [Segments 
I ABIA is a Semicircle. 
ES cine 3 
BT | Tangent 
CT ᷑ is they Secant 


AS Verſed Sine 


of the Arch EB. 
15: 
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15. Thoſe Right Lines drawn on the ſame Plane 
are ſaid to be parallel, which being produced ever 
ſo far would not meet, or the Parallels are ſuch, 
that if from ever ſo many Points in the one, Per- 
pendiculars be let fall on the other, they will be 
all equal to one another. Thus, if AB and CD, 
(Fig. 12.) are two Lines ſo ſituated to one another, 
that from the Points a, a, a, in AB, the Lines ab, 
ba, ab, being let fall perpendicular on C, the ſe- 
veral Lines ab, ab, ab, are equal among them- 
ſelves, then is AB parallel to CD. | | 


Of Right-Lined Surfaces, or Planes, 


16. Right-Lined Surfaces are thoſe Planes which 
are included by Right Lines, and the including 
Lines are called their Sides. EE 

17. A Triangle therefore is a Plane included by 
three Right Lines, of which reſpecting its Sides, 
that is equilateral, whoſe three Sides are equal, 
(Fig. a.) that an i/oſceles Triangle having two Sides 
equal, (Fig. b.) and a ſcalene, or oblique Triangle. 
when all the Sides are unequal. (Fig. 16.) But 
reſpecting its Angles, that is a right-angled Triangle 
which has a right Angle, (Fig. c.) and an acute- 
angled Triangle when all the Angles are acute, 
(Fig. a.) and an obtuſe angled Triangle, when it 
has one obtuſe Angle. (Fig. 16.) 

18. In right-angled Triangles, the two Sides 
containing the right Angle are called its Legs, 
and the Side ſubtending the right Angle is called 
the Hypothenuſe. _ 5 

19. If a Perpendicular be let fall from any 
Angle of a Triangle to its oppoſite Side, that Side 
is then called the Baſe of the Triangle ; the Per- 
pendicular its Height, and the Point from whence 
the Perpendicular was drawn, is called its Vertex. 

20. Of four-fided Figures, thoſe are called Pa- 
rallelegrams, whoſe oppoſite Sides are parallel or 

TR equal; 
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equal; and theſe are diſtinguiſned into four Sortsz 
1. When the Sides are all equal, and Angles right, 
they are called Sguares, (Fig. 13.) 2. When the op- 
poſite Sides are only L and Angles Right, 
Rectangles, (Fig. 14.) 3. When the Sides are equal, 
and Angles oblique, Rhombus's, (Fig. 17.) 4. When 
the oppoſite Sides are only equal, and Angles oblique 
Rbomboids, (Fig. 15.) All other quadrilateral Fi- 

gures called Trapezias, (Fig. 18.) 


Of multilateral or polygonal Figures. 

21. A Pentagon is contained by five equal Sides, 
(Fig. 20.) A Hexagon by ſix. A Heptagon by 
ſeven. An Octagon by eight, Fc. Each taking 
its Name from the Number of equal Sides or An- 
gles by which it is contained. | : 
To this Definition we may add, that all Poly- 
gons may be circumſcribed by a Circle, or have a 
Circle inſcribed in them : For if any two conti- 
guous Sides of a Polygon are perpendicularly biſ- 
ſected, the cutting Lines will meet in a Point, which 
is the Center both of the circumſcribed and in- 
ſcribed Circles; the Diſtance of that Section, and 
any Angle of the Polygon, being the Radius of 
the former, as the Diſtance of the ſaid Section, 
and middle of any fide is of the latter: Whence 
the Center of the inſcribed or circumſcribing Cir- 
cle of any Polygon, is called the Center thereof; and 
that not improperly, it being its Center of Gravity. 
Thus (Fig. 20.) DC and EC being drawn perpen- 
dicularly thro' DE, the middle of AB, BE, in- 
terſect each other in C, the Center of the Poly- 
gon; whence CB is the Radius of the circum- 

icribed, and CD==CE of the inſcribed Circle. 
22, All multilateral Figures of unequal Sides, 
are called irregular Polygons. of 
23. The Length of a Perpendicular drawn from 
any Angle of a Parallelogram to its oppoſite Side, 
do US 1 
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is called its Heigbt; and the Side on which it 
falls is then. called its Ba/e. „ 

We gave theſe elementary Definitions for the 
ſake of thoſe unskilPd in geometrical Subjects; 
but when we have occaſion, in what follows, to 
mention any Properties of the things defin*d a- 
bove, we muſt refer the Reader to Euclid ; for 
our intended Brevity would not permit . dip 
regular Method of Demonſtration, and therefore 
we chuſe to omit them altogether. 


| Of the Meaſure of Magnitude. 
23. Every Magnitude is meaſured by another of 
the . kind : As a Line is meaſured by a Line, ; 
a Surface (or Plane) by a Plane, and a Solid by a 
Solid: And the ſame extends to Velocity and Tar- 
dity in Motion, Intention, and Remiſſion in Qua- 
lities, and ſo on, of every thing to which the 
Words more or leſs can be apply'd. 8 
24. And that Magnitude by which another is 
meaſured, we call its meaſuring Unit. This is ar- 


* 


bitrary, and may be aſſigned by the contracting 


Parties at pleaſure. The meaſuring Unit for Lines 
may be a Line of any Length ; but for ſhort Lines 
is commonly a Foot, or twelve Inches. For Sur- 
faces, the meaſuring Unit is a Square, whoſe Side 
is the meaſuring Units for Lines, And the mea- 
ſuring Unit for Solids is a Cube, wheſe Side 7s 
equal to the meaſuring Unit for Surfaces. 

25. The Meaſure of any Magnitude is the Ra- 
tio it has to the meaſuring Unit, or may be ſaid to 
be the Number of Times and Parts of a Time that 
it contains the meaſuring Unit. Thus if the Line 
ab (Fig. 13.) be taken for the meaſuring Unit, 
and the Line AB be four times as long, then its 


Meaſure is 4; for AB: ab:: 4: 1, or 21 214. 

Again, if ab cd (Fig. 14.) be a Square, whoſe 
Side is equal to ab in the laſt, and AB CD is a 
3 Space 


\ 
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Space 12 times as much; then the Meaſure of 
ABCD is 12 ; for ABCD: abcd: : i2 : 1, or -— 
iz. So that from hence we may ſee by the. 
Meaſure of any Magnitude, is meant its Numeral 


Relation to another of the ſame kind eſteemed as 
Unity. - 


Of meaſuring right-lined Surfaces, 
Prop, I. 


The Meaſure of every Refangle, is equal to the 
Produtt of the Meaſures of its containing Sides. 


Let the Meaſure of BD, one of the Sides of the 
Rectangle ABCD (Fig. 14.) be called ; and the 
Meaſure of AB, (the other containing Side) 5; 
then if Ba, ag, gb, &c. are taken each equal to 
the linear Unit, their Number will be / : through 
each of which draw Lines parallel to BD, .meet- 

ing DC in as many Points », 5, 7, Sc. then if Ba 
and ac are each taken equal to Ba, *tis evident 
(from Definit. 24.) Bacd will be the ſuperficial 
Unit; and let e, ef, Sc. be taken each equal 
to Bd : Now *tis manifeſt the Meaſure of B arD 
will be /x1, for Bar D: Bac d:: x1: 1; whence 
(per Deſinit. 25.) Ix i is the Meaſure of Bar D; but 
the Spaces Br, as, gt. Sc. are equal (by 36. 1. 
£ucl.) therefore any one of them ſo often repeated 
as is their Number, will be the Meaſure of the 
whole Figure, but 4 is put for that Number, there- 
fore bx/x1=6b/, viz. the Product of the Meaſures 
of the contained Sides, is the Meaſuree of the Rect- 
angle ABCD. Q, E. D. But if betwixt the Points Ba, 
any Point v was taken, and the Line v w drawn 
parallel to BD, ſo that a rectangular Space BDus 
was to be meaſured, whereof one ſide was — 
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than the linear Unit, the Meaſure of that Space 
will be expreſfed as a Fraction, whereof the Mea 


ſure of the Side BD is Nurnerator, and that of — 
Denominator 3 for let > expreſs what part By is of 


Ba, or Unity; then the Meaſure of By is T's and 


(from the 1. 6th Euclid) BD is we ſame Part 
of BDra that By is of Ba, but that is 7 by ſuppo- 
ſition; and from what was ſaid avs, the Mea- 
ſure of BDra is «1, or 1; therefore BuwD=/x — 5 


viz, equal to the Product of the Meaſures of the 
Unger, Sides, whence the Propoſition is true 5 
univerſal 

$:bolkum. Multiplication, properly ſ aking, cart 
only obtain where theMultiplier is a whole abſtract 
Number ; n but for want of a Ions Word, it is 
commonly uſed tho? that was a Fraction, or Surd, 
becauſe thence is produced a Number, which has 
the. ſame Ratio to one Factor, that the other — 
to Unity; which is alſo the caſe when they ar 
whole Numbers ; for the Factors being FF, a 
the Product p, we have fx FH or pf: F: 1. 

Cor. 1. Hence the Meaſure of every Parallelogram 
is equal to the Produtt of the Meaſure of one of its 


S 145, into a e eee let FG thereon from the 
other. 

Thus (Fig. 13.) put 72 for the Meafure of the 
Perpendicular AP, and for the Meafure of the 
Side CN=AB, then p is the Mcafure'of ABCD; 


for if CP be continued to Q, where it meets a 


Line drawn thro? B parallel to AP, then (by 
the 35 Eurlid. 1.) APQB is equal to the Parallelo- 
gram AC DB; but the Meaſure of the former is 
Px-5, and therefore Þ x5 is alſo that of the latter: 
Whence to meaſure any parallelegramick Space by the 

E 8 luding- 


— 
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Sliding- Rule, we have this Rule: Set i on B to the 
Length on A, tlien oppoſite to the Breadth on B, 
is the Content on A, (by Prop. 1. Sect. 2. 
Example. Let AB=12.55 Inches, and AC. 32: 
then the Meaſure of the ABCD is 12.55x8.32= 
104, 416 ſquare Inches. Or, by the Sliding Rule, 
1 on B ſet to 12.55 on A againſt 8.32 on B, is 
104.416 on A, which is the Meaſure ſought. 
Cor. 2. Hence the Meaſure of every right-lined 
Triangle is equal to half the Product of the Meaſure 
of one of its Sides into the Meaſure of a Perpen- 
dicular drawn thereon, from its oppofite Angle. 
Let the Meaſures of the Sides CD, DB, BC, 
(Fig. 16.) of the Triangle BCD be a, b, c, re- 
ſpectively, and the Meaibres of the Perpendiculars 
BO. CP, DR, p, 9, r, reſpectively, then the Mea- 
ſure of BCD is r, or 0, or =, for thro B 
draw a Line parallel to CD, and another thro' 
C, parallel to BD, meeting the former in A, then 
the Parallelogram ABCP is double the Triangle 
BCD (per 42 Euclid; 1.) but the Meaſure of ABCD 
by the preceding Corol. is a xp, therefore = is 
the Meaſure of the latter. The other two Expreſ- 
ſions may be proved after the fame manner. 
Cor. 3. From hence we deduce the manner of 
meaſuring all right- lined Spaces univerſally; which 
is done by dividing the Figure into the leaſt Num- 
ber of Triangles poſſible, theſe will ever be -le/s 
by two than the Number of the Figure's ſides z and 
the Meaſure of each of them being found by the 
laſt Corel. their Sum will be the Meaſure of the 
Figure propoſed. But that may be effected at one 
Operation, by firſt reducing the given Figure into 
a Triangle; the Method for doing which will be 
mutt irom ths. co 64 10197 $f On WO 
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5 JJV 
To reduce any Trapezia, or Figure, contained by four 
Z right Lines into a Triangle. 

Let the four-ſided Figure be ABCD, join any 
two oppoſite Angles as B, D, by the Line BD ; 
alſo thro* C, or A, the other Angles, draw a Line 
parallel to the Diagonal Line BD ; let it meet the 
Sides AD or CB produced m E or F, and -draw 
the Line BE or DF, the firſt of which cuts CD 
in K, and the ſecond AB in L, then ſhall the 
Triangles BAE and CDF be each equal to ABCD : 
for the Triangle CDE is equal to CBE, (per 36 
Eucl, 1.) therefore the Triangle DKE is equal to 
BCK, to which BADK being added, we have 


CDF is proved equal to ABCD. Q, E. F. 

Therefore if the Figure has five Sides, firſt di- 
vide it into a four-ſided Figure and a Triangle, by 
drawing a Line from any Angle to the next but 
one: the former of which is reduced to a Tri- 
angle by the above Problem, and this Triangle, 
with what the ſaid four - ſided Figure wants of that 
given, will form another four- ſided Figure; which 
being reduced by the above Problem, that will be 
the Triangle ſought: And after the ſame manner 
you may proceed if it has ſix, ſeven, eight, or 


into the Triangles AFG, HK. 
ſure of every - Polygon, is equal to the Sum of tbe 


Pendicular thereon from the Center. 


— 


2 Polygon is required to find its Area, we ſhall 


— 


Meaſute of its Sides into the Meaſure f 4 Per- 
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BAE equal to ABCD; and after the ſame manner 


ever ſo many ſides, which the Reader will more 
readily perceive by conſulting the 18 and 19 Fi- 
gures; the firſt ABCDE is a five:ſided Figure, and 
the ſecond ABCDEF' has ſix, which are reduced 


' 


Cor. 4. From Cor. 2. we alſo infer that the Ma- 


. 
- 


But ſince the Perpendicular from the Center of 
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lay down a Method by which the Area of any Po- 


\ 


lygon may be direckiy found from its Side being 
given: In order to which, let 2 denote the Num. 
ber of Sides of the Polygon, and from the be 


of natural Signs take the Sine and Coline of = 


Degrees; then as four times the Sign of = — « 


grees, is to the Coſine thereof, multiply'd by U, ſo 
is the Square of any Polygon's Side, to its Ares: 


For the Product of the Sine and Coſine of Ry 


or — Degrees, is the Area of a Triangle in 
a Polygon, the Radius of whoſe, circumſcribed Cir- 


cle is 1, ſimilar to any other Polygon of 1 Sides; 


but like Triangles are as the Squares 50 1 ho- 


mologous Sides, and twice the Sine of — > Degrees 


is the Baſe of the Polygon the Readies: of whoſe 
circumſcribed 8 5 is Uni ity. Hence if the Sine 


and Co- ine of = are called 5, c, reſpeCtively, al- 


ſo 8 the Side, and A che Area of the Polygon given, 
then 45* : $xXcx# 2 : S*: A. or 46: 00: 287 7A, 

From whence we deduce this Rule 3 To find the 
Area of any Polygon having its Side given. Let 
180 Degrees be divided by the er of the 
Polygon's Sides; and let # be divided by four 
times the Tangent of that Quotient (taken from 
the Table of natural Tangents) then if the Quo 
tient of that-Diviſion is multiply'd by the Square 
of the Side of the Polygon given, the Froduct will 
be the Meaſure of its Area. 

Example. Let the Side AB (Fig. 20.) of 4 Pes 
tagon be 50 Inches, and its Area or be re · 


5 3 hore. ARE. 0 5 A Sb 


4 8 e * x 2 1 i 


A 

| 
45 
* 


— 


l OF. CY. et, GO 


EE. 


PE 


PRACTICE F GAUGING. 69 
whoſe Tangent from the natural Tables is 726343 
by four Times, which (viz. 2, 906178) g bein 
divided, we have 1.720477 for the Quotient; a 
this multiplied by 2500, the Square of the Side 
(50) it gives 4301,175 ſquare Inches for the Area. 
But becauſe it would be troubleſome always to 
have Recourſe to the Table of natural Tangents, I 
have thence ſelected the Tangents of 60, 
232 = 45» 239 = 36, 232 = 30, Se. D Degrees, | 
which anſwer. to half the / Angles at the Center of 
a Polygon of 3, 4, 5, 6, 7 Sc. Sides; as alſo the 
Quotients arifing from ividing z by the Quadry- 
ples thereof, as the following Table. | 
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This Table may be continued at pleaſure, by the 


Rule laid down for that purpoſe, but from this 
only the Area of any regular Polygon of. leſs'than 
eleven Sides is had directly by a ſimple Multipli. 
cation, as we explained before. But from hence 
we alſo may give the Method of Meaſuring any 
of thoſe Polygons by the Lines C, D, on the Sli. 
ding-Rule ; for by calling any Term in the fifth 
Column q, and the Side of the Polygon 8, by this 
Proportion the Area is found, viz. 1x1 :9::S*: 
(a) the Area: therefore (oy Prop. 5. Set. 2. Part 
1.) we have this Rule: Ser 1 on the Line N ta (q 
any Number in the fifth Column on C, then on C op. 
poſite the Side of the Polygon given on D, is the Con- 
tent or Area ſought, Ts Rf OO 
Thus in the laſt Example, the Side of a Pentagon 
was go Inches, therefore becauſe. the Number in 
the fifth Column oppoſite Pentagon is 1.520477, 
I ſet 1 on D to 1.72 on C, then oppoſite 5 an D 
(for go is of the Rule) is 43.01 on C, and becauſe 
30 was divided by 10, I multiply 43,01 hy 100, 
(rhe Square of 10) and find 4301 for Area fought, 
ee Prop. 5::Se4. 2. Fart. - ©: | 
Having now ſhewn how to find the Meaſures of 
Plains contain'd by right Lines only, we ſhould 
8 to thoſe contained either wholly by a curve 
ine, or partly by a curve Line, and partly by a 
ſtraight one; but firſt we muſt lay down the fol- 
lowing Jap maker of the Canic Sections, becauſe 
every Reader whoſe Buſineſs requires Skill in 


” 


Gauging, cannot be ſyppoſed furniſh'd with a Trea- 


« 
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"Of the Elements and ſome of the eſſential Proper- 
ties of the Conic Sections. 


Defin. 1. IF (AC Fig. 21, 22, 23, 24, 25,) one 
1 1 Leg of a right-angled Triangle A BC 
remains fixt, and the whole Triangle be conceived 
to turn thereon as an Axis, till i return to the 
Place from whence it moved, it will generate the 
likeneſs of a Solid called a right Cone; of which 
the fixt Side AC is called the Axis, the other Le 
BC deſcribes a Circle called the Cone's Baſe ; an 
AB the Hypothenuſe will deſcribe the Conic Sur- 
face, A, the Vertex of the generating Triangle, 
being alſo the Vertex of the generated Cone. 
2, If the Hypothenuſe AB ſhauld paſs the Ver- 
tex A, the external Part. AB will generate another 
ſimilar Cone Abd, and both tagether are called 
oppoſte Cones, See Fig. 29. „ 
Cor. 1. Hence every Plane drawn thro? the Ver- 
tex and Center of the Baſe is perpendicular there- 
to, (18 Euclid 11.) for it paſſes thro? the Axis AC, 
which by Suppoſition is perpendicular to the Baſe 
of Te l, EE oo 
Cor. 2. Hence the common Section of every Plane 
drawn thro the vertex, with the Cone, is a right-lined 
Triangle. For let ABMDN (Fig. 1.) be the Cone, 
and AMN the Section made by a Plane paſſing 
the Vertex A; alſo let C be the Center of the Cone's 
Baſe, draw the Lines CM, and CN, then 'tis e- 
vident the two right-angled Triangles ACM and 
ACN are the Poſitions of the generating Triangle, 
when the Point B is in M. N, reſpectively; there- 
fore their Sections with the Plane AMN, are two 
. Right AM, AN, (g Euclid. 11.) which are alſo 
1 1 the 
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the Sections of the ſaid Plane and Cone; and MN 
the Section of the ſaid Plane and Baſe, is alſo a 
right Line, wherefore AMN the Section of the 
Cone by a Plane thro? its Vertex, i is a right- lined 
Triangle. 

Cor. 3. Hence alſo the Seftion of the Cong, 12 4 
Plane Parallel to its Baſe, will be a Circle.” 
(Fig.22.) let o be any Point in the Axis of the Cone, 
thro* which draw a Line o F, parallel to the Baſt 
of the Triangle, CB, then *tis manifeſt while the 
Side BC deſcribes the Circle BMDN, which is the 
Cone's Baſe, o F will deſcribe another Plane ſimi - 
lar to it, but oF in every Point of its Path retains 
its Paralleliſm to BC; wherefore in its Motion it 
will deſcribe the fame Fi igure that would be made 
by a Plane paſſing thro* o, parallel to. the Baſe of 
the Cone; but the former has been ſhewn to be a a 
Circle, therefore ſo is the latter, 
* Defn. 3. If a Cone be any how cut by two 
Planes, Fob thro? its Vertex and Center of the Baſe 
making the Triangle ABD, (Fig. 23 and another 

rpendicular thereto, and ſo as it- cuts both the 
ears of the Triangle ABD, but oblique to che 
Baſe BD, the Figure 15 the Section is a curve Line 
called an E lige; ; if Vo, denotes the Line where 
the elliptic Plane cuts the Triangle ABD, then 
Vu, is called the tranſverſe Axis of the Ellipſe ; 5 
and V, U, its Vertexes. _ . 

Defin. 4. The Parts of Lines drawn within the 
Ellipſe at right Angles to the Tranſverſe, and in- 
tercepted by the ſame and Curve, are called Ordi- 
_ zates to the Axis. Thie Middle of the Tranſverſe 
is che Center of the Ellipſe, and that double Ordi- 
nate Which paſſes thro? the Cenger, is called Ws 
05 gate Wo. Ken 

5 5. The Diſtance e the Vertex. of an 
ed 12 7 * Elliple, 
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Elipſe, and the Section of the Tranſverſe, and 
any Ordinate, is called an Ahſciſſa thereof. 

Defin. 6. If æ Cone be cut oy two 7 one 
any how thro? its Vertex and Center of the Baſ 
making the Triangle ABD, (Fig. 24.) and another _ 
at right Angles to this, and parallel to one Side 
of 1 ſaid Triangle, the Figure of the Section is 
a curved Line called a Parabola, the common 
Section of the parabolic and vertical Plane ABD, 
viz. VO, is the Axis thereof, and V the Section 5 

a Side of the Trian ABD and parabolic 

Plane, the Vertex of the Section. 

Depe. . The Parts of Lines drawn in the Pa- 
Fabo at right Angles to the Axis, intercepted 
es the ſame and Curve, are called Ordinates 
of the Axis. 

Defin. 8. The Diſtance on the Axis, betwixt the 
Vertex and any Ordinate, is the Aſciſſa thereof. 

Defin. 9: If appoſite Cones be cut by two Planes, 

ow thro? the Vertex and Center of the 
Baſe, making the Triangles ABD, Ag, (Fig. 25.) 
and the other at right Angles to this, ſo as to 
cut the oppaſite Cones (on bach Sides the Vertex 
A) the Figure of the Sections made in the Conic 
Surfaces,” ate curyed Lines called Oppg/ite Hyper- 
bola's ; and each of them an Hyperbota. Let V, v, 
be the Sections of the Cutting - Plane with AB, AD 
the Sides of the Triangle ABD - produced, then 
V », is called the 7. Trarfberſe "Avis of each Hy- 
perbola, V, v its Vertex#s;z and VO the Section of 
the Plane ABD, and Hypetbola, is called its vs. 
che Hops ot ihr DgIS-0o rl 

y at to in- 
tercepted by the ſane — Carve, are called Or- 
ange of the Axis. 

Defin. 11. The Diſtance on tha Axis betwixt 
Fe Vertex and Section of the Axis and any Or- 


dinate, 


3 
y J 


| perbola. 
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Ellipſe and Hyperbola, every Ordinate has 7wo 
Abſciſa s, and in the Parabola but one. 

' Defin. 12. The Ellipſe, Parabula, and Hyperbola, 
are called the Conic Sections. For tho' the Triangle 
and Circle may alſo be had by cutting a Cone, (as 


Ch. II. 
dinate, is called the Asſciſſa thereof. Hence i in che 


has been already obſerved) yet each of theſe ha- 


ving other Deſcriptions, and Names previouſly 
aſſigned them, the Ancients gave the Name of Co- 
nic Section, only to the three Figures mentioned 
in this Definition. 

Dejn. 13. In the Figures 23, 24, 25, let ABD 
be the Section of the Cone, by a Plane thro the 
Vertex and Center of its Baſe, Vv the Axis of the 
Sections, which 
common Section of the Baſe and vertical Plane 


ABD, (viz. BD) in O; and let a Line be drawn 


thro? V, parallel to BD, meet AD in G; then N 
fourth Proportional to the Lines VO, OB, an 


VG, is called the Parameter, or Latus Refium of 


the Section, whether Ellipſe, Parabola, or Hy: 


Whence if p be put for the Parame- 
VGXOB 
ter, then VO : OB: : VG: 7 = = "0" * 


Defin. 14. The Plane ABD, which in every 


Section is drawn thro? the Vertex and Center of 


the Cone's Baſe, and perpendicular to the Conio 
Section, we will for Brevity lake call the Verti- 


cal re of that Section 


. 4, 


| Is every Ellpſe it will be as the T; -anfoerſe 4 Avis 
is to the Parameter, ſo is the Rectangle of the 4. 


_ feiſſa of any CRT: to the Square of that Or- 
 dinate.'. 


Let ABD (Fig. 23. _ the Section of the Coli 


thro? its Vertex, and the Center of the Baſe, and. 


V mou 


(produced if needful) meets the 


Vmovn the Ellipſe given, whoſe Axis is Vo 3 take 
any Point „ in the Axis, thro? which let a Plane 
aſs parallel to the Baſe BMDN, meeting the El- 
ipſe in the right Line on, and the Triangle 
ABD i in EF; draw GV parallel to BD,- and con- 
tinue Vo till it meet BD (the Section of the ver- 
tical and elliptical Planes) in O. 

Then becauſe both Vm vn and Em F are per- 
pendicular to ABD, their common Section (mn) 
will alſo be perpendicular to ABD. (18 Euclid. 
11.) Therefore mu is perpendicular both to EF 
and Vv, whence o and no are Ordinates of the 
Abſciſſæ Vo, vo, (Defin. 4. Euclid 11.) but Em 
Fu is a Circle, (by Cor. 2. Defin. 2.) therefore from 
the (8. 6. uend) om*=E oxoF, but the Trian- 
gles V oF, VOB are ſimilar 'by Conſtruction; 
therefore Vo! F:: VO: O B, (4 Euclid 6. ) 


| B 
hence oF= VE 16 Euch 6.) Again, the 


Triangles voE, vVG, are ſimilar, therefore vo: 


— 


E;; JV : VG, whence 2 N 5 there- 


V * XOBXVG 
fore o Exo FP - DR — but EoxoF= 


0 m\*, conſequently. m = N V 0X v9 XOB xXVG 
3 ene e but 
VGXOB 


— =P, . Defin. 13.) therefore on iN on. | 
N or Vo: P: : Voxvo : ma* Seer. | 
Cor. 0 Te if the Es Axis of an 


Ellipſe is called; , any Ordinate o m, or on, y, 
and "dk of the Abſciſſæ thereof, viz. vo, or 


. chen by this his Propoſition we have f: p:: 
AN. E= , which may be called 


the Equation of the Ellipſe. | 
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8 < *—- - - Xe : 
—— — CEE — 4 — — 


— 
——— — — 


* a & vo * 
Ex —— 
| £ 


by : — 
7 * 8 pe 0 * * * 
33 — K —— 2 


Section with the 


76 The THEORY and ch. H. 


Cor. 2, In. this by. making ae, and alles 


the conjugate Axis c, then y becomes 80 to => ; 


whence we have FI; or p=, put 
this for p in the above expreſſion, and we find 
1 == *, which 1 is a ſecond Equation of 5 
curve. 

very Ellipſe is a third Proportional to the tranſverſe 


Wr. earl 4 1 Axes. 
| 3 Circle be deſcribed on the tranſ- 


E: 6 Koa of any Ellipſe, and an Ordinate be 


drawn to it, alſo cutting the Elliphe, then it will 


that is (Fig. 33.) Vo : MM:: NO: O, for from 
the Property of the Circle O O N 3 and 
by this Propeftion VOxOv : 10 : 2: Vo- MM, 


hence NO) . Ou :: VOx20xV:+ : vo 


AN, that is NO: 10: : Vr: MM. 


| Prop. II. 


In die Paratola it will be as the Runa is 
to.any Ordinate. ſo is that Ordinate to its Adſciſa. 


Let ABD ( Fig. 24. ) be the vertical Plane, 
or Section of the Cone, through its Vertex, and 
the Center of its Baſe, M JN the parabojic. 
Plane whoſe Axis is VO, the Vertex being V 8 


in the Axis, aſſume any Point o, through which 


let a Plane be drawn parallel to the Baſe, whoſe 
parabolic Plane is the : 
ABC, the rig 


Line mon, with the Trian 


EmFs, 


Car. 3. Hence the Parameter of the Axe of e- 


be as the tranſyerſe Axis is to the Conjugate, ſa 
is the circular Ordinate to the elliptic Ordinate * 


Line EF, and with the Conic Surface, the FM | 


S. 
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En F, whoſe Diameter is EF, draw VG pa- 
rallel to BD, then *tis manifeſt from what was 
ſaid in the laſt Propoſition z mn is perpendicular 
both to EF and VO, therefore Enn being a Cir- 
cle Eo * F but the Triangles VoF, VOB 
are equiangular, whence VO: OB :: Vo; o F, 
OB X Vo 


therefore o Fr , but Eo=GV, becauſe. 


they, as alſo EG and Vo are parallel, whence 
oFxoE= REALLY but p= on (per De. 
Fn. 13.) whence FE * Vo, but oFxoE = 
mo? =on\*, therefore o — p* VO, that is 
g: :: ⏑—f , SEED. 

Cor. 1. Therefore Þ* VO=OM?, hence VO: 
Vo : : M-: mo\*, that is in Parabola, he A- 
ſciſſa's are as the Squares of their Ordinates. 
Cor. 2. Let Vo be callled x, and om, y, then 


from this Propęſit. px=y*, which may be called 
a N 


the Equation of the Parabola. | 

Cor. 3. Hence, if thro' any Point of the para- 
bolic Curve, a Line be drawn parallel to the Axis 
thereof, thereby cutting the Baſe unequally, be 
Rectangle of the Parts of the biſected Baſe, will be 
equal to the Rectangle of the ſaid. parallel Line, 
and the Parameter of the Parabola. _ © 


1 Or (Hg. 44.) draw the Ordinate VW, then by this 
Propofition px VO = OM*, and pxVew = WU, 
hence px VO -V. NO , that is Rv 


— ——— • w‚—— ͤ—— p “ ii.. ——„ꝛ ———— ͤ—„— . — 
—— — — — 
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LS, „„ - 3 | 
In every Conic Hyperbola it will be as the tranſ. 
ver ſe Axis is to its Parameter, ſo is the Rectangle 
of the Abſciſſa's of any Ordinate to the Square 
r 7 5 
Let ABD and Abd (Fig. 25.) be the Section of 
the oppoſite Cones by a Plane thro? their common 
Vertex A, and the Axis of the Cone meeting the 
Baſes thereof in the right Lines BD, #4, and let 
MVN denote the Section of the Cone, by a plain 
Perpendicular to ABD, which being produced, 
would alſo cut the Triangle Abd in v, then MVN 
mv n are Hyperbola's, whoſe Vertexes are V, v, 


and the tranſverſe Axis VV: in VO the Hyper- 


bolic Axis aſſume any Point o, thro* which let a 
Plane be drawn parallel to the Baſe of the Cone, 
meeting the hyperbolic Curve VMN in the right 
Line mon, the Triangle A BD in the fight Line 
EF, and the Conic Surface in the Circle EFn: 
alſo draw VG parallel to EF or BD : then again 
om or on will be equal and perpendicular both to 
the Axis VO, and the Diameter EF, whence n 
and on are each Ordinates of the Abſciſſæ VO, 


vo; (hence by the 8. 6. Eucl.) EoxoF=m 0* 
Son; but the Triangles VOB. VoF, are ſimilar, 


and fo are vo E and vVG, therefore VO: OB :: 


| Vox OB S. we 
Vo: oF; therefore oF = 7707 3 allo vV: VG: : 


| voxVG. = 
vo: „E, hence oE = —-—, conſequently 


OE x= D Y e but I 


VoxowX 


—— 3 IS . 
p, therefore m —=gp* = _ 4 „Abet ie 


Vo: p:: Voxov : ml? = *. Las. 
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Cor. 1. Therefore call the tranſverſe Axis of the 


 Hyperbola, viz. Vu, the Abſciſſa Vo, x, and 
the Ordinate mo=on (=) Y, then vo tx, whence + 


5* SNN x, which may be called the Equa- 


tion of the Hyperbola. OE 
From theſe Properties of the Conic Sections we 

might deduce a great Number of others, for they 

are the Foundation- of all the reſt; alſo by the 

help of a few Lemma's the Elliptic or Hyperbo- 

lic e might be compared together, as is done 
by that great Promoter of Mathematicks in France, 

the late Marq. de P Hoſpital, tranſlated into Eng- 
liſb by my ingenious Friend Mr. Edm. Stone, known 
to the mathematical World by the Tranſlations he 
has made of ſeveral curious Treatiſes from the La- 
tin and French, to which I ſhall refer for any o- 
ther Properties of the Conics I may want in the 
following Work, which the Limits I have pre- 
ſcribed my ſelf, would not allow room for here. 
But before I finiſh this Chapter, it will not be a- 
miſs to give the Method of deſcribing theſe Curves 
in Plano, ſince ſome may be deſirous not only to 
meaſure them and the Solids thence form'd, but 
alſo to give a Deſcription thereof. TP 
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Of deſeribing the Conic Sections in Plano. 
1 Fan h l 
The Parameter of any Parabola being given, to de- 
A ſcribe-the ſame in Plano. 

Draw two indefinite Lines AB, CD, (Fig. 26.) 
perpendicular to each other, in any Point V, af- 
ſumed for the Vertex of the Section; then on the 
ſecond (CD) from V, ſet off VP equal to the Pa- 


rameter given, and from P aſſume any Number 
| . 
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of Points c, c, c, e; c, on which with the Diſtances 
&P, cP, P, Sc. deſcribe the Circles Ps, Pss, Pa, 
Sc. cutting the Line AB in the Points 5, 5; 8, 4,83 35 
Sc. and the Line CD in the Points P, and o, o, o, o, 
Sc. thro which draw Lines parallel to AB; then 
if thro? each of the Points 5, 5, 5, 5, Sc. Lines are 


drawn parallel to CD, they will cut thoſe parallel 


to AB, in m, , n, n, Sc. Points of the Curve re- 
3 which connected with a regular Curve- 
ine; it will be the Parabola fought. 


2 


For *tis manifeſt (8 Excl; 6.) tlie ſeveral Lines 
V's are meah Proportionals betwixt PV; and the 
correſponding Line Vo; therefore if the Parame- 


ter VP is called p, any of the Lines Vo, x; and its 


Correſponding om, y; we have px=y*, which is 
the Equation of. the Curve deſcribed , whence 
mVm is a Parabola, Cor. 1. Propofit. 2. Q. E. F. 

By this Conſtruction a Parabola may be deſcribed 
with great facility by help of a paralle] Ruler, 
and is alſo applicable, when the Parameter of any 
other Diameter as well as that of the Axis is given, 


provided the Angle made by that Diameter, and 
its Ordinates is alſo known. 


* 


Cor. 1. Hence if the vertex Axis and one Point 
of a Parabola be given, the ſame may be de- 
ſcribed: for from thence the Parameter may be 
found by joining the correſponding Points , o, 
and biſecting the Line 50 .perpendicularly ; for 
that will meet the Axis produced in c, the Middle 
betwixt the Points P and o. 2 


PROBLEM II. 


The Tranſverſe and Conjugate Air of an Ellipſe being 


| given, to deſcribe the ſame in Plano. 
Draw the two indefinite Lines AB, CD, (Fig. 


27.) perpendicular to each other, in the latter of 


which 


- 


— 


1 en 4 
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which aſſume any Point V for the Vertex of the 
Ellipſe, and from V on CD ſet VPequal to the Se- 
miconjugate Diameter, and on P with the Diſtance 
PV deſcribe a Semicircle VS; alſo through P 
draw any Number of Lines Pr, Pr, Pr, Sc. cut- 
ting the Circumference in as many Points 5, 5, 5, 
s, Sc. and the Line AB in the ſame Number of 


* 


Points r, r, r, r; then from O, the „ the 


Tranſverſe, or Center of the Section, draw Lines 
to the ſeveral Points 7. Laſtly, If through the ſe- 


veral Points 5, 5, 3, Fc. Lines are drawn parallel 


to VOYthe= Axis, they'll cut the correſponding 


o 5 P 'ol an Ve Sx 3 X GLAS 7 
Lines O, r, O, , O, r, St. in the Points m, m, m, m, 


Sc. which are the Points of the Ellipſe ſought: 
Or if MM be the conjugate Axis, and M R is 
drawn perpendicular to it, let MP be taken equal 
to the Semitranſverſe, and a Circle deſcribed there- 
on, with the Diſtance PM, then proceed as above 


to find the Points m, n, ms Sc. And.this is not on- 


iy « de ready MAR For denoting, any 
Ellipſe when its Axes; afs, ee, but extends to 
thoſe Caſes-when any two conjugate Diameters are 


given, and the Angle they make with tach gther- 


: * 4 nt = Þ . 1 | is ws a 1 A 1 
The Reaſon of this Conſtruction is eaſy, for thro? 
any of the Points s, and. its correſponding n, draw 
Lines parallel to AB, let the firſt meet CD in g, 
and the ſecond in o 3,call-the tranſverſe t, conju- 
gate c and put Vo=zx, alſo mo=sqzy, then Pa 

e ee _ * 42 — „ Fre go" q ” of 4 %# wh w#3.25 4 +! z 1 
——=, and the ſimilar Triangles Psq,, Fr V gives 
„ nen aura; 40” 
2: ::: r; alſo from the 
. 2 de * 94495 * * 7 "FE | 


» 


a 


7 * 
2234455 


fimilar Triangles Oom, and OVr, we have 2 —v : 


1 %VPFÄ³Ü . OO 
::: — r, hence — = Or 


© Xx ” 


4 
1 
4 2 
4 
1 
————— — — —————— 
Pr. ˙˙ 


for the Vertex of the Hyperbola z then on | 
VC equal to half the tranſverſe Axis, and on the 


which, and 


, 


& 


— . ‚— xc*,: 
[—2X -* | | £ Mm po mg 
2 | N : 
2 
(Cor. 2. Prop. 1.) therefore the Curve deſcribed is 
an Ellipſe whoſe tranſverſe is 2, and conjugate . 


QE. F. 


x37, which is the Equation of the Fllipſe, 


ProBLEmM III. 


The Parameter and 7 ranſverſe Axis of an Hyperbola | 


being given, to deſcribe the fame in Plano. 


| Draw the Lines AB, CD, (g. 28.) cutting 


each other perpendicularly in the Point V, taken 
CD take 


contrary Side AB, take VP equal to half the Pa- 
rameter; on CP as a Diameter deſcribe a Circle 
CRPR cutting AB in the Points R, R, through 

2 draw two indefinite right Lines 
CRr. CRr, and through the Points V, let any 
Number of right Lines be drawn, cutting the 


Lines CR); CR, in the Points r, r,r, 15 Sc. and 


„ , J, 4, &c. Thence if from the ſeveral points 7 
the correſponding Diſtances V's, Vs, Vs, Vs, &c. 
be laid along the Lines V, V, V, rV, &c. you 
will have the Points m, m, 1, m, Cc. of the Hy- 
perbola ſought. 13 ee 
For through any point 5 and its correſpondin 
7, and n, draw the lines , rw, and mo, as allo 
mn parallel Vw; then becauſe Vs=rm by con- 


ſtruction, and the Angle V= Vw, the Lines r» 


and mn will be reſpectively equal to'5s9 and gV, 
for the Angles at » and q are Right. Now 'tis 
manifeſt the Triangles CVR and Cir are equi- 
ä g angular, 
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angular, whence if the tranſverſe is called 7, Pa- 
rameter ↄ the Line RR, c and Vo=x ; alſo mo=y 


and v mn e, we have : c: Ae: r, 


therefore r — 2 X rays ry) but the he equiangu- 
lar Triangles Ca and CVR- gives tier: _ : $5» 
therefore qo= = row, 9 mo = == 


x2e-Þx, but the Triangles Ly and Vem are equi- 
"_ 3 thence e: — K {—2e 7235 J, therefore ey 


== * Ae; ; from this Equation we have” 2 


1 + 
ITT» and from the former Etuation ac =, 
DIe 


| 3 8 2 2442 
therefore C he . nen 3 


therefore * = 1 de, but it is evident from 


che Conſtruction c "=tf, therefore 5 "= u A 


which is the Equation of the Hy rbola, (per Cor. 
Prop. 3.) therefore the Curve del ribed is an Hy- 
perbola, whoſe tranſverſe n is 8 and Parame- 
ter p. Q. E. F. 

By this Method a Parabola mi ight be deſcibsd. 
when any Diameter and its pan en are given 
together with the Angle form'd by the ſaid Diame- 
ter and its Ordinates. But what has been ſaid is ſuf- 
ficient for our purpoſe, therefore now we ſhall pro- 
ceed to ſhew how from theſe Propoſitions, and the 
following Lemma,' thoſe Spaces may be meaſured 
which are en by a of the Come Sections. 


G 1 584 ; CHA - 
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=D H AP} HI.. . ne 
O the Method of meaſuring Curve-lined Sparts, 
with the Meaſures of the Circle and its 8 7 
ments, as alſo t he Conic Seetzons. © 


N the firſt Chapter we have ſhewn the Method 
of meaſuring all kinds of right-lined Spaces, 
which originally depends on the fourth Propoſition 
of the firſt Book of Euclid, where is inferred” the 
Equality of two Triangles by their coinciding in all 
their Parts when mutually. applied to each other: 
1 But ſince all Figures, of what kind foever, are 
i ti "meaſured by the Ratio which they have to the 
1 meaſuring Unit, (See Defin. 23. Ch. 1.) a Figure 
contained wholly by right Lines, it follows from 
that Principle only, the Meaſures of Figures con- 
taĩned by Curves. cannot be had; becauſe no right- 
lined Figure, tho' equal in Area to a curve-lined 
one, can exactly correſpond with-it-in all its Parts, 
and therefore ſome other Principle beſides that 
given for right-linedFigutesis neceſſary. An Ex- 
pedient formerly brought for this purpoſe (by Ar- 
chimedes under the Name of the Method of Exbay- 
tions, ſince greatly improved by Cavallerus and Dr. 
Wallis) was to ſuppoſe the given Figure, whether 
Plane or Solid, divided into an infinite Number 
of Parts by Lines or Planes, either all parallel to 
one another, or all iſſuing from a given Point (as 
in meaſuring the ſeveral kinds of Spirals, Sc.) 
theſe Parts may properly. be called the; Elements 
of the F igures then theſe Elementa being very 
ſmall, were meaſurable from; the Principles; deli- 
vered already for right-lined Figures, becaule, 
tho? contain'd partly by right Lines, and partly 
by Curves, yet the curved Part being very ſmall, 
it may be eſteem'd a ſtreight Line; and the Ele- 
E menta 
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ons it ſelf equal to another ſimilar to it, which 
is wholly contain'd by. right Lines, or (if a Solid) 


plane Surfaces ; whence after this, nothing further 


was wanted, but a Method of ſumming theſe 
Elementa, or their Meaſures. Which, however 
difficult it may appear at firſt Sight, v:z. to ſum _ - 
a Series conſiſting of an infinite Number of Terms, 
yet in many Caſes 'tis an eaſier Problem, than 
when their Number is finite. | 

The moſt Illuſtrious Newton conſider'd this Mat- 
ter after a different manner; for inſtead of the 
Elementa themſelves, he ſubſtituted the Velocities 
by which they may be ſuppoſed generated. But 
this is a Conſideration too far fetch d for Begin- 
ners in «theſe Speculations, I ſhall therefore con- 
fine my ſelf to the former, and give the Princi- 
ples and Uſes thereof in as clear and general a 


Method, as the Nature of the Thing ſeems to ad- 


mit of. In order to which, we premiſe this 


LE MMA. 

AE An, Za , Zaum, Zam, 8c, 11 nal 
be an infinite Series of the m Powers of Quantities 
in arithmetic Progreſſion from o to na incluſive, 
where the Number of fignificant Terms is the infinite 
Number n; then ſhall (s) the Sum of tbem all be ex- 
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laſt Term) or the Number of Terms is 1—1, ſhalf 
| be — / = ITT PI go. je (vix.) by writing 
5 for , and „i for n; but #—1 F p_. -4 

e nfo ett E. 24 


ro x: . £03 


&c.thereforev—I= Xn 2. +5 
| : m | 1 


. =. „ — Fc. Let this be taken from s = 
am A +1 F113 
r there remains [=>—=x ——, 


m MI - 7 —1 mi nm m—1 
I 2 I 2 ; 3 = 


1" , Cc. Bat ſince by Suppoſition » is a Num- 
ber infinitely great, therefore the firſt Term of the 
above Value of I, muſt be infinitely greater than any 
of the ſubſequent ones; hence all of them, but the 

N 


I 


firſt, may be neglected, and then we find / = 


x HL „or Ian, as it is by ſuppoſition, 
whence the Sum was rightly alfigned. 2A. 
But ſince a, let 7 be put for an in the 
above Value of 5, and we have s = .; that is 
the Sum of an infinite Series of (the m) Powers of 
Quanlities in Arithmetic Progreſſion from o, is equal 
io the Produkt of the laſt Term, by the Number of Terms, 
and this divided by the Index (m) plus Unity. 
Sebaliam. This Lemma contains the whole of 
Dr. Malliss Arithmetic of Infinites, which he has e- 
ſtahliſh'd by an Inductionary Method; its Uſe in 
ſquaring of Curves, and cubing Solids, ſhall be 
cxplained in the following Propoſitiors. . 
| . 
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But we muſt obſerve from the ſame _ by 


which we have given the Sum of a Series of Powers 
conſiſting of an infinite Number of Terms, we 
might deduce that when they are finite, and then 
the former will only be a particular Care of the 
latter, 


For let "+ pr + p21 + port” - 
Pur be a Szries of Powers, whoſe Roots are in 


arithmetic Progreflion, and put | 
13 | 3 

5 n 
m—1 ml ; 


m m—3 3 , ml m 


— | —— kh a — 
22 5 Pp + 3 4 5 her oe 
m—l m—4 4 mi m2 m—1 


EEE CO EG 
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F _ ms , TSS " MZ 8 n | m. M—1 1 —2 
— 3 


RE —· drag Eons 


m Ml —2 *  mM— M—2 n—2 


e 
DEX 
Then 8, the Sum of all the Terms ſhall be ex- 
preſs'd by this Theorem, viz,  _ 


Where it is to be obſerved, the Terms A; B, C. 


Se. mult be found till you have got that belong- | 
8 G4 ing 
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ing to the Term where the Index of r is 13 and 
when that is a Fraction, the Series is infinite; 
But if pro, then theſe Terms are expreſs'd thus, 

VIZ, 2 V 1 


— — — 
M. M—1 . tt 2 


2 3 4 5 


11 
E = —7 * 


— — —————— — — — 


7 mM n — 1. 2. 3 M—4 
G = Fr 71 
Se. 3 „ | , 
As found by my ingenious Friend Mr. Tho. Symp- 
ſon, in a late Treatiſe on the Laws of Chance. But 
the above Theorem for ſumming of Series of 
Powers, has lain by me fome Years, nor ſhould 
I ever have made it-publick, had not this Oc- 
caſion offered, becauſe the differential Method 
of Sir Iſaac Newton is better fitted for ſumming 
Series's, and which has been largely inſiſted on by 
Mf. James Stirling, in a Whole Treatiſe on that 
Subject. f | 


| PAO. I. 
The Meaſure of every Sector of a Circle is equal to 

alf the Praduct of the. Meaſure of a Radius thereof, 

inio the Arch which is the Baſe of the Seclor. 


8 : . » * 


For let CAE (Fig. 29.) be the Sector whole 
Center is C, and Baſe the Arch AE, which ſup- 
poſe divided, into an infinite Number of Parts in 
the, Points a, B, c, d, &c. and draw the C 


* 


2 4 4 4 # 


hord As; 
ON 
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rl ee 
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on which let fall the Perpendicular CP, which will 
be infinitely near equal to CA, the Radius of the 
Sector: put 7 for the Meaſure of CA, and ꝗ the 
Meaſure of (Aa==ab=ac=ad, Sc.) one of the 
Parts into which the Baſe of the whole Sector is 
divided, and / the ITS: of the Baſe of the 
Sector, 12. E=AE, Wen = the Number of the 


7 
Elementa CAa, Cab, Che, Cc, &c. (for 9:14: 
45 -) but 'tis evident they are all equal, hence 


cAaN 18 the Meaſure of ph whoſe Sector, bot 


the Meaſure of CAa 2 (cer. 2. Prop. 15 Chap. | 
1.) hence the Meaſure of the whole Sector is 


83 F 3 75 
24 Red 

Corol. 1. If on C with any 1 8 Radius as R an 
Arch of a Circle be deſcribed, cutting CA, CE in 


in a, e, then the Area of the latter Sector mall be 
to that of the former, as R* : ij to r* ; for At 


8 


” 


is the Area of the Sector ca 4 a 1 - 1 . 


Suat, per 18 ; therefor = is the Area of 
the latter, and — ' is the Area of the former : but 


—— r LE. D. 


Cor. 2. Whence _ Meaſure of every Cie is 
equal to the Product of a Radius thereof into half 
the Circumference. Therefore before the Meaſure 
of a Circle can be had, we muſt ſhew how to find 
its Circumference from the Diameter being given. 


ProP, 
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Let t be the Tangent of BE (Fig. 30.) any Arch 
of a Circle (not more than 45 Degrees) whoſe Center 
is C, r the Radius thereof , then ſhall the Arch BE. 

1 


be expreſſed by the following Series, t — — x 


t £9 8 ED 

un, &c. infinitely. 

For let the Tangent BT be conceived divided 
into an infinite Number of equal Parts in the Points 
a, al, al, al, Sc. to which from the Center let 
right Lines be drawn and produced, cutting the 
Arch in the Points e, , /, e, e, Sc. alſo on 
the Center C with the ſeveral Diſtances Ca, Ca, 
Ca", Ca", Sc. deſcribe the Arches To, vv, v, 
Sc. cutting the produced Lines in as many Points 
v, v., v, d, Sc. now *tis evident the Arch Tv 
is infinitely ſmall, and ſo may be taken for a right 
Line; alſo the Triangles TBC and Tra may be 
taken for Equiangular; therefore put q to denote 
the Meaſure of any are of the al Parts Ta, aa, 


aa, ad", c, then —is their Number. Now from 
the 4th Euclid 6. we have CT: CB: : Ta: Tv, 
that is r 7 : TE Tv, but the 
Triangles CVT, and CEe are equiangular ; There- 
fore CT : TV:: CE : Ee, that is Vr* : 
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zz * ids = Ee, therefore by Diviſion 


| 3 o 3: a 
Ee=gxt— ELA, Ec. See the Pro- 
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After the ſame manner calling Ba, Ba', B, B, 
Sc. , V, i, tu, Sc. ſucceſſively, - you will find 


BH 172 174 1,6 1 
r / / - 148 
robo 


* 
* of 
3 9 ” — 
V1Z, 
* . 
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Cotzugſuf 


Now ſince the Number of Terms in each vertical 
Row is— by what was faid above, therefore che 


Sum of 7 IXIXIXIN, Sc. x q == 7 * and the 


ſecond is a Series of Squares, whoſe Roots 7, 4, 1, 
, & — in arithmetic Progreſſion, the greateſt 


being A, hence in the FROM Lemma for /,. 
1, 
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4 
LE and u, writing 2. 7 = and, 2 reſpeRtively, Wwe 


| = A ita 3 77s l 
have the Sum Ae e ee 
+. 58 i 


5 | : aer e+e 
5 * 7 2 FS” 6 Alter the fame manner the | 


(== 2-47 * == =; x 5a ps 
95 75 77 

Sum of che hird Row: will be wh 2 . 
5 


k + 2 
the boar nb eilbe:; q * Dua: N he = _— 
nd ſo on; whence cacti; theſe Sutns under 
their proper _ for the Length of the Arch 


4 #55 141 19 
BE, we habe E. — x — 


3r* 57. f 
Fx Wa n 8 
It may be obſerved it Wag not neceſſary in this 
Proceſs, to find more tian the firſt horizon- 
tal Row: of theſe. Series, becauſe each of that 
being the laſt or. greateſt Term in the ſeveral 
Powers, and: the Form oſ all the reſt the ſame ; 
the whole: might have beenſummed from the Lem- 
ma without further trouble; but we ſet the Values 
of the ſeveral Arches Ee, ec, Ot, Of, WE 
down for the ſake of Beginners, becauſe it muſt be 
more ſatisfactory to them, ſinee having exhibited 
the Values of the ſeveral Elementaz- their Sum 
muſt manifeſtly be equal. to the whole Arch. 
Cor. 1. Now let. CB rz and the Arch BE be 
30 Degr. tlien its Tangent is n equal to 


I for the Sine of 30 Degr. is 4, viz. half the 
Chord of 60 Degt. which is equal to' the Radius, 
| 3 _ 


2 
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' therefore the Coſine is equal to Vi = bat 


. hence BE =—= 


A 
rence; therefore put 66 nA, = B, 2 
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as the Coſine of any Arch is to its Sign, ſo is the 


Radius of the Tangent thereof, that i is 1 ITE 


1 
75 v7 ETC 8 f 
— : 5 &c. and ſix 
7. 7 a 87 1. 2 
times this muſt be the Length of the Semicircumfe- 


: "3:3 8.8 
=C, * =D, Se. Then half the Circumfe- | 


rence is equa to A,—B+C— *. » Ef. 
See the Proceſs, + 1 D+ F | 


12 = A=34641 0161. B 
- =C=, .769.8003.6 
Se. EZ. 47. 5185.4. 7 
SS. . 3.65527 
S | 261% 
— + 0 - © 279.4 776 
* ® © + + 6 . 26.1 SECIS Wider! 27 
"© —— 44 2.5 F 
3 R=.. » © © © . | 
Sc. ox 


De fal 3 bans 3317. 2 
= . 4046.4051.7 


3. 415 96s 5: 


"SES 


PRACTICE of GAUGING. gg 
= =B=, .3849.0017.9 


Dan . 183.2858.0 
Ge. F=...12.9596.0 
| H=.....1.0559.7 
K 926.3 
M=. — . 85.0 . 
„ 8.0 


* mo 7 „%% : 
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i Ec, $4 +> 5 
eee, | 
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The latter. 77 taken from the former, leaves 
3.14.15.9265.5 for the Length of half the Circum- 
ference of a Circle whoſe Radius is Unity : There- 
fore the- Diameter of any Circle is te its Circumfe- 
rence as 1 is 10 3. 14 15.9265. 5 nearly. 

There are various other Ways of finding the 
Circumference of a Circle, particularly one given 
by Mr. Machin, and publiſhed in the Synapfis Pal- 
mariorum Mathbeſeos, of that incomparable Mathe- 
matician Mr. Fones, where is ſhewn that the Dia- 
meter of a Circle being 1, the Circumference will 


be. 44 ab en Sit 3 
F 239 " 3 6\ of Cog SN 
Sc. a few Terms of which will exhibit the ſame 
Number we found above. But my Friend, to 
whoſe Aſſiſtance I am ſo much indebted” in this 
Performance, has favoured me with a Method by 
which the Solution above may be much abbrevi- 
ated: For after any Number of Terms of the a- 
bove Series is found, if you put u, the Index of in 


the laſt of them, which we will call T, then the Sum 


J EY 
| of the 7 Termz ſhall be + ME CO 2 
+ 


„% WM PHEORY ant” ch. m 
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1A 7 TFT 746. . 7 ? 


ps 12 
— — Sc. Where hg muſt obſerve 
r 1 

the Sign of T' is ever contrary. to that of T. the 

Terms T, T', T', Tu, &c. ſucceeding in Order, 
thus in the preceding Example, the Sum of the 
„ =D 7 t9. | 

firſt ſix Terms, viz, . + = — — + — 


EEG ow. © A - 
; 6, 1 8.6 and 
8 is equal to 3.141308 an 


here , : and the ſixth mi ee = 


Þ tt 
I xIxt* 
,0012. 95960=T's f hens yourll find" 
| 22.20! 1 1 AEX N 
= Wd 111 LA W i / 2138 12114 
= ,9002, 74145 0 2 rant 
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T3} "Their Sum + mos 3867 | 
1 To which the firſt fix Terms being added, VIZ, 
3 3.1413.08786, we have for the Semi-circumference 
_ 1218 3-1415.92653 the ſame as was found by 17 Terms 
=: of the original Series; whereas by this Method we 
_ 1 11 had but 11, and if more initial 3 had 82 
1 | VV 
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collected, we had ſtill obtained the Sum of the 
remaining ones by a leſs Number of theſe in Pro- 
portion. 

Cor. 2. Hence if D be the Diameter of any Cir- 
cle, and .4=7854, then ſince 1: 3,1416 (==44) 
D: 40 the Circumferenee of the Circle whoſe 
Duin 5 D, and therefore (by Cor. to · the laſt 


Propoſit.) = x [ZIG is the Area thereof. 


Whence \ we eve the following Rule to meaſure 
any Circle Boys Diameter is given. Multiply the 
Square of the Diameter by ,785 54, and the Product 
is nearly the Area thereof. 

Cor. 3. If C be the Circumference o any Cir- 


cle, then ſince 3. Pry IVA 1 C: — the 1 0 


meter thereof therefore by the A Carol. > ©; 


_ = Oo is the Area thereof, which gives this 
Rule for Mea ſuring any Circle whiſe Circunference 
is given. 2 
Jivide the Square of the Circumferener by 
12.3664, and the Quotient is (nearly) the Area 
thereof. And from hence we have the two 
lowing Rules io meaſure any Circle by the Sliding. a 
Rule. | 
Rule 1. Set x on D to ,7854 on C, then oppo. 
ſite the Diameter on D is the Area on C. ; 
Rule 2. Set 1 on D to ,079578 on C, then op- 
polite the Circumference on D is the Area on C. 
Or ſet 3.5449 on D to 1 on C, then oppoſite 
the Circumference on D is the Area on C. 
Examp. Let the Diameter of any Circle be 20. 
and its Area required, the Square of the Diameter 
„* , 20X20==400 | 
Which multiply'd - by 0,7884 


And the Product is - 314, 1600 the Area thereof. 
H | * | 


" 
RT = 
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By the Sliding-Rule, ſet 1 on D to, 7854 on C. 
then oppoſite 2 on D (for 20 is off the Rule) is 
3.1416 on C; and becauſe 20 was divided by 10, 
18 I multiply 3,1416 by 100, the Square of 10, and 
il find 314.16 for the Area as before. (See Prop. 5, 
N Sef. 2. Part I.) 5 „ 
But if 20 be multiplied by 3.1416, we have 
62.832 for the Circumference; hence by the ſe- 
cond Rule above, I ſet ron P to ,079 on C, then 
oppoſite 3.14 (viz. the 2 of 62,832) on D, is 
»7854 on C; which I multiply by 400, the Square 
of what the Circumference was divided by, and 
find 314,16 for the Area as before. Or by the ſe- 
cond Method 3, 53449 on D ſet to one on C, then 
againſt 6.2832 on D is 3.1416 on C, which mul- 
tiply'd by 100 (for a manifeſt Reaſon) gives 314,16 
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1 Corol. 4. Hence if 180 Degrees is equal in 
1 * Length to 3. 1415926 Sc. ſo is one Degree to 
1 „141 C0 26 : 
El == = ,01745329, the Length of one De- 


gree in ſuch Parts as the Radius is 1 ; therefore 
„01745329 * is the Length of one Degree when 
the Radius is 7; conſequently. the Length of d 
Degrees is ,01745329 «rd, and this multiplied by 
- gives ,008726647 x r*xd for the Area of a Sec- 


tor whoſe Radius is r, and the Baſe conſiſts of d 
Degrees; which may be expreſſed thus, 
The Number of Degrees in any Sector multiplied 
by ,008726647, and that Produf by the Square of 
its Radius, ſo ſhall this laſt Product be the Area of 
the Seftor. V | oy 
Or, if Unity be divided by 008726647, and 
the Square Root of the (oo be extracted, it 
will be found 10,7048 ; therefore if 10,7048 on 
D is ſet to the Degrees in the Sector's Baſe 25 
LY ä ha 


Lad 
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then oppoſite the Radius (of the Sector) on D, is 
the Content on C. on | 

Examp. Let the Radius of the Sector be 62. g, and 
Baſe 80 Degr. then 62.5 * 62. 5 x 80x00872664.7= 
2727,08 nearly the Area, Or 10.7048 on D ſet 
ro E on C, then oppoſite 62.5 on D is 681.77 
on C; and this multiplied by 4, becauſe 80 was 


divided thereby, gives 2727.08, the ſame as be- 


fore. (See Prop. 5. Set. 2. Part. 1.) 

Cor. 5. From the laſt Corel. is deduced the Rule 
for meaſuring the Segment of a Circle ; for if from 
the Area of the Sector, be taken the Area of a 
Triangle, two of whoſe Sides are its Radii, and 
the third the Chord of its Baſe, there will remain 
the Area of the Segment; now put qzz,0174532, 
and 5 the Sine of d Degrees in the Table of Na- 


tural Sines, then rxs is its Sine when the Radius 


. | #: ©." PF » , 
is r, hence 75 * is the Area of the ſaid 


gar 


Triangle; therefore 


Segment, which gives the following Rule to mea- 
ſure any Segment of a Circle. 8 
Let the Number of Degrees in the Segment be mul- 


tiplied by ,0174533 and the. natural Sine of thoſe 


Degrees (from the Tables) taken from the Product; 
then half the Remainder multiplied by the Square of 
the Radius of the Segment is the Area thereof. 
Examp. Let us reaſſume the laſt Example, where 
the Arch was 80 Degrees: its Sine in the Tables 


is 9848077, and 80 multiplied by 0174533 is 


1, 3962 560, from which ,9848077 being taken, 
there remains ,411483z half this multiplied by 
62.5 x 62.5 3906, 25 gives 803,61, ncarly the A- 
rea of the Segment. 

This may be done at two Operations by the 


Sliding- Rule; for let the Area of the Sector be 


H 2 found 
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100 De THEORY and Ch. III. 
found by the laſt Corol. then ſet 1 on D to half the 
Sine of the Segment's Arch from the Tables on 
C, and oppoſite the Radius on D is the Area of the 
Triangle on C, ſo in this Example 1 on D ſet to 
4924038 againſt . =. 125 on D (for 62.5 is 
off the Rule) is 4, 8086, which multiplied by 400 
the Square of the Diviſor of 62.5 gives 1923, 44; 
this taken from 27.27, the Sector's Area, leaves 
803,64. for the Area of the Segment, nearly the 
ſame as before. But there ſeems ſtil] wanting a 
Method of computing the; Area of any TY So of 
a Circle without the Arch, that being ſeldom a 
Part of the Data in Practice, therefore we ſhall now 
lay down a New Method for that Purpoſe ; for the 
Reader by purſuing the ſame Steps with thoſe 
for obtaining the Arch from its Tangent, might 
get the common Series for the Segment; but in 
place of that Series, which is to be met with in 
moſt Authors that have wrote on the Quadratures 
of Curves, I ſhall preſent the Reader with a new 
one, both converging faſter and more /mple. 


PR O p. III. 
Let C (Fig. 31.) be the Center of the Segment 
EBDE, whoſe verſed Sine is BG = v, the Radius 


3 — pk. N jt 
CB= —, and V=d—v, then the Area of the Seg- 
ment EBDE ſhall be expreſſed by this Series, _ © 
4WV x55 + 


93 * 95 


„% ' -$6:40® *: 5.7.9V3 7.9.11 * 


V 


Sc. or put A for the firſt Term, viz, A= V, 
B the ſecond, C the third, then the Area of the Seg- 
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The Demonſtration of this Series depends on 
Principles not yet publickly known, ſo the Rea- 
der muſt take it on truſt till my Friend ſhall think 
proper to publiſh not only that, but ſeveral other 
uſeful Improvements he has made in this Buſineſs of 

uadratures, as well as ſeveral things in the Me- 
thod of Infinite Series, and the other recluſe Parts 
of Mathematic ks. 


But we muſt not paſs over that uſeful Approxi- 


mation given for the Area of the Segment of a 
Circle by the Great Newton, and publiſh*'d by Dr. 


Wallis, and the moſt accurate Mr. Jones; and allo _ 


by Mr. Colſon, in his late Verſion of Newton's 
Fluxions, in the laſt of which is its Demonſtra- 


tion ; the Theorem is this: If the Diameter of 


any Circle be d, the verſed Sine of any Arch v, 
then the Area of a Segment contain*d by twice the 


faid Arch, and twice its Sine, will be Yan + 


by ES GP" VU . f 
4 ο - x = „ which may be expreſſed in 


Words thus; Let the Diameter be multiplied by 
the . verſed Sine of any Segment, and the Product 
called the firſt Number, from which ſubſtract three 
fourths of the Square of the ſaid verſed Sine, and 
call the Remainder the ſccond Number, then the 
Square Root of the firſt Number added to four 
times the Square Root of the ſecond, and that Sum 
multiply'd by four fifteenths of the verſed Sine, 
will be nearly the -Area of the Segment ſought, 
Or we may give this Approximation for the Area 
of the Segment of a Circle which in moſt Caſes 


pF + B804—39v ,. 4v 
is nearer than that above, viz. vi X72 


is the Meaſure of the Segment of the Circle, whoſe 

Diameter is d, and verſed Sine v. : 
We will illuſtrate both theſe Methods by an 
Example: Let the Diameter of any Circle be 59 
H 3 bj Inches, 
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Inches, and the verſed Sine of any Arch thereof 

at oV 
3 


= 


| * 
10 Inches, then +=43=2, alſo 


Ale = 322=266,6666 Sc. = A alſo B= 


3 | 
. B 30 5D 7E 
e D==q=; „ Fae 
4.5 FS, is 4.9? 4.11? F = 4.13 Ge. 


See the Operation. 


266,66667 C = 47619 
13,33% “ 


— 3968 = 9 


— — — 4079 
280.04029 
48079 


. 279. 55950. the Area of the Segment. 
Now if we make uſe of Newtor's Rule, VA 


V ,00=22.36069, and 4Y dv—3v 1 =4V 425 = 
82,462 12, the Sum of theſe is 104.82281, and this 


multiplied by = — = gives 279,52749 z nearl) 


the ſame as RR 
4000—3ac 
Or by the ſecond Approximation 8 


co NES —— AAR 500 * 422279, 557 3 differing 
from the truth only ,002. which is leſs than the 

th of the whole Segment. And this Me- 
thod is alſo eaſier in practice. 

By any of theſe Methods the Area of a circular 
Segment may be found, but in Practice a Table 
of the Areas of the Segments of a Circle, whoſe 
Diameter is divided into 1000 equal Parts is pre- 
ferable; therefore ſince ſuch a Table is ſo very 
uſ.ful (as will ee farther on) in finding the 
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Quantity of Liquor drawn out, or remaining ina 


Caſk not full, we ſhall proceed to ſhew the man- 
ner of computing it by this Propoſition. 

Let the Diameter of a Circle be 1, which ſup- 

oſe divided into 1000 equal Parts, thro' every 
one of which imagine Perpendiculars drawn and 
continued both ways to the Circumference. 

Then ſince the firſt verſed Sine is ,ooT, we 


V 001 I 
= = = — ; therefore A 
have v=,oor and F „ t 


VN = 4 ,000999=00004214, and B = 


3 3000 


Av 22904215 __ 00000001, whence the firſt 


5Y N 
Number of the Table is ,00004215. 
The ſecond verſed Sine is ,002=v, therefore 


V=,998 and J.= — = Xs whence A = 
: | | 
5550 „001996 = , 00011914, and B = 5 or 


499%5 
ber 1s ,00011919. 
The third verſed Sine is ,003=v, therefore 


OOO | 
= =——=222 ,00000005 ; therefore the ſecond Num- 


wen 1997 whence I = = and A 
12 — — 3 

5000 002991 = ,00021876 : allo BN = 

,0002 1876x3 3 

55007 = 00000013, thence the third Num- 
ber of the Table is, oo02 1889. 

And by this Method the whole might be com- 
puted, but after a ſufficient Number of Terms are 
found at the beginning of the Table, the reſt may 
be had (to 7 or 8 Places of Decimals) by . this 

e | Rule: 


= — 


2 © 2 
— * 
— 6 A 3 G 
I — * 


= - - - - s  —_ 
— —— — ͤvĩ— f ͥ ̃ — — 
be = <_— »-: 2 on 
* ER —X — ” — ns 2 3 LI 
— 2 £250 - g —— 
— — — — 2 — 


r e 1 
— — —— 
— — — - 
f — 6 - 
— —=—_— "> 


104 The THEORY and Ch. III 


Rule : Let a, O, y, d, denote any four Terms ſucceed- 
ing in the Order of the Letters, then 9= « gx 
And if any Term of this Table be divided by 
a 539816, or multiplied by its Reciprocal, you'll 

ave tne common Table of Segments when the 


Area is Unity ; but the firſt Form is preferable, 
as will appear further on. 


this 
THEOREM. | 
If two Circles have the ſame Center, and from 


thence be drawn two Lines to any two Points in the 


outer Circumference, thereby cutting the inner one in 
the ſame Manner, and the Chords of thoſe Arches 
be arawn, forming a Segment in each; then ſhall the 
verſed Sines of theſe Segments be to one another, as 
their reſpeftive Radit ;, and ihe Segments as the 
Sguares thereof. 

Let C (Fig. 31.) be the Center of the outermoſt 
Circle, and E, D, the two Points taken in its 


Circumference, which are join'd by the Lines CE, 


CD; alſo let ed be part of another Circle de- 
ſcribed on the ſame Center, which cuts the Lincs 
CE, CD in the Points e, d; draw the Lines ED, 
ed, and the Line CB to B. a Point in the middle 
betwixt the Points E, D; let it cut the Arch e d 
in ö, and the Lines ED, e d in G, g feſpectively; 
then I ſay GB: g 5, ſo is CD to cd; alſo EBDE: 
ebde:: CP Cd. For in the firſt place CD: 
CG :: Cd: C, that is CD: CD- GB:: Cd: Cd 
—bg, therefore (by 17 Eucl. 5.) CD: GB:: cd: 
gb. Again, let us put S for the Sector CDE, 5 the 
Sector Ce, alſo T the Segment DBE D, and 7 the 
Segment 4% e d, then (by the 19 Euclid 6.) D': 
Cal“: : 8 T: 5—4, but (Cor. 1. Prop. 1.) S:5:: 

| | CD: 


But to ſnew the Uſe thereof, we muſt lay down 
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% o-” 
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Por: C4, therefore S : 5: : ST: t, or (as 
above) S: T : :5 :t, whence BV: C 12 1 
Corol. From this Theorem and the foregoing 
Table, we may eaſily compute the Area of any 
Segment from its verſed Sine being given. 
For if v be put for any verſed Sine of a Circle 


whoſe Diameter is 4, then by the firſt Part of this 


| * 1000 
Theoremd : v : 1: J and I: 1000: : „ 


Let this be look'd for in the Table of Segments un- 
der VS, whoſe Diameter is 1, and call the Num- 
ber againſt it a, then by the ſecondPart of the The- 


orem Il: :: 4* ;d* xn, which is the Area of a 
ſimilar Segment, whoſe verſed Sine is v, and Dia- 
meter 4. gre 

We may expreſs this Method in Words thus: 
Let three Cyphers be annexed to the given verſed 
Sine, and then divided by the Diameter of its Circle, 
ſeek the Quotient under VS, and take out the Num- 
ber againſt it under the Letters Seg, Multiply this 


Number by the Square of the Diameter, and the 


Product is the Area of the Segment ſought. I am 
afraid the Reader will think I have taken too much 
Pains about the Circle, its Sectors and Segments; 
but they are of ſuch particular Uſe in Gauging, and 
ullaging of Caſks, that I was willing to ſet this 
Affair in as clear a Light as poſſible, therefore I 
hope that will excuſe my ſeeming Prolixity. 


PRO P. IV. 


The Area of every Conic Parabola, is equal to two 
thirds of the ProdufF of the Meaſures of its Ab- 
 ſeiſſa and double Ordinate. 


For let MVN (Fig. 32.) be a Conic Parabola, 


whoſe Vertex is V, Axis VO, and MON the 


double 
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double Ordinate of the Abſciſſa VO, conceive the 
Abſciſſa VO divided into an infinite Number of 
Parts in the Points o, „, , o, &c. and put the 
Meaſure of one of them q, the Meaſure of Vo, x; 
and MN, y; alſo let the ſucceeding Abſciſſas Vo, 
Vo, Vo", Vo", Sc. be x, x", x#, v, Sc. their cor. 


reſponding Ordinates , , , %, Sc. and the 


Parameter of the Parabola p : Now ſince Vo=x is 


divided into an infinite Number of Parts, each of 


which is expreſſed by ꝗ, therefore 5 is their Num- 


ber: from Prop. 2. Chap, II. 4px=y*, therefore 
y=2V px and qxy=294 ** Px the Meaſure of the 
firſt and greateſt Ellementa Mn N, after the 
ſame manner the ſecond will be 29x px', the 
third 24 x px”, Ec. as here under, where for 


Brevity of Expreſſion we denote the ſeveral Ele- 


menta in order by e, „, e, %, Sc. 
e =29V px p 
e =29V px'=29V pxV x 
e=24) p 2 2 x V off 
=2 a px=29 7 * V 


* Sc. 


Hence 


Therefore the Area of the Parabola is equal to a 


Series of the + Powers of Quantities (x, *, x", x", 
Sc.) in Arithmetic Progreſſion from o, multiplied 
by 24% p, hence by the Lemma 20 PKK XA 
—= _ is the Area; for the laſt or greateſt 
Term 1s 22% x, the Number of Terms (u) is 


7 , and the Index (m) is 2, hence rr in the Lem 


2 
o 8 x. ; * — of * © © $5" 5 
n 2 fax 4 a= 10h but V px == 
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there- 
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therefore 2 is the Area of the Parabola. Lg 


E . 


this Solution: 
Set 14 on A to the Abſciſſa on B, then oppoſite 
the double Ordinate on A is the Area on B. 


Examp. Let the Abſciſſa VO be 124 Inches, the 


2 * 135X124 
3 


double Ordinate MN = 135 Inches, then 


211160 Square Inches the Area. . 
Or, ſet 14 on A to 12,4 (the r Part of 124) 
on B, then oppoſite 13.5 (the roth Part of 135) on 


A, is 111.6 on B: And becauſe the Terms 135, 


124 were each divided by 10, multiply 111,6 by 


100 (the Product of their Diviſors) and find 


11160 for the Area as before. 


Pier. . 

If on the Tranſverſe of an Ellipſe a Circle be de- 
ſcribed, and any Point taken in the Axis, and a 
Perpendicular drawn thro* the ſame, cutting of a 
circular and elliptic Segment; then ſhall the Area 
of the former Segment be to the latter, as the 
tranſverſe Axis is to the conjugate. 


For (Fig. 33.) let VGvG be the Ellipſe, whoſe 
tranſverſe is Vo, and conjugate GG, cutting each 
other in C, the Center of the Ellipſe, and let 
VMM be a Circle deſcribed on C, with the Di- 
ſtance Cv=CV ; alſo take O any Point in Vo, 
through which let a Line be drawn perpendicular 
to the Axe, meeting the circumſcribing Circle in 
N, N, and the Ellipſe in u, u, then will the circu- 
lar Segment Nv N be to the elliptic Seg nent 
1 Un as Vo is to GG. For conceive Ov to be divi- 
ded into an infinite Number of equal Parts in the 
Points o, o, o, 0, Sc. thro? which draw Lines pa- 


ralle!l 


And from hence by the Sliding- Rule we have 
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gate 44,4, then 44.4 x 61,6 x. 1854 = 2148.1 is 
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rallel to NN, cutting the circumſcribed Circle in 
, Oc. and the elliptic Curve in 1, , 
| 1, Se. _ put q to, denote the Meaſure of one 
of the Parts Ocz=00=00, now by the Property of 
the Ellipſe (Corol. 4. Prop. 1. Chap.2.) NN: mn: 
Vo: GG; therefore NN x ꝗ: nx :: Vo: GG 1 
that is the circular Elementa N N N/ N/, is to the 
elliptic Elementa 1 u ul: as the tranſverſe Axis 
is to the conjugate; and the ſame may be ſhewn 
(after this manner) of all the other Elementa; 
wherefore (by 12 Euclid 5.) Vo: GG: : NVN: 
un. ©. 
Cor. 1. Hence the Area of every Ellipſe is to the 
Area of its circumſcribed Circle, as the conjugate 
Axis is to the tranſverſe : Therefore put à to de- 
note the Area of the Circle, whoſe Diameter is U- 


nity, then Vo)* x a, is the Area of the circum- 
ſcribed Circle, (Cor. 2 Prop. 2.) therefore by this 


Propoſition Vo: 66 : Vo'*xa: GG xvV xa the 
Area of the Ellipſe, which gives this Rule: The 
Area of every Ellipſe is equal to the Produt? of the 
Tranſverſe by the conjugate Axis, and that Product 
by .7854. But for the Sliding-Rule; Let us find 
the Value of „rr, which is 1.27324, gn ſet 
1,27324 on B to the tranſverſe on A, and oppo- 
ſite the Conjugare on B, is the Area of the Ellipſe 
on 

| Examp. Let it be required to find the Area of an 
Ellipſe whoſe tranſverſe Axis is 61,6, and conju- 


the Area fought. 
Or, by the Sliding- Rule, ſet 1,273 on B, to 61. 6 
on A, then oppoſite 4,44 on B (for 44.4 falls be- 
yond 'A) is 214.81 on A, and this multiplied by 
10, (for Reaſons explained Part 1. Se. 4. Yap 
3.) gives 2148.1 the ſame as before. 
And hence from what was ſaid about the Seg- 

| ment 
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ment of a Circle, *twill be eaſy (by Prop. 3. or the 
Table of Seg.) to find the Area of any Segment 
of an Ellipſe, whoſe Abſciſſa (or verſed Sine) is 

given. . e 
„„ 5 

Let taz CV the tranſverſe Axis of the Hyper- 
bola (Fig. 28.) and put x to denote Vo, any Ab- 
ſciſſa thereof whoſe Ordinate om is y, then ſhall 
the Area of mv in that Part whoſe Abſciſſa is x, 
be expreſſed by the following Series where V-, 


* 4 * * 3 


X 1 
VIZ. 4% X 13 e 3.5˙7. V5 — 5+7-9-Y 3 tk | 


x5 
7.9.11.V* Sc. 


The Demonſtration of this Series depends on 
the ſame Principles with that for the Circular Seg- 
ment Pag. 100. and therefore for the ſame Reaſon 
the Reader muſt take the Inventor's Word for 
its Truth, till he ſhall think fit to publiſn its 
Demonſtration. | „ 

But we muſt not omit that uſeful Solution given 
for this Purpoſe by Mr. Coats, Prop, IV. of his 
Harmonia Menſurarum, and ſince publiſhed by 


moſt of the Authors that have wrote on Fluxions, 


particularly my ingenious Friend Mr. Tho. Simpſon ; 
tho' I muſt obſerve there is a Preſs- Error in his 
Solution, as will appear by comparing it with 
the. following one: but if I miſtake not, we were 
firſt obliged with a Geometrical Demonſtration of 
the Property of the Hyperbolic Spaces (on Which 
this depends) by that eſaborate Geometer Gregory 
St. Vincent. The Theorem is this; If f be the 
tranſverſe Axis, and c the conjugate of any Hy- 


perbola (viz. c= ip) and xany Abſeiſſa whoſe 


Ordinate is y, then the Area of the Hyperbola, 
whoſe Abſciſſa is x, will be expreſſed by 2 


. 3 
I 
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< toad X yk x © x, 5756. F T— For an 


'S 


| 1 : | 
Example to both theſe Methods, let /=30, x=10, 


| * Xx 
firſt Theorem we have this Proceſs, 


— == A = 160.0000 


6 — 


Sum —— 8.3126 
The Area 131, 6874 
And by the ſecond Method, 


* * y==300, allo 
t+2x4 = | | 7 3 
ek D, and its Logarithm is, 47712 12, 
therefore xc, 575646 KL: 3=540 *, 75646 x 
4771212148, 3126; this taken trom 300, leaves 
151,6874, the fame as was found by the follow- 
ing Series, ſo that the one confirms the other. 
ſides theſe two Methods for meaſuring the 
Hyperbola, we may add ſome Rules analogous 
to thoſe for meaſuring the circular Segment : for 
© uſing the ſame Letters as in the Propoſition, the 
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J=12, then C = 2 = 18 hence by the 


Meaſure of the hyperbolic Segment is nearly ex- 
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* ELA Is We 27 151. 648 


* 


II. 4V tx 4-2 WA * = * 2 2 = 151. 68x 
1 801Þ39% 1/77 2 K 
III. 123 7 en V ix x of 151. 602 


The two firſt are taken _ the Analyſis per 
Quantitatem, 8c. of Sir Iſaac Newton, (and pub- 
liſh'd by Mr. Jones) but the ſecond is neareſt the 
Truth. 

And now we have done with meaſuring Planes, 
whether contained by Right Lines, or any of the 


Conic Sections; in the next yore we proceed to 
Solids. 


— 


CHA P. IV. 
Of | Meaſuring Solids. 


PR O P. I. 


HE Meaſure of every Solid, generated Ey a 
Li ne moving betwixt two parallel equal and 


bi ſimilar Planes ſimilarly fituated (called the Ends 
thereof) is equal to the Meaſure of one of the Ends, 
multipled by the Meaſure of a Perpendicuiar, let Fall | 
* thence on the other End. 
x For let h expreſs the Meaſure of that Perpendi- 
es cular, and e the Meaſure of one End or Baſe; then 
ye if at the Diſtance of the linear Unit, Planes be drawn 
thro? the ſolid parallel to its Baſe, it is manifeſt 
he that the ſeveral Elementa contained by every two 
us of theſe contiguous Planes, will be equal to one 
or another; therefore as often as the Baſe contains 
he the ſuperficial Unit, ſo often will each Elementa 


contain 
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2 The THEORY and Ch. IV. 
contain the ſolid Unit, but e expreſſes that Num- 
ber. Again, as often as the Perpendicular contains 


the linear Unit, fo often will the whole Solid con- 


tain e ſolid Units; but 5 is that Number, there- 
fore xe is the Number of ſolid Units, or Mea- 
ſure of the generated Solid by Defin. 23. Chap. I, 
Part. 2. Q, E. D. 

Definit. 1. If the Ends or Planes about which 
the revolving Line turns be two Squares, each of 
whoſe Sides is equal to the Diſtance of the Ends, 
and alſo the generating Line is perpendicular to 
both of them, the generated Solid is called a 
Cube. 

2. If the Ends are Parallelograms, the gene · 
rated Solid is called a Parallelopipedon. 

-IF the Ends are Friangles or Polygons of 


a Number of Sides, the generated Solid is in 


= called a Priſm. 
If the Ends are Circles, the generated Solid 
Is e a Cylinder. 

5. If the Ends are any other Curve-Lined Spaces, 
we may call them Cylindroids, prefixing the Name 
of the Baſe. Thus let them be two Similar, and 
ſimilarly poſited Ellipſes, then the Solid is an N. 
liptical Cylindroid; if Parabola's, a Parabolic C- 
lindroid; when Hyperbola's, an Hyperbolic Cylin- 
droid; all, which are meaſured by help of the a- 
bove Propoſition only, and the aſſiſtance of the 
Propoſitions foregoing. - 

or. 1. For it the generated Solid * a Cube 
whoſe Side AB (Eig. 34.) is d, then the Area of 
the Baſe, or End, is a5, (Prop... Ch. 1. Part I.) 
therefore for e, B, in the above Propoſition, write 
d* and d, and exb becomes d xd x d, whence 
this Rule er Meaſuring tbe Cube. | 

Multiply the Meaſure of the Side of the Cube 
by it ale and that Product again by * 2 | 

0 
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of the Side, fo ſhall this laſt Product be the Meas 
ſure of the Cube ſought. | ö 
Or, by the Lines D, E on the Sliding-Rule, ſet 
1 on D to 1 on E, then oppoſite the Side on D is 
its Meaſure on E. ke 
Example. 1 oy Side of a Cube be 6 Inches, 
E 

36 =4* 

1 
216 ds the Meaſure ſought. 85 
Or, 1 on D ſet to 1 on E, then againſt 6 on D, 
is 216 on E, the Content as before; this might 
be done by the Lines C, D, for one on D ſet to 


6 on C, againſt 6 on D, is 216, the Content on C. 


Cor. 2. Hence if the generated Solid be a Pa- 
rallelopipedon, whoſe Ends are right-angled Pa- 
rallelograms, the Meaſures of whoſe Sides are 7, &, 
and the Meaſure of a Perpetidicular let fall from 
one End to the other (continued if needful) B, 
then I b, (by Prop. 1. Chap. I.) is the Meaſure 


of the Baſe; therefore for e in the Propoſition, 


write 7 x b, and we have 1x h for the Meaſure 
of the Parallelopipedon propoſed. 


Whence this Rule for meoſuring ali Parallelopi- 


pedons, having reftangular Baſes. Multiply the 


Product of the Width and Breadth of the Baſe 
by the Height of the Solid, and that Product will 


be u © . | 
Or this may be done by the Lines A, B, On 


the Sliding-Rule at two Operations. Thus 1 on 


B ſet to the Width on A, againſt the Breadth on 
B, is the Area or Meaſure of the Baſe on A; then 


I on B ſet to the Area of the Baſe (found above) 


n 
— — —— —ö————— . —— —Ü—b— — —— —— — ——ä— — — — 
& = — — 


” „ 1 aid on 
\ F 
= — 


g_ 4 


. A <7," 
- >> - „ 3 1 = 


a - 


8 — 
"<< <> "th. Are i ect 


:- a4 


r 

—— — 
— — 

— wo ere er + 


— oo 
ASI 


So 
_ 


r ** 3 * * — = — 
and _ ———— — — . — —— 
5 * 2 p 8 9 weed LIT * = 
*. 1 * p Co * 
— * — x Si 2 - 4 — 
2 — 
au mes uct IT n dif 


* "_ 8 TK : # PBX. ot . * — 
— — — 2 2 r by — SW * E 
— - — - 
* _-_ 9 * - n — — 
— — . = mo my pays 
EAN < 235 2 Mn ne - — Nas <a 
5 — 22 — 2 Un — — — * 
— — - — - _—_— = — — oe — 
— - 7 OY — ** — = 
2-26 4. 2- . K * I * 2 
<2 a 75 — * 7 * - — 


— 
— * — 2 
— 2 - - * 
. . 3 
. ͤ— IIS 
— & 2 - 
— — K 4 
— * * * 
* 


I 
A 


4t4 be THEO RN and Ch. Ill. 
on A, againſt the Height of the Solid on B, is it 


Meaſure on A. 


Examp. Let there be a Parallelopipedon ABCD, 


Fig. 35.) whoſe Breath is AB=8 Inches, Width 

OCs Tad from ſome Point H in one End, 
let a Perpendicular be let fall on the other, let it 
meet the ſame in P, and ſuppoſe HP=12 Inches; 


then by the above Rule 8x 6 x 12=576 Inches is 


the Meaſure of the Solid. Or, 1 on B ſet to 6 on 
A, againſt 8 on B, is 48 on A; againſt which 
bring 1 on B, then againſt 12 on B is 576 on A, 


the Meaſure ſought. ! 


— 


Cor. Hence the Meaſure of every triangular 


Priſm, is equal to the Meaſure of a Perpendicular. 


let fall from any Angle of its Baſe on its oppo- 
fite Side, into half that Side, and this Produ& 
multiplied by the Height of the Priſm. Thus, 


(Fg. 36.) Let ABD be a Priſm whoſe Baſe 
ABC is a Triangle, from an Angle of which as 


C, let fall a Perpendicular on AB, meeting the 
ſame in P, alſo let a Plane be drawn thro? any 
Line & k of the End D, perpendicular. to the Baſe, 
and let it meet the ſame in KK, and from any Point 
H of kk, a Line being let fall perpendicular on KK, 


meeting the ſame in Q, then HQ is the Height 


of the Priſm: Whence CP x 2 x HQ is the 


5 2458 | 
Mcaſure thereof, which is evident from this Pro- 
poſition, and Cor. 2. Prop. 1. Chap. .. 

Cor. 4. If the Baſe was any regular Polygon, 


let the Area thereof be found by Corel. 4. Prop. 1, 
Cbap. I. then this multiplied by the Height of the 


Priſm, will be irs Content. 3 
Examp. Let the Baſe be a Pentagon whoſe Side 


is 50, the ſame with that Page 68. and let the Mea - 


ſure of a Line drawn from a Point in the End 
to, the Baſe (Fig. 37.) be 12 Inches, then the Ares 
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PRACTICE GAUGING. tg 
of the Baſe is 4301,175, and that multiplied by 
12, gives 51614,1 ſquare Inches for the Meaſure 
of the pentagonal Priſm ABEF. Alſo if the A- 
rea of the Baſe was any Conic Section, its Area 
may be found by one of the three laſt Propoſitions 


then this multiplied by the Height, will be the 


Content of that Priſm, bh 
Cor. 53. Hence alſo the Meaſure of every Cylin- 
der is equal to the Square of its Diameter multi- 
plied by, 78 54, and that Product by the Height of 
the Cylinder: But to meaſure this by the Sliding- 
Rule, another Conſideration muſt be brought; 
for if the Diameter of the Cy linder's Baſe is d, 
and its Height 5, then 4* „ b, «, 7854 is its Con- 


tent: Call that C, then d* xhx,7854=C, or 


d * 5 585 == Cx. 128378 “, for IT = 
1.128378, hence 1. 1283780“: :: d*: C. This 
Proportion gives this following Rule for meaſuring 
a Cylinder by the Sliding-Rule. ; 
Set 1.128378 on D, to the Height of the Cy- 
linder on C,. then oppoſite the Diameter of its 
Baſe on D, is the Content on C. See Prop. 5. 
Seck. 4. Chap. 3. Part 1. SHES 
Examp. Let the Diameter AB (Fig. 38.) of the 
Cylinder's Baſe be 12 Inches, and its Height 16, 
to find the Content. e 
Firft, By the above Solution we have the fol- 
lowing Operation. . | 
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ſects the Lines MN, mn, mu) the 


| 
3 a 
, * * J 
1 0 2 2 pt E FS 


: * 0 \ 


VV 
12 


d 144 | 
0,7854 
; 31416 
, 31416 1 
* 11 
d' X,7854 = = + 1130979 

| | 3 


a 


3 
5 2 * 


d* xb x ,7854=C=1809,5616 


Or by the Sliding-Rule, I' ſet 1.128 on D, to 
16 on C, then oppoſite 1.2 on D is 18,096 on 
C: and becauſe 12 was divided by 10, I multi- 


ply 18,096 by 100, and have 1809.6 for the Mea- 


ſure of the Cylinder. | 
PR O p. II. 


Les VMN (Fig. 39.) be a Curve of ſuch a kind, 
that the Proportion of every Part VO==x, and tht 
Perpendicular MN (paſſing thro* O, and intercept. 


ed by the Curve) being equal to y, be expreſſed by 


the Equation y*==Ax-+Bx* the Letters A,B, dene- 
ting given Quantities; then if this Curve revolute 
round VO as an Axis (which from the 5 Pa bi- 

eaſure of 
the Solid generated by this Motion will be expreſsd 


: ” | 
by this THEOKEM, — +— Xa, 


(where a=78539816, Tc.) | 
For let the Abſciſſa VO be conceived divided 


into an infinite Number of equal Parts in the 
Points o, o, , of, , Sc. and thro? the ſame: 
imagine Planes, to paſs at right Angles to E 


CES 


Y * : 
T's 


PRACTICE of GAUGING. 17 
the Axis of Revolution: Then 'tis manifeſt the 
ſeveral ſolid Elementa Mn, min, min“, &c. may be 
taken for ſo manyCylinders having equalAltitudes, 
the Diameters of their Baſes the Lines MN, mn, 
m. min, &c. put q to denote the Meaſure of one 
of the infinitely ſmall Parts Oo, oo, 0.0", Cc, and 
let us denote the Meaſures of the ſucceſſive ele- 
mentary Cylinders Mn, mu, mu, &c. by e, e, 
e, el, &c. reſpectively, and x, „, *, x", Sc. for 
the Diſtance of each them from V, viz. x, x, xl, xu, Sc. 


= Vo, Vo, Vo, Vol, Sc. hence 25 is the Num- 


ber of elementary Cylinders, or Abſciſſas x, , V, vl. 
Now ſince y*=Ax+Bx*, therefore a x y*=a x 
Ax+Bx* is the Area of the Baſe of the elemen- 
tary Cylinder Mage; therefore by Cor. 5. of 
the laſt Propoſition qzxaxy*=qx @ x Ax+Bx*=e, in 
which for x write ſucceſſively , x”, x, Sc. and 
for e write e, “, ed, Sc. then we ſhall have the 
following Table of Elementary Cylinders, and 
their Values, 5 
egxax AX ＋ Bx 
„ I SANA AX TBN“ 
. I a ATR 
e x ax AN BY 
"Wee | Ee. = 
Therefore the Meaſure of the generated Solid is e- 
qual fo the Sum of a Series of the (1) one Powers of 
uantit. in Arithm. Progreſſion from o to Ax inclu- 
ſive, more by the Sum of a Series of the (2) or ſecond 
Powers of Quantit. in Arithm. Progreſſion from e to 
Byx*, and this Sum multiplied by q xa, Now the 
Sum of the firſt, viz. Ax+Ax'+ Axu%+ A", &c. 


tO o, is 2 1 » for by the Lemma Pag. 85. the 


laſt Term is Ax, the Number of Terms is 72 and 
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Curve VMN about VO. 
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TED j « x 
the Index 1, whence for u, /, and m, write * 


Ax and 2, and we have = for the Sum required. 
Alſo the Sum of Bx*4+Bx'*+Bx"*+Bx"*, Ge. 
to o, is = by writing for u, I, m, in the Lemma 
7. Bx“, 2; hence then the Meaſure of the whole 


Ax? 


Cor. 1. If i in this Expreſſion for Bx* be put its 
Value from the Equation of the r O Ax. 
Bx*) we ſhall find S=Ax+2y* x— , the Me 


ſure of the Solid generated by the Motion of the 


Cor. 2. If any other Abſciſſa as VC be called 
b, and its correſponding Ordinate P Q: 5, then 


+ ea is the Solidity of the Conoid VPQ, 
whence putting F for the Meaſure of re of the Fru- 
ſtum Ant. we have F=3A x xh*—ax* +2B x 
77. x 85 but b =b—gx: x þ* n 


. X — 
* * * 


the Curve, whence 


F=A TT * 5 *r, which 


is better accommodated to is the Fru: 
ſtums of Conoids, and conſequently better fitted to 


Gauging. - 
From this Propoſition, and the 2 Cor. above, 


we may eaſily deduce the Meaſure of the Co Cone, 
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Sphere, Spheroids of both kinds, and the two Co- 
noids and their Fruſtums : But firſt we muſt ſhew 
what is meant by theſe Names. | 
Deyn. 1. If the generating Curve VMN ( Fig, 
43.) be a Circle, the generated Solid will be a 
Sphere, any part of which Vn n (cut off by a 
Plane mn) from the Vertex, is called the Segment 
of a Sphere ;, and the difference of this from half 
of the Sphere, viz. MN mw is called a Fruſtum 
of the Sphere. 85 8 
2. If the generating Curve VMuvN (Fig. 42.) 
be an Ellipſe and the Axe of Revolution the tranſ- 
verſe Axis thereof, the generated Solid is called a 
- Spheroid ; but when the Axe of Revolution is 
the conjugate Axis, an oblate Spheroid, any Part 
of which Vin cut off by a Plane perpendicular 
to the Axis of Revolution, is called a Segment of 
the Spheroid; and what this wants of half the 
Spheroid, is called its Fruſtum; if the Spheroid is 
cut by a Plane parallel to the Axis of Revolu- 
tion, we may call the Piece cut off a Parallel Seg- 
ment; and any Part of the Segment of a Spheroid, 
cut off by a Plane perpendicular to its Baſe, is 
called a ſecond Segment thereof. | 

3. If the generating Curve VMN (Fig. 41.) be 
a Parabola, the generated Solid is called a Parabo- 
lic Conoid; any Part from the Vertex V, (viz, 
Vmn) cut off by a Plane perpendicular to VO the 
Axe of Revolution, is called its Segment; and what 
this wants of the whole Concid, (viz. maMN) is 
called its Fruſtum. ; | 
4. If the generating Curve VMN (Fig. 39.) be 
an Hyperbola, the generated Solid is called an 
Hyperbolick Conoid; and any Part of this from the 
Vertex, cut off by a Plane perpendicular to the re- 
volving Axe, is called its Segment, and what this wants 
of the whole Conoid, is calledan Hyperbolic Fruſtum. 
5. But if the Circle or any of the Conic Sec- 
1 I 4 tions 


„ 
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tions revolve round an Ordinate to the Axis of 
the Circle, or Conic Section, the Solid in gene- 
ral is called a Spindle, with the Name of the ge- 
nerating Curve prefix*d, Thus if the generating 
Curve be a 
Circle, * Circular | PE 2 
Ellipſe, e generated ] Elliptic 
— 14.0 | Solld i is a PParabolic Sp indle. 
Hyperbola, JD © Hyperbalic 

Cor. 5. From the preceeding Propoſitions it fol- 
lows, if the Height of any Cone (viz. VO F 
40.) be b, the Diameter of its Baſe (viz. nid 


=b6, then the Meaſure thereof ſhall be 45 x 


And if this Cone be cut thro* s, any Point in the 
Axis by a Plane parallel to its Baſe, ſo that the 


Meaſure of Vo be x, and that of the Line un, ba 


then the Meaſure of the Fruſtum n MN n 


ST 0 = * x . — | 


For let the Cone he generated by the right- 
angled Triangle VON, round VO as an Axis, 
then per fimilar Triangles „ therefore 


by=bx, or y* = = = » this being compared with 
the Equation in the Propoſition (viz. y . 
wy gives As, B po ; W S= AT 


X 4X 


= (Corollary 1.) is ; this when » 


32 xo * 5 
— the Meaſure 


of the Cone AMN. Alſo F — — 


becomes h, and y=b, is S = 


25 5 Fo" x b—xxT 7 becomes Fr 7 8 bx 257 


c F N x 227 15 
ay 
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ab* 


— — 255 from the Equation of the Lone) and 


2 h | 
e. from hence the following Rules for meaſuring any 
8 Cone, and its Fruſtum univerſally having a cir- 
. cular Baſe, both by the Pen and Sliding-Rule. 
N Rule 1. To meaſure any Cone, having @ circular 
Z 
The Square of the Cone's Baſe being multiply'd 
by its Height, and that Product by , 26179939, or 
* in Practice by 2618, the Reſult will be the Mea- 
50 ſure ſought. „ | 
5 Raule 2. To meaſure any Cone by the Sliding- Rule. 
5 Set 1.9544 on D to the Cone's Height on C, then 
4 oppoſite the Diameter of the Baſe on D is the 
ie Content of the Cone on C. 
Ie For an Example of theſe two Rules : Let the 
Js Hieght of a Cone be 30 Inches, and the Diame- 
is ter of its Baſe 30. | 
: The Operation. 
= =. - 0 | > „26 18 
t · 30 45000 =b* xb 
$S — — 
re þ* = 900 13090000 
„ ‚ $01 ne 
th ET 2 
L b*xh=45000 | 11781,0000 =b* xbx,2618 
7 Or, by the Sliding-Rule 1.9544 on D being ſet 
f to 50 on C, then againſt 3 on D (for 30 is of the 
% Line) is 117.81; which multiplied by 106, the 
Square of the Diviſor of 30 (ſee Prop. 5. Se. 2. 
. Chap. I.) gives 11781, for the Meaſure of the Cone 
re 
ay as before. i 
— Rule 3. To meaſure the Fruſtum of a] Cone by the 
if SA =. 
* To the greater Diameter of the Fruſtum and 
1 the Leſſer; and from the Square of this Sum, take 


the Product of the two Diameters; multiply _ 


— + 
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Remainder by the Height of the Fruſtum, and 


that Product by ,2618 ; ſo ſhall this laſt Product 
give the Meaſure of the Fruſtum ſought, 


Rule 4. To meaſure the Fruſtum of a Cone by the 
Sliding-Rule, . 
Set 2,764 on D to the Height of the Fruſtum 
on C, then find both the greater and leſſer Dia- 
meters, and alſo their Difference on D, and note 
the three Numbers oppofite them on C: then 
from triple the Sum of the firſt and ſecond, take 
the third, and the Remainder is the Meaſure 
ſought.— The Reaſon of this Rule is from hence, 
f 3 „ 2 
that 5˙ 27249 22 7 — 

Example of a Fruſtum of the above Cone. Let 
the Height of the Fruſtum be 20 Inches, then the 
Diameter is 18 Inches. 

Tbe Operation. 
— 


"= 


— 


36280, 
8162 =,2618 inverted 
_ 70560 

21168 

333 
282 
: 


| Meal, of Conic Fru. 9236 


— 
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Or, by the Sliding-Rule 2,764 on D being ſet 
to 20 upon C, againſt 30, 18 and 12 upon D is 
2356.2; 848,23 and 377 reſpectively : the Sum 
of the firſt and ſecond is 3204,43, three times 
which is 9613,3 3 from which the third being ta- 
ken, leaves 9236.3 as before. 88 

Cor. 4. Alſo from this Propoſition it follows, if 
the Height of any parabolic Conoid be VO=b, 
(Fig. 41.) the Diameter of its Baſe 5, and in the 
Axis any Point o be taken, diſtant from V by x, 
and a Plane be drawn thro? the ſame, whoſe Sec- 
tion with the Conoid is the Circle mn, the Dia- 
meter of which is m y, then the Meaſure of 
the Conoid v MN will be === 3 and the Mea- 


2 


ſure of the Fruſtum MN OA * 
For (per Cor. 1. Prop. 2. Chap. 2.) h: G: : x:y*, 
therefore y* = 21 x, this compared with the E— 


quation (y* = Ax-+Bx*) in the Propoſition gives 
* a 


AFT B= o, whence S = A T 


* N 2 | 1 
F ** 2 * g but , hence S= 39* x 
a 


* * X ax FS | 2 
F = , and this when x becomes þ is 
8 | | 


C222 =VMN : alſo F=Ax 3+ x+2Bbs | 


26*þ2y* xa = becomes x b a 


* A — „or F= — — — 
353 . 5 55 — = muMN. 
And from hence we have the following Rules for 
meaſuring; the parabolic Conoid and its Fruſtum- 
8 = Rule 


124 The THEORY and Ch. II. 
Rule 1. To meaſure a parabolic Conoid by the 
Pen, 

Let the Square of the Conoid's Baſe be multi plied 
by its Height, and this Product by, 3927, as * 
Product is the Meaſure of the Conoid propoſed. 


Rule 2. To meaſure @ parabolic Couoid by the 
Sliding-Rule. | 


Set 1.59577 on D, to the Conoid's height on C, 
then againſt the Diameter of its Baſe on D, will 
be the Meaſure ſought on, C. 


Raule 3. To meaſure the Fruſtum of a W 
Conoid by the Pen. 


To the Square of the greater Diameter add the 
Square of the Leſſer, and multiply their Sum by 
the Height; this Product multiply*d by. 3927, is 
the Meaſure ſought. 5 


Rule 4. To meaſure the Fruſtum of a parabolic 
Conoid by the Sliding-Rule. 


Set 1.59577 on D to the Conoid's Height on 
C, and find the greater and leſſer Diameters on 
D, the Sum of the Numbers oppoſite them on C, 
is the Meaſure of the Fruſtum required. 

For an Example to theſe four Rules; there is a 
parabolic Conoid, whoſe Height is 60 Inches, 
the Diameter of the Baſe 40 Inches, and which 
is cut at the Diſtance of 21.6 Inches from its 
Vertex by a plane Parallel to its Baſe, to find the 
Content both of the Conoid VMN, and its Fru- 
ſtum mMNmn : it will be found that So (xs 


for 60: 40x40::21.6: 24 x 24 m, . thence 
2 24, and Dies 38.4 the Height of the __ 
um. 


By the f/f Rule 12 2 


And d by the third Rule F hy 5 0 W 
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For the whole Conoid by the Sliding-Rule thus, 
by Rule 2. I ſet 1.59577 on D, to 40 on C, then 
againſt 6 on D (for 60 is off the Rule) is 376.99 
on C; this multiply'd by 100, the Square of the 
Diviſor of 60, gives 37699, the Meaſure of the 
Fruſtum as before. Wn n 
To meaſure the Fruſtum of the Conoid by the 
Sliding-Rule, thus by Rule 4. I ſet 1.59577 on oy 
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38.4 on C; then againſt 2.4 and 4 on, is 86.86 ͥ6ð 
and 241.27 , the Sum of which is 328. 13, 
which I multiply by 100 the Square of the Divi- 
ſors of 24 and 40, and then find 32813, for the 
Meaſure of the Conoid, as found before. | 
Cor. 5. If the generating Curve be the Semi- 
Ellipſis VMN (Fig. 42.) about its tranſverſe Vv 
Dab, and the Conjugate MN s, and if this be 
cut by a Plane, parallel to the Baſe MON, which 


is diſtant from V by Vo=zx, whoſe Section with 


MVN, is the Line un, then the Mlealure of 
me 


— „ 8 
Segment, Vunm = F- +y*x 32 


Semi-Spheroid VMINM =20* x S 


Fruſtum mn MN = 26*þy* * — 


For (by Prop. I. 4 2. Part, 1.) . Fl 21 
2h—xxx: y*= — — — — = : this Compared with 
5*=Ax++Bx* (the aden of the Propoſition) 


26*. 


gives A= we B= 2 — E., and cherefore by Cor. 


8 = = + 9* x x Vn "= "ne In which 


making 1 1 2b* x = =VMNM 
the Semi-ſpheroid and by (Cor. 2 4 we have F= 


* —_ 


* | 
9* x „the F ruſtum MN, and from hence 


the 4 following Rules for ee theſe So- 
lids by the Pen. Auk 


w?J — JEU as 3 
T + 26* + ——— 
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wx 
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Rule 1. To meaſure any Segment of a Spheroid. 


Let the Square of the conjugate Axis of the Sphe- 
roid be multiplied by the Height of the Seg ment, 
and call the Quotient thereof divided by the Semi- 
tranſverſe a, to which add the Square of the Dia- 
meter of the Segment's Baſe ; and multiply the 
Sum by the Height of the Segment, and that Pro- 
duct by ,2618, which will give the Meaſure of 
the Segment propoſed. | ; 

Rule 2. To meaſure any Spheroid, 

Multiply the Square of the conjugate Axis of 

the generating Ellipſe by the tranſverſe Axis there- 


of, and that Product by ,5236, ſo ſhall you 
have the Meaſure of the Spheroid propoſed. 

Rule 3. To meaſure any Fruſtum of a Spheroid. 

To twice the Square of the Diameter of the 
greater End, add the Square of the Diameter of 
the leſſer End; let this Sum be multiply*d. by 
the Heiglit or Length of the Fruſtum, and that 
Product by ,2618, which will give the Meaſure 
of the Fruſtum ſought. 3 

Examp. Let the tranſverſe Axis be 40 =, the 
Conjugate 30 =, the Height of the Segment 
8 =x, then þ* :b* :; 2 K X: y* = 576, and 
b—x=12, _ | 


c. 10 
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OyxtRATION. 
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20) 7200 (360 


fy 
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For the Segment. 


= 


4 


6*x 
— 
h 


** X # = 7488, oo0o0 


42618 invertod 
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OPERATION for the Spberoid. 


Il 
+8 $1 
11 
vi 
8 


* ½Ee - - 5 g6000 
3 55236 


216000 
108 


72 
180 


b* x 2b x. 52362 MN = 18849, 6000 


From its half = = 9424,8000 
Take the Segment = 1960, 3384 


The Remainder = 7464, 4416 
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oppoſite the leſſer on C, and this Sum will be 
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. ſet 2.764 on D to the Height of the Segment of 


C, and find both the Number a, and the Diame- 
ter of the Segment's Baſe on D, then if to the 
Number on Coppoſite « be added triple the Num- 
ber oppoſite the ſaid Diameter, that Sum will be 
the Meaſure of the Segment ; ſo in the preſent Caſe, 
firſt J ſet 20 on B to thirty on A, then oppoſite 
8 on Bis 12 on A, which is æ: then ſetting 2,764 
on D to 8 on c againſt 1,2 (for 12 is off the Rule) 
is 1,508, and againſt 2,4 is 6,0318, which triple, 


is 18,0954 3 this added to 1,508 gives 19.6034, 


which multiplied by reo (the Square of the Di- 
viſor of « and 24) gives 1960. 34, nearly the ſame 
as was found before. ev 


Rule 1. To.meaſure a Spberoid by the Sliding-Rule.. 
Set 1.382 on D to the tranſverſe_ Axis on C, 
then againſt the conjugate Axis on P is the Mea- 
2 Spheroid on C. * BH WORK 
Thus in the preſent caſe 1.382 on D being ſet 
to 40 on C againſt 3 on D (for 30 is off the Rule) 
is 188.5 on C; this multiplied by 100 (the Square 
of the Diviſor of 30) gives 188 50. for the Mea- 
ſure of the Spheroid, neatly the fame as before. 


Rule 3. 2e meaſure the Fruſtum of a Spheroid by 
rig Ihe Stride Ni 
Set 1.954 on D to the Height or Length of the 
Fruſtum on. C, then the greater and leſſar Diame- 
ters of the Fruſtum's Ends being found D, to 
twice the Number oppoſite the fri on C, add that 


the Meafure of the Fruſtum fought.” - © 
So Here, 1.954 on D being Tet to 12:00 C, a- 
Pulte on Dis 28.274 on C, and againſt 2.4. on 
is 18.096 on C, to 1 add 56.548 the 9 
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add the Square of the end; and multiply the Sum 
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of 28,274, and you have 74.644 z where remo. 
ving the Decimal Point two Places towards the 
right Hand (becauſe both 30 and 24 were divided 
by 10) we find 5464.4 for the Meaſure required 
nearly the ſame as before. 


Cor. 6. If in the Expreſſion above for the Sphe- 
roid, its Segment and Fruſtum, you put b ==; 


you's have the following Expreſſions for the 


here, its Segment and Fruſtum, (vide Fig. 43. 
cre MN. the Meaſure of the re 


Segment V mnn is 2bx-+-y* x 7 = 2*+4x * 7 


32 X a 
3 


Semiſphere VMNM is 


1 Fruſtum MN is 26 ＋ x b—2x = 5 


And theſe Expreſſions Fe into Words, give the 
three following Rules for meaſuring the Sphere, 
its Segment and Fruſtum by the Pen. 


Rule 1. To meaſure the Segment of a Sphere. 
To the Square of the Diameter of the Segment's 
Baſe, add twice the Product of the Diameter of 
the Sphere by the Height of the Segment, and 
multiply this Sum by the Height of the Segment; 
then this laſt Product multiplied by ,2618 gives 
the Meaſure of the Segment propoſed. 


Rule 2. To Meaſure any Sphere. 


8 The Cube of the Sphere's Diameter multiplied 


by 5236, gives the Meaſure thereof. 1 5 
Rule 3. To. meaſure the Fruſtum of a Sphere, ' 
To twice the Square of the Sphere's' Diameter, 


* 


35 


re, 


"0 
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by the Height of the Fruſtum, and that Product 
by ,2618 ; ſo will you. have the Meaſure ſought. 
Examp. Let the Diameter of a Sphere be 25 
Inches, the Height of a Segment thereof 9 Inches, 
and conſequently the Diameter of its Baſe 24 
Inches, and the Height of the Fruſtum 3.5 Inches, 


OPERATION for the Segment. 


JY 5 *f£ 5 


S DE. : 


2bx=g0xg9= = 


2bxby* = = - 


- — - — 


2b. EY xX= 923 4, 000 


2618 invertd 8162 
18468000 
55440 1 
92340 N 
73872 | 


; 241724613 


} 
111 
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Oren Ain for the Sphere. 
b - 2 25 
: 25 
— oy 
60 
* „ 26 
23 
%% 
1250 
b* = < + 1562 5,0000 
5236 inverted 6 325 
| J 78125000 
| 3125000 
468750 
e 
* K*, 5236 =8181 2500 | 
Orr- 


And "ORG theſe Rules we 


thers, for meaſuring theſe 
Rule. 
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OPERATION for the Fruftum, 


bs 2 


— 


1 
25 


141 


CY 


14 


25 ＋Y x A = 
2618 inverted 


T7 IP xx george 1673,1638 


Sol 


0 


deduce three o- 
1 by the Sliding- 


Rule 1. To meaſure a ſpherical Segment by tbe 
-  Sliding-Rule, 8 8 

Set 2.764 on D to the Height of the Fruſtum 
on C, and find the Diameter of the Segment Baſe, 
and alſo the Height of the Segment on D; then 
to triple the Number on C - 590K the firſt, add 
quadruple that oppoſite the ſecond, ſo ſhall this 
Sum be the Meaſure required. | 

So in the above Example, 2.764 on P ſet to 
on C, againſt 2.4 on D, is 6, 7866 on C, and a- 
gainſt 2.5 is 95 433 now becauſe 2.5 was divided 
by 10, 3678, 6 is the firſt Number, which tripled is 
203548 z and 95.43 quadrupled is 381.72, theſe 
added together, give 2417.52, the Meaſure ſought, 
nearly the fame as before. EG | 


Rule 2. To meaſure a Sphere by the Stiding- Rule. 


Ser -2.382 on D to the Diameter of the . Sphere 
on C, then againſt the ſaid Diameter on D, is 
the Meaſure ſought on C. : 

In the preceding Example, I ſet 1,382 on D 
to 2,5 on C; then againft 2.5 on D is 81,812, in 
which removing the decimal Point two Places 
forwards (becauſe 2.5 is e of 25) and we have 
8181.2 for the Meaſure of the Sphere. 0 


Rule 3, To meaſure the Fruſtum of a Sphere by the 
Slyding- Rule. | 


Set 1.954 on D to the Height of the Fruſtum 
on C, and find the Meaſures of the Diameters of 
the Ends on D, then twice the Number on C a- 
gainſt the greater, added to that againſt the leſs, 
is the Meaſure required. „ 
In the preſent Caſe 1,954 on P, ſet to 3. 5 on C; 
then againſt 25 on D is 572.69, which doubled is 

. „ 1145-38 
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11 1145,38, and againſt 24 is 527,79, which added 
to 1145,38 gives 1673,17 nearly the ſame as 


2 

or. 7. If the generating Curve be the Hype zrbola 
| PVO (Fig. 39.) about the Axis VC==b, the Diame. 
ter PO, and ſuppoſe this cut by a Plane parallel 
to the Baſe PQ, diſtant from the Vertex V by 
VO=xx, the double Ordinate MN, and the tranſ- 
yerſe Axis of the Hyperbola equal to :?; then the 


Meaſure of the Segment VMN = * 22 
— uy 


i—+2h 5 2x — 
Fruſtum Pam Ez x bþ* — — X * 5 
For call the Parameter of the a Pr then 


(by Prop. 3. Chap. oh tif: :* x* 47 ; there- 


fore * 4px - 2—. > Line this Equation be com- 
pared with that in tha Propoſition, then A . 


— — eee EEE 


and therefore (by Cor. I.) S = 4px + 2 x 7 


and this when x becomes B, and conſequently ag is 


ah ahb* 
PVO Job- Lab- N LE, * 0 for the ſame 


reaſon MVN . z and the Difference of 


theſe is the Meaſure of the Fruſtum PQAMN 
SS — x 15 * From hence it is ma- 
nifeſt to meaſure the hyperbolic Conoid, beſides | 
the Data that was required in the preceding 
ones, we muſt know the Meaſure of the tranſ- 
verſe Axis of the generating Hyperbola; and to 
meaſure the Fruſtum, the whole Height of the 
Conoid muſt be found from the Equation of the 
Curve; that is the Sphere, Spberoid and ak” 

e % 


Y "FER * 4 ** 
F a : 
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lic Conoid are in a determinate Ratio to their c#r- 
cumſcribing Cylinders, but in the hyberbolic Co- 
noid, that Ratio is variable. „ Cm, 
We ſhall add no Example to this, becauſe it 
ſeldom can occur in Gauging; and from what 


» 


has been ſaid above, it will be eaſy for the Rea- 


* , ” 


der to ſupply that of himſelf. 


Cor. 8. If the generating Curve be a Semi-El- 
lipſe VNo (Fig. 42.) about its Semiconjugate Axis 
NO, which now let be h, and its e b, there- 
by 3 the Semioblate Spheroid VNv, which 
is cut by a Plane 2 parallel to Vw, at the Point 
o, in the revolving Axis, diſtance from N the 
Vertex, by Nox; and the correſponding Qrdi- 
nate to this, viz, un be put equal to , then 


the Meaſure of the Segment Nu is | 
F3_, ax Pa 8 


„„ 
The Semioblate Spheroid VN is 


(OS) 
-+ 


The Fruſt. » #'vV is 26" 157 Xb—x x —- 


Which are analogous to thoſe for the comman 
' Spheroid, its Segment, and Fruſtum Cor. 5. fore- 
going; for here the Equation of the generating 
| s ED 5 25 5 > . 1 : f 
Curve is y* % — e; whence for A = 
3 5 
I; and B= , (Cor. 1 and 2, foregoing) theſe 
n pot, you'll have che Expreſſions a- 


Li 


ir ia the ein Pr opoſition, and its Co- 


rollagies, given the Meaſure of the Cone, Conoid, 


* 
5 e , , dd . . . . I rb og 7 IDE TCC a ANN Ee, : yl - 
* 5 * — 4 5 L 1 4 3 a \ AS * - : . þ . 
. : 


their Fruſtums and Segments, we ſhall now ſhew 
how to find the Meafare of a ſecopd Segment, or 
Slice cut off by a Plane, parallel to the Axe of 
Revolution; in ↄrder to which, we muſt premiſe 
the following Lemmas. LEMMA 


* 


-—_ 
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| _ 1 1 50 | 
If a Parabolic Couoid be cut by a Plane, parallel 
jo the Axis of Revolution, the Figure of the Settiqq 
will alſo be a Parabola, and the Parameter thereof 
fame with that of the Generating Parabola, 
For let MVN (Fig. 44.) be the Conoid, and 
2o1n the Section thereof, by a Plane parallel to 
VO the Axis of Revolution, which cuts the gene- 
rating Parabola, in the Line vo; then will muv be 
a Parabola, whoſe Parameter is equal te that af 
MVN; call it p, then (by Cer. 3. Prop. 2. Chap 
2.) 2 xvo =x Mo xoN, but Mo x oN=on\?, (8 Ex. 
clid 6.) therefore p x vo en“, which is the Pro- 
perty of a Parabola, whoſe Parameter is p, Ab- 
ſciſſa vo, and ordinate on; therefore, We. 


LE MMA II. 


If a Spheroid be cut by a Plane, parallel to the 
Tranſverſe or Axis of Revolution, the Figure of the 
Section will alſo be ap Hllipſis, the Tranſverſe and 
Conjugate of which will be to thoſe of the genera- 
ting Ellipſe in a direct Proportion. | 
For let VMoRM (Fig. 46.) be the Semiſphe- 
roid, generated by the Semi-Eflipſe VRv about 
its Tranſverſe Axis Yu, whoſe Center is Q and 
ED its Section by a Plane parallel thereto, ſò that 
EmnDmn is the Section of that Plane and the 
Spheroid : Let two Planes be drawn perpendicular 
to the Franſverſe, one of which paſſes” thro? the 
Center Q, man the Semicircle MRM, -and the 
other thr oy Point 4 (in VÞ»), making the Cir- 
cle NrN, and cutting the Plane En Dun, in 
the Lines aum, un; 1 fay EDE is an Ellipſis, 
and ED its Tranſverſe, is to mm its Conjugate, 
as Vo is to 20R. 

| 2 For 
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1 For put VQ=T, QR=C, OD t, O e, | 

 Oozx=onzzy ; then from the Property of the Cir- 
cle 79-490 * ra—qozra -% *=on*=y* but (by 
Cor. 2. Prop. 1. Chap. 2.) rq*=C*— =, and 


for the ſame Reaſon 59 EF\*=C*— =>; 


| „ 
therefore y* E x#*—x*, where making x =0 


h but then 4 =3* Fr 3 
then Y-, U en c =) = T* 2 or c= T > 


2 


: C: whence y* = -, 


which (by Cor. 2. Propaſit. 1. Chap. 2.) is the 
Equation of an Ellipſe, whoſe Tranſverſe is 2t, 


and Conjugate 2 c. 


PR O P. III. 


If the Parabolic Conoid MVN (Fig. 44.) whoſe 
Axis is VO=h the Diameter of its Baſe b, be cut 
by a Plane ravn parallel to VO, and diſtant from 
it by oO=z, the Meaſure of the Slice mnyvM hall 
be expreſſed by this | 


THEOREM, viz. 


n = 2 _=x = mand 


denotes the Meaſure of the circular Segment mMn, | 
viz, of a Circle, whoſe Diameter is &, and verſed 
„ 242 | | | 


Sine . 


For put mn=y=V b*—4F3*, then becauſe by 
the firſt Lemma above, mvn is a Parabola, whoſe 
TT Jo FE N 
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Parameter is 3 we have algen eb. 2. part 2.) 


r : but © 


is the Meaſure of n. 


(by Prop. +: Chap. 3.) therefore : * => 


36% 
is equal to mn. 


Let this be drawn into tes the Fluxion of 
5 hb 1 
Mv , and we have — 5 * 7 = for 


the Fluxion of the Meaſure ſought ; but 


= 7 
=S. Now from the 7th Propoſition of the Book 
of Quadratures, if P be the Area of a Curve, 


whoſe Ordinate is py%* x LF "1, and Q the 
Area of another Curve, — is gmt 


X e 1 then 2 * 22 et ef : there- 


ot A 
fore anne Pp 2 9 = _Y 923. > * , 
== þ r and n =2, we have Q 
EN , in which . P write 8, and 


—̃ — j j 
for y, þ*—2*, then — — I Er TT x þ 
is the Meaſure of the Slice oM. Q E. O. 

Cor, 1. Let MyNm (Fig. 45.) be equal to ths 
Baſe of the Conoid, MN its Diameter, and Ms 
Me; thro? o draw the Perpendicular mon, meet- 
ing the Circle in the Points , n, from m. Thro? 
the Center O draw the Line Of, and from u, 
let fall a Perpendicular thereon, meeting the ſame 


/ > 


: 
| 
| 
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in /, then the Solidity of the Slice mnoM of the 
Conoid (Fig. 44.) may be expreſt 57 — 2 


* 


2?2—Vf—— - . —ñ - — — 
. 


| 5 
75 
| x V, for (per Figure) biy try £7 282ʃ and 
1 „ == „ 04 en 
| f * 34 b*—y7 MP — * 


2þ * DELL = —— i8 the Meaſure of the 


f . Triangle nl; conſequentiy 2 — — 3 5 is equal 


— 


| Pp. n 
fo — SIDE Ny) 


Cor. 2. It nl (F g. 45.) be continued till it meet 
the Circumference in w, and the Line mw drawn, 
then the Segment uMmwmz2mnV2mml, whence 


1 ( =69mM=—2mnl x, > = a: 9 . 
= * H is the Meaſure of nu, which is the The- | 


orem publiſh'd by Mr. Hunt, and ſaid to be re- 
ceived from Sir 1/aac Newton ; but what we have 
given above is more ſimple, it requiring but the 
Arca of one Segment of a Circle to be found, 
whereas by this Method you muſt have the Ares 


of two, - -- 
| Fer an Example, Let MN=9 2 Inches, Mo==gt 
Inches, and VO=294 Inches, 1 5 by the Theo- 
rem (Pag. 100.) I find the Meaſure of the Sep- 
anerit mMn equal to 1968 nearly, and becauſe 
ther efore £ — —— 75 2 FEE = 
15x 7564 % V 7504 — | i , -of - 
FIT I 94-31 proxime ; hence accot 
ding to the Theorem 2 — 1943189. 60 


2 — — — — — eons ct 
1 = , — — 
n . 1 * — 
< - ——ů £4 ape 


4 1 ——— —— — 
_ „ roo * K 2 - 


Mo=31, C2-3 7% 


PRACTICE A GAUGING. . 143 
294=232169 nearly; the Meaſure of the Slice 
mn Vm. Q. I. E. mm 
In order to ſhew the Invention of the above 
Theorem, I was obliged to uſe the Method of 
Fluxions, becauſe beſides the Lemma, Pag. 85, 
] muſt have inſerted ſeveral more (too tedious for 
this Place) in order to render a Demonſtration bur 
tolerably clear. CESS 1 N 

PRO. IV. os 

If a Spheroid generated from the Ellipſe VQuR, 
whoſe tranſverſe Axis is Vv=t (Fig. 46.) and Se- 
miconjugate QR = — be cut by a Plane thre © 
in QR, diſtant from R, the Vertex of the Conju- 
gate by RO=x, and ED the Settion of the gene- 


rating Ellipſe be called y, the Meaſure of the Seg- 
ment of the Spheroid EDR ſhall be-expreſſed by this 
Tukoxzu, vis. EDR TNT Xo i 
For conceive OR divided into an Infinite Num- 
ber of Parts, the firſt Diviſion of which from O 
is at O', and let q denote the Meaſure of the ſmall 
Part OO", now 'tis manifeſt (by Lemma 2. fore- 
going) EmDmE, the Section of the Cutting Plane 
with the Spheroid, is an Ellipſe ſimilar to the ge- 


nerating Ellipſe VRv ;'therefore's : :: Ln 


the Conjugate of the Section EmDmE, but be- ; 


cauſe MRM (ſee Lemma 2.) is a Circle whoſe 
Diameter is c, we have mm=2/ x—x*, there- 
fore S Va- : but all ſimilar Figures are 
as the Square of their homologous Sides, (as ia des 
monſtrated further on) and the Area of the gene- 
| | » rating 


i - 
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rating Ellipſe is axtxc, (by Cor. 1. Fr. 5. Cb. g. hero. 
fore c* © M: : 44 -I: — x cx—x* tlie Mea. 
ſure of the Ellipſe EnDmE, and this drawn into 
p, gives the Meaſure of the firſt or greateſt Ele- 
menta of the Segment ſought; call it e, and 
the ſucceeding ones „, e, a Sc. the corre 
ſponding Values of RO, , x, , &c. Then 
we have the Meaſure of the feveral Elementa, as 


- 


here under. : 


[] 
t 


and the Sum of theſe is the Meaſure of the whole 
Segment ſought, but the Number of the Elementa 
18 7. and the Quantities x, *, x", x", &c. are 
in arithmetic Progreſſion; hence (by che Lemms 

| ' cxꝰ 4 8 953 : 4at cæ * "> 


TE as . ggat 3 _ gat ex% a 
P. 85.) el nia?” ra Ea es: 


is the Meaſure of RDnEm = © * Zex — 2x* : 


36 


—— — + 
9 
ps > oY On. 


— 2 


n 1 75 6 If FFF cc TR Yes; 
- 


ih 
7H 
b * 
a 1 
1 
44 
3 
x 
4 
1 
.. 
a3 
F L 
: 
3+ i 
4 
1 1 
© 
1 
5 
1 
ö 3! 
x 
* 
i 
1 
1 
F 
} 
: 
* 


2 
c 2 


* . r — 2 — * 5 
— — — — 4 * — _ * 80 
ä 


in which for æ put its Value c 


have 27 5 = RDnEm 2. E. O. 
Corol. 1. Therefore making x = _— and 7 t, 
then for the Meaſure of half the Spheroid we have 


P... ß. 0 OE RE Sr no Pa 


PRACTI CE of GAUGING. 145 
21* x Li * ＋ = » the ſame as was 
ſhewn before, Cor. 5. Prop. 2. | | | 

Cor. 2. If from the Meaſure of the Semiſphe- 


a xu 


roid * chat of the Segment, viz. 2 ? 


x 55 be taken, we ſhall have for the Meaſure of 


the Fruſtum this i 
TORE M, viz. VDE = 27* Þ5* * = x = 
And the firſt of theſe Theorems being turn'd into 
Words, 2 the following Rule for meaſuring a 
parallel Segment of a Spheroid. : 


Ru LE. 


Multiply the Square of the Tranſverſe Axis of 
the generating Ellipſe by twice the Height of the 
Segment; and the Square of the Tranſverſe of the 
Section of the Spheroid, by the Conjugate of the 
generating Ellipſe, and add theſe two Products to- 
gether, then multiply their Sum by the Product of 
„2618 by the Height of the Segment; this laſt 
Product divided by the tranſverſe Axis of the ge- 
nerating Ellipſe, is the Meaſure of the Segment 
ſought. | | 

Examp. Let the Tranſverſe of the generating 
Ellipſe be 73 Inches, its Conjugate 29 Inches, the 
Height of the Segment 2 Inches, and therefore 
the Tranſverſe of the Section 25 Inches, to find 
the Meaſure of the Segment RDmEmn. 8 


1 | Or: 


* 
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OPERATION. 


9 37 73 = 
9 73 


259 219 
111 311 
1369 5329 =#* 
129 4128 
— — — — 


12321 21316 S 


— — 


9 ¶ 2397012 39701 ch 


6101 7 =2t*xþcy* 


5 FFC 

38219) 1220343557, 0 tx, 
1095 [4587,0 

1095 | 4458 
3 
1584] 22 

wn 


| cdl 


37436, =IFFEO x 


* _ 


_— 


—— 


Corol. 3. Bat if che above: Segment ſhould be 
cut by a Plane through fome Point r, and paral- 

lel to the Conjugate RO, then the Piece cut off 
is called a Second Segment of the Spheroid; to mea- 
ſure which by a finite Expreſſion, is impoſſible, 
even tho' you uſe the Segment of a Circle L n 

| cA 
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leaſt by any Method I yet, have met with: but 
when D is ſmall in reſpect to OD, it may be had 
by an Approximation, ſufficiently near for . 
from what has been ſaid in the laſt Propoſition: 


for in the Figure put 77 =, 4% =, D-, and 
denote the circular Segment urnon by 8, then the 
Meaſure of the ſecond Segment Drin is nearly 
had by this : 3 
"THEOREM, Viz. Drun = 1 — 297 — 42 


* 
282 —a— — 


Corol. 4. From hence, and Prop. 3. we may 
compute the Meaſure of the Part mRmnnr (Fig. 
46.) for by changing the Form of that Theorem, 


viz, for x put its equal ==, from this Suppo- 


% 
N 


„ 2L 


ſition of QO==9o=z,, then = = IT » and 
EVE bh de Ht ite the 


ſecond Segment OoRr, which is nearly c4+2xc—22* 
puted from the Meaſures of RQ. rq, Oo, and 
OQ (= 09) being given; that is rd mls fra 
Head-Diameters of a Spheroidal Caſk being 
given, and alſo its Length, and the Diſtance of 
the Surface of the Liquor from the Axis thereof, 
we may by this Corol.-nearly compute how much 
is drawn off: But Note, if the Caſk be more than 
half empty, you will then find how much remains 
in it 3 which taken from the whole Content, leaves 
what is drawn off, But this Theorem requires too 

| Ss rs 0 much 
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much labour to be followed by the Officers of Ex. 
ciſe, ſo we ſhall give ocker Methods wot chat 


purpoſe further on. 
But I muſt obſerve this is edig near the 


12144782 | 42x 
Truth, eſpecially if for S you put 22 s 
** 22, * is deduced from that Page 


101. by putting. - for v. 


We might alſo Za] a like Approximation for 
the Second Segments of the Hyperbolic Conoids, 
for they as well as thoſe of the Spheroid, do not 
admit of a perfect Cubation; but as no Caſks are 
ever made reſembling this Solid, I ſhall nor. de- 
tain the Reader with uſeleſs Speculations, but pro- 
ceed to ſhew how to meaſure the Spindles, which 
are generated by the Revolution of a Conic Sec- 
tion round an Ordinate to the Axis. 


ProP. V. 


Let AVBvA (Fig. 47.) be a Spindle, generated 
by the Parabola AVB's turning round its double 
Ordinate AB; and thr n a-Point in the Axe of 
Revolution, Jet a Plane be imagined to paſs per. 
pendicular to it, whoſe Section with the Spindle is 
the Circle Mam; (put Vv=b, Mm=y and Cn=x) 
then the Meaſure of the Friſtum YMmy Joan. be 
expreſſed by this. 


Tr EORE M, VIZ, 


VMmy = 2599 


For call the Parameter of the generating Pa- 
rabola p, and ſuppoſe Cx divided into an infinite 
Number of Parts, each of which is meaſured by 
43 and denote the ſucceſſive Values of x from 1 
-t0 


2 9 1 
ſ 
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to C by *, x, , Cc. viz. x/==x—q, x"=x—q, 


. , Sc. alfo ſet e, e, , e, Sc. denote the 
correſponding Elementa of the Soll d. 


Nowy (by, Prop. 2. Chap. 2.) 2x VO NO. > 
ax*® 


that is Þ Xs = *, therefore y=b— 7. and 
. E 3 whence the Value or Meaſure of 


46x* 72 


of the firſt Elementa (e) is 4 4 K* ere + = 
and from hence the following — 3 


£e= =aqxb* — — >. 
7 4 ip 
Sag 838 4bx"* x 4x 
GS x5 — 42 
RR = 
e=agqxb* * + — 
Se. Sc. | 


And ſince BY Diftance gives I Term, * Diftance 
will give — Number ef Terms; that 5 — is the 


Number of Elements, or Terms of the above 
Series, each of which is alſo compoſed of pet 


Terms; the Sum of all the firf is ag & b. we 
=ab* xx, and (by the Lemma, Pag. 85.) the 
Sum of all- the on Terms, wiz. a 4 * Sx 


P 
—_ — > 46 ax* «=  qaba\ 
* * xe? „ 2 | 2 ; 
bx ub 7 . 50 4 x x= . 


3 | and 


8 — 
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third Terms, VIZ. aq * 4. x 7 Te, &c. 


3 x 422 Ree G 
is aq x F tnte whence collefiing 


theſe Sums under their — we have 


VMmy = — = += Xx er but , 
therefore the laft Naben is equivalent to 


_ II) 
rr 5 2— xn, thavis co 1 


3 
a 
X35 and this to 


2 +y*—+. . N E. O. 
Cor. 1. Whence if — then the Meaſure of 


ax AB 


the whole Spindle is 26* —Iþ* x . or A 


xb*axAB, that is 75 ths * its circumſcribing Cy- 
linder. 
From this Propoſition we | have the following 


Rules. 


| Rule 1. To Meofure tbe Runes of a eln 
Spindle. 


To twice the Square of the er of the 
greater End, add that of the leſſer, and from 
the Sum take =ths, or (,4=)ths of the Square 
of their Difference, and multiply the Remainder 
by the Height of the Fruſtum; then if this Pro- 
duct be multiplied by 8 2618 . 
it will give the Meaſure ſought. 


Rule 2. By the Sliding- Rule. 


Set 1,954 on D, to the Height of the Fruſtum 
on C; then find the greater and leſſer Diameters, 
5 | | | Es = 
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as ole their Difference on D. noting the three 
Numbers oppoſite them on C; then if the ſecond 
is added to twice the firſt, and. 2ths;..or ths of 
the third; taken from the . you'll have _ 


Meaſure requir'd. 


Examp. Let (6) the greater Hem be 32 


Inches, (9) the leſſer 24, and ® LS 
40 Inches. 


* 


e 


N 
„ 
y=24 64 
4. {+ "i 
33 


8 . 4.5 


8 4 
3 


88 — * - 2888” 2265 
0 = 576 —* 


— TC 


200 0 2624) OT 45 
an —.— * | 


n 


7210,42 ＋. — = 7 


L 4 


But 
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But by taking a=2617994 inſtead of ,2618, we 
"ſhould find the Meaſure to be 27210,3814 true to 
the laſt Figure. er 1 
- By the Sliding-Rule. When 1.954 on D is ſet to 
40 on C, then againſt 32, 24 and 8 on, is 10723, 3, 
6031, 9 and 670, 2 reſpectively; therefore, 
Twice the Firſt - = 21446, ²0 
More by the Second | = 6031,9 


11 


22 — 


= TS. 274785 
Leſs by tis the Third = 268,08 


Gives the Content '= 27210,42 


ProP. MI. 

Let AVBvA (Fig. 48.) be 4 Spindle generated 
by the elliptic Space AVB round AB, which is paral- 
iel to TT, the tranſverſe Axis thereof; and thro n a 
Point in AB, diſtant from C, the Middle of the Spindle 
by x, let a Plane be drawn perpendicular thereto, 
whoſe Section, with the generated Solid, is the Cir- 
cle Mam: and put d=OC, the Diſtance of AB, 
from TT, and S for the Meaſure of the elliptic 
Space MVo; then the Meaſure of VMmvV, 3 
Fruſtum of. the Solid, ſball be expreſſed by this 


t THEOREM, VS, 
— — 
VMMuV ADY SAX - — „ Do 
For put ? for the Tranſverſe, and c the con ju- 
gate Axis of the generating Ellipſis, the reſt as in 


the preceding Propoſition, then (by Prop. 1. Chap. 
2.) 1* :* 2.5: 1-4: 244y\ M, therefore 
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the Meaſure of the firſt Elementa is, g a * 


c ene 44.— 
hence the Hiluwing Equations. 


— 


— e 


3 and from 


Now (by the Lemma, Pag 88.) 200 nh 
the Sum of rf the three 5 3 of theſe Ele- 


menta, is a xc Ad. AE - „and the Sum of 


the fourth Terms are evidently equal | to iy x 
MVON. © 


But the Meaſure of MVON is 8＋ x d + = 
which N MVON, and c* — a+ +. hh 
its Equal L- ro then we ſhall have the Meaſure 


of VMmu = 8 —+ nin 82 


b 
84XS 3 but d+ == „therefore 2c*=8 d + 4-84þ 


+o+26* ; put this for 2c* in the laſt Expreſſion, 
then for the Meaſure of VMmv we ſhall find this 


Taxon, 


— — 1 
11 
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Tuo EA. VIZ. 5 25 


—. 
VMmo=26*+y* +84 x b—y— 2 2 x 5 — . ge. 0. 


Gor. 1. If _ or the Ellipſe in this 333 
tion ſhould be chang'd into a Circle, then the 
elliptic Space VMo becomes the Circular Seg. 

5 VMo, (Fig. 49.) and therefore for Mea- 


ri 5 75 the Frufum of a circular Spindle, we have 


THEOREM, 


vv 0 'g. 49.) b +8d „ 


Cor. 2. If (in the Theorem for meaſuring 1 
Elliptick Spindle) for d be wrote d, becauſe O, 
Fig. 48. is on the contrary ſide C, to what it is 
Fig. 51. Then for meaſuring the Halen * an Hy. 
— K en we have this | 


THEOREM, 


VMmw (Fig. 50.) 2 4 THE 


where Ve, Mm, x=Cn, d=CO and 8 the 
Meafure of the hyperbolic Space V Mo. 
But if any are not ſatisfied with theſe Inferen- 


ces, they may by the ſame Steps with thoſe for 


the Elliptic Spindle, inveſtigate the two laſt The- 
orems 4 priori. 

Cor. 3. If t be the tranſverſe, nd c the con- 
jugate hs of the Ellipfe or Jyperbola, then 


for the 
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Send 


*. 


the ann er VIZ. 


X 4 


$7 x6 


of 


= 


3 


2 — 


But if / be put to denote the Line un, or HE, 
that is, if / denote the Length of a Caſk, gene- 
rated by a conic Section, round an Ordinate to the 

Axis, whoſe Bung-Diameter is &, Head b, and Q 
denote that Part of the generating Curve, whoſe 


Abſeiſſa is  , and Baſe or double Ordinate JI, 
then the Meaſure of theſe Caſks will be found by 
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Cor. 4. By making do, we find the ſame 
Theorems for the Fruſtums of a Sphere and Sphe- 
raid, that was given at Cor. 3, 6. of the ſecond 
Propoſition. | oe 4 8 

And hence it alſo follows, if the Hyperbola 
MVM (Hg. 50.) revolve round NN, a Line paſ. 
ſing thro? the Center of the Hyperbola, the Mea- 
ſure of the generated Solid MMM / M/ is 2 


— = which is an Expreſſion ſimilar to 
| To thoſe 
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thoſe for meaſuring the Fruſtum of the Sphere 
and Spheroid. | „55 | 

Cor. 5. By help of the Theorems for Approxi- 
mating the circular and hyperbolic Segments, we 
might give the Meaſures of theſe Solids withour 
Q, viz. expreſſed in the Terms of the Queſtion : 
but as only the Circular, and Equilateral hyperbo- 
lic Spindles, ſeem to be of any uſe in Gauging, 
we have omitted the others, and only put down 
the Approximations for them, which are thus, 
viz, the 
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For an Example to theſe two Caſes; Let b==92, 
h=24, and /==40 Inches, then for the 2 frat 


Circular . 10 . ö 50—14=36 
Eg. Hyp. a = AK Y- 504-14=64 
Twice the firſt added to 5, or 32, gives 104 for 


the Diameter of the generating Circle; and 6, or 
32, taken from twice the ſecond, leaves 96 for 


the tranſverſe Axis of the 
whence from the Theorem 


Chap. 2. Forfthe 


Circle 


ans &c. 
Hg. 50. the Area of the 
A = 106, 666667 


B.= $53333 


P 4; 


ALB+D = = 10), 520055 
004877 |; 


ene, — 


oy 


generating Hyperbola ; 
s, Prop. 3, and 6, of 


TX Bus, 


— 5858275 
210 5, 808 392M] VpxM 


Hyperbolic Segment, 


6= 


,00487 
- 1=E 


— 


5004877 fp 


10%, 515188 


| =4+B—C4+D—E 


The Area of the Cireular Segment MVM Fig. 49. 


Whence 
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Whence by the above Theorems, we. have for 
the Circular Spindle this 


OPERA TION, 


32==b 107,51518= Q 
32 
* PE — 3Q 
96 24=y A TY * 
| 1024=b* — 
= 96 5 * = 
2048—=26* . . 
576=y* =576 . 
12 
2624=2b* Weyl _ 5 —— 


—18,32832 = gl ß, 32832 


260 55671 168 8 e — 
40 | 
104226, 8672 
£ 883997 8% (=) inverted, 
1208452734 
. 62536120 
1042269 
729588 
93804. 
9380 
313 
83 
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And for the equilateral Hyperbolic Spindle this” 
OPERATION, 


I05,80839 = * 
3 


k=40)317,42517 = 3Q_ 
(7,93563 = _ 5 
| 8,00000 = 3 | 


0,06437 = _—_ b—h —- > 
512 =84 


12874 
6437 
Sn 


32,95744 = 8d xb— þ—32 
2624 ; = 24* + þ* | 


2 501,008 56 
= 40 


103647, 70240 = = 2-*+4*—84 xb—hþ—I> xI 
88 39971 62,0 = = 261799, oF. . 
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27133, 33424 = 26*+h*—84 * b—b—= 
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f muſt obſerve the Value of Q in the Rule for 
meaſuring the Hyperbolic Spindle, might have 
been computed from Mr. Coats's Theorem for 
that purpoſe, Page i 10; but the Series in this 
Caſe does it with leſs trouble. | 

Or, By the two Theorems for meaſuring theſe 
Solids by Approximation, we have for the 


14.641182 


— 


Iſt, (2624 — N 5 *, 2618 x 407286, 53 
2d. (2624 — —— x „2618 X40=271 33335 


Nearly the ſame as before. 


ScuoLium I. 


We ſhall now collect together the ſeveral The- 
orems found by Propofit. 2, 5, and 6; which in- 
clude all the Varieties of Caſks, hitherto mentioned 
by thoſe who have wrote on Gauging, and ſet 
down the Theorems, and their Contents for 
Mr. Everards's Caſk, whoſe Bung-Diameter is 
þ=32, Head H= 24, and Length /=40 Inches: 
The Names of which are, iff, The Middle Fru- 
ſtums of a Spheroid ; 2d, Circular Spindle ; 3d, 
Hyperbolic Spindle , 4th, Parabolic Spindle ; 5th, 
Two Fruſtums of a Parabolic Conoid ; and 63h, 


= two Fruſtums of a Cone. 
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ob = 8 


r. 


The Meaſures here differ a ſmall matter from 
what Mr. Everard gave in his Appendix, which a- 
riſes from his inductionary Method of computing 
their Contents, but the true Theorems for Meaſu- 
ring the circular, elliptic and hyperbolic Spindles 
were never, that I know of, publiſh'd before, if 
we except the laſt, for which a Theorem is given 
by a Gentleman (that writes himſelf Merones) in 
the Mathematical Diary for 1740. 

I muſt obſerve the Hyperbola in the above Ex- 
ample was ſuppoſed to be Equilateral, becauſe o- 
therwiſe the Data was not ſufficient, but the The- 

| orem 


— 


466 The THEORY and Ch. Iv. 


9 


o 


6 : 5 Ns Ret. ot 22:45 5 8 COON HE Se bro th ESE OE EA DIA Ae hq 74 2 
* * ieee n 8 vb * RF. þ 2 Viet, Js % 1 TAY tt es 15 Ch VS + 1 2 I + 2 5 4 PS. 2 mY ON 1h 
8 fo BS T1 8 . 2 4 Lf ns 1 Wi, 2 ern S 2 7 F 
Fo 8 4 8 7 % 7 n n RT 2 0 4 . 8 8 5 : : N. 
4, 2 . r d IS.) 7 - 
2 5 * at” And 8 ba MP 8 — 2 7 o . f 
2 * 1 N 2 4 
8 J b - oa 9) E 
PERL REIN NE Ie SAS | | 
S IIS e a "I" 


l 


IPs 
D 


. 2 v, Fe 1 
E 
. 2 2 aps "197% ii 
dy POTS 1 * 
1 
* _ % 1 wb 
EO I ER 


; 8 
r 4 
1 : 
_ 5 


os 
NF 
£ 705 7 
x 
ri 


2 
Ws 
& : 
Ns 
32 
2 
H * 
FO 
275 
bs 
8 
Tx 
. 
a N 
. bo 
44 
f 
. 
7 
ey] 
OY 
85 
. 
7 
5 


1 


PRACTICE GAUGING. x63 
orem itſelf is univerſal, for all Hyperbolic Spin- 


dles whatever. | 


SchoL TUM II. 


To what has been already ſaid for meaſuring 
Ca ſs, we may add the Method for OK what 
is call'd the mean Diameter; for tho? Rules for 
that purpoſe are to be met with in moſt Books on 
Gauging, yet I cannot find any that have ſhewn 
whence they were derived, nor is this Defect all 
that makes it neceſſiry here to examine into this 
Matter, but chiefly to prevent the Errors that muſt 
unavoidably ariſe from uſing thofe fixt Numbers 
call'd Multipliers: for there neither are, nor is 
it poſſible there ſhould be ſuch, that will reduce 
all Caſks of the ſame Name and Length, to Cy- 


linders, but they ought to vary as the Proportion 


betwixt the . pan and the Difference of 
this from the Head varies. *Tis true indeed that 


Proportion may be ſuppoſed pretty near the ſame 


in moſt Caſks to be met with in Practice, which is all 
that many are ſolicitous about ; this I allow, how- 
ever, ſince they are, not abſolutely ſo, *tis neceſ- 
ſary, nay Lam perſuaded every Officer of the leaſt 


Ambition, to have a rational Knowledge of the 


Art he profeſſes, muſt be deſirous to know when 


the fixt Multipliers may be depended on, and 


when not, and alſo whence they were obtained. 
That ready Analyſt, Mr. Tho. Simpſon, in his 
Treatiſe of Fluxions, has given the Limits- be- 
twixt which are the Numbers we are ſpeaking of, 
and from what he has done, with little Trouble 


the very Multipliers themſelves may be found : 


However, as his Book may not be in the Hands 


of every one concern'd in Gauging, and alſo ſome 


of them may want the neceſſary Knowledge to 
| | 1 | make 
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make ſuch Inferences, I have not only given the 
very Rules themſelves for finding the Multipliers, 
but alſo the Limits from a different Conſidera- 
tion, which I ſuppoſe will be underſtood with leſs 
Trouble, as I have no occaſion for the Term In- 
finite, which that Gentleman is oblig*d to intro- 
duce in determining one of them. 

In order to which, let þ be the Bung- Diameter 
of any Caſk, in the Shape of the Fruſtum of a 
Syberoid, Parabolic Spindle, Parabolic Conoid, or 
Cone, bh the Head Diameter, and d=b—b : Alſo 
ſuppoſe m ſuch a Number or N that mul- 
tiplying 5—b, or d, and the Product taken from 
b, the Bung, the Remainder may be the Diame- 
ter of a Cylinder, equal in Length to the Caſk 
propos'd and of equal Magnitude ; and put W to 
denote the Multiplier when the Product 1s to be 
added to h, the Head Diameter, in order to have 
the Mean ſought. Then *tis evident m/=1—m, 


for ſince þ—m x b—b = h-+m'x 6—b, we have 
b—h==m-b-m'xb—h, or m'=1—m. | 


But to find n (by the preceding Scholium and 
Prop. 1. Chap. 4.) we have theſe Equations. 


( Spheroid - E 1. 
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In which for þ put its value b—4, and for = 


1 vix. For . | 
| Parab. Spin. 2 2 
5 two Fru- 4 3 n 
We ſtrums | 13242 | To TE 
bob } | Parab. Con. E ; 
[2 b of a 2 : 
þ 6 10 2 
1 b Cone 6" +6 


write ; then from the Equations above, we ſhall 
reſpectively have the following ones, viz. 
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ſuppoſe in the m 


Diameter to be 32 Inches, and 


Head 26, then for the Fruſtum of a 
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ca — 


| Which will "1-1 ;ndifferently, * the 8 
Diameter is betwixt ſou and fivetimes the Diffe- 
rence betwixt it and the Head. 

But thoſe G73 ,083 454 3 452) given by Mr. 
Banferd, can never anſwer, unleſs where the 
Bung-Diameter is betwixt zhree and four times 
the Difference bet wixt that and the Head. 5 

From what has been ſaid, the Limits of all the 
Values of x, are eaſily deduced, by putting for , 
its extreme Values in the ſecond — of Equa- 
tions ; now they are 6 and o, for *tis evident # 


mult 


-», , 


&Ff 4 
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muſt ever be greater than the greateſt, and o 
Jes than the leaſt, both which being ſubſtituted 


for 2 we have 


{ 6m—2 }  6m—2 1 
3 —1 | zu —1 
20n—10 | | na 
0 152 —3 | 152 —3 
5 4 — 21 + and 4 a—_— -T 
2m*—1 | 28 — 
. 11 
CEL. 


And finding m in theſe Equations, *tis manifeſt 
all Values thereof for the reſpective Varieties Pag. 
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And theſe Limits taken from * leave thoſe 
of u, which therefore are 


22,6666, G. {vie POP, 
> | 4=,0666, Sc. V, 7303 | 
. 8 &c, 
£ | Gene VV = 7071 | | 
LED Ef TRE = 55774 1. 


As they were firſt & all determin'd by Mr. Sing- 
ſon, in his Treatiſe above mention'd. 

From the foregoing Theorems the Reader will 
be able, with very little trouble, to find a true 
Multiplier for reducing any of the Forms aboye 
into a Cylinder of equal Length ; but as I have 
ſhewn how they may be meaſur'd by the Lines 
C, D, at one ſetting of "the Sliding- Rule, there can 
never be occaſion for ſuch ReduCtions : nay, I can 
always gauge any of thoſe Caſks ſooner by thoſe 
Rules, than by firſt reducing them to Cylinders, 
So that theſe Rules are really of no Service in 
gauging a full Cask, but will be of particular Uſe 


when we come to Ullaging, which is con{ider'd 
in the next Part, 
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C H AR V. 
0 f me aſuring the Hoofs of Pyramidic Cones, 


DzFiNniTION I. 


F a Point V (Fig. 51.) be ſituate in a fixt Po- 
ſition above the Plane ACEDB (of any Figure. 
whatever) and from V as a Pole.an Indefinite right 
Line be carried round the ſame, it will deſcribe 
the Likeneſs of a Solid, which we call a Pyramidic 
Cone; of which AC E DB is the Baſe, and V 
its Vertex. ü „ 
Def. II. If a pyramidic Cone be cut by a 
Plane parallel to its Baſe, the Part contain'd be- 
twixt the ſaid Plane and Baſe, is call'd its Fruſtum. 
Deſin. III. If a Plane be drawn thro? the Ver- 
tex of the Cone perpendicular to its Baſe, its Sec- 
tion with the Prulfum is call'd the vertical Plane 


thereof; and then its Sections with the End and 


Baſe, their Diameters reſpectivel yx. 

Defin. IV. If a Plane be drawn through either 
Extremity of the End's Diameter, at right Angles 
to the vertical Plane of the Fruſtum, and ſo as to 
cut the Cone's Baſe, the Part of the Fruſtum con- 
rain'd betwixt the cutting Plane and Part of 
the Baſe, is call'd a Hoof thereof; and the re- 
maining Part of the Fruſtum, the complemental 
Hoof; alſo that Extremity of the End's Diame- 
meter through which the Cutting-Plane paſſeth, 
may be call'd the Vertex of the Hof. 
Dein. V. The Containing Part of the Cone's 
Baſe, is call'd the Baſe of the Hoof ; the Section of 
the Cutting-Plane and Fruſtum, its Side; and the 
Section of the ſaid Side and vertical Plane, the 
Axis of the Side. \ 4 


LE MM A 
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LEM M A I. 2 


Fa Pyramidic Cont be cut by a Plane parallel to 
its Baſe, the Area of the Section will be to that of 
the Cone's. Baſe, as the. Square of the Perpendicular 
from the Vertex to the Plane of the Section, is to the 
Square of the Perpendicular's Height of the Cone. 

For let VEQ be the vertical Plane of the Cone, 
_ the Baſe in EQ, and the Section ach 

in eq, then EQ and eg are” the Diameters of the 
Baſe and Section azq, /(Definit. 3.) on which from 
V let fall the Perpendicular VP, meeting the 
firſt in P, and the other in p, then Vp is the ver- 
tical Diſtance of the Section. Alſo in EQ aſſume 
any Point F, and ſuppoſe the Diſtance di- 
vided into an infinite Number of equal Parts in 
the Points G, H, K, Sc. thro? every one of which 
and the Vertex V, let Planes be ſuppoſed drawn 
perpendicular to VE cutting the Baſe in the 
Lines CD, MM, NN, 50, Sc. and the Section 
aeg in the fame manner in cd, mm, un, 00, Ce. 
thereby diſtinguiſhing each into an infinite Num- 
ber of Elementa; let thoſe of the Baſe from F 
towards E be denoted by E,, E', E“, Sc. and 
the correſponding ones of the Section ae 

e (per Fig.) E'=CD xFG a ad 
ed x fe, but FG : g:: FE e:: FP: fp, 
and FP: 77 VP: p; hence E': e:: CD X 
VP: cdx Vp. Again, (from the Fig.) CD: «a: 

VP: Vp, therefore E!: %:: VP. AZAD a 
for the ſame Reaſon B're 2: V. Vp. 


Es: :: VPV: Wie; whence (by the 12 tat 
52 EF. t, Fc. e+e E, Sc. :: VP) 
RE But E'4+E/4+E", Sc. CED, and 7+ 

e, Ce. ==ced, therefore eu: J ced:: VP F.: 

VP. V E. D. 

Cor. 
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* Cor. Whence it is evident all ſimilar Planes are 
to another, as the Squares of their homologous 
Lines. 
1555 LEMuMA II. 7 | 
The Meaſure of every Pyramidic Cone is equal to 
the Product of the Meaſure of its Baſe, by one third 
Part of its perpendicular Height, 
For let the Meaſure of the Cone's Baſe be 
5, its perpendicular Height VP=b, and x the 
Meaſure of Vp (ſee Figure, 51.) then by the 


preceding Lemma 5 ts; 1 2 the Mea 


ſure of the Section ac ed. Further, let us ima- 
gine Vy divided into an infinite Number of e- 
qual Parts, every one of which is meaſured by 
4, and through each of them let Planes be ſup- 
poſed drawn parallel to the Baſe of the Cone, 
thereby dividing the Part Ve into an infinite 
Number of cylindrical Elementa, and. let - their 
olive. Diſtances from bis 2 by x, 95 

„, Se. viz. x=, x gzx", xX'—ga=x", 
Sc. then from e was laid Lore, the Eve 


Meaſures of the Baſes of theſe elementary Cylin- 


i bx* bx'* Bx Bull 
* will be * 5 Fans 7 3 Se. and 
therefore the Meaſures of the Cylinders them ſelves 
bx* bx'* 2 bw OS 


are = XG r*, r *, r.. whence 


the Meaſure of the Part Vabc, is equal to. the 
Sum of an infinite Series of Squares, whoſe Roots, 
x, x", * x", Fc. are in Arithmetic Progreſſion 
from o to x incluſive, multiplied by 2 but the 
N umber of them is 7 5 whence (by the Lemma 


3 — pog. 
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which when x becomes 5, gives VAEB=6x 
. E. D. 
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LEM MA III. 


Let GHI (Fig. 52.) be any Right-lined Triangle, 
and in HG a Point E taken, and the Line IEdraum; 
alſo through E let EK be drawn parallel to IG, 
and made equal to El, and through the Point K a 
Line drawn parallel to HI meeting GH produc'd in 
V: then a Perpendicular let fall thence on IE (con- 
tinued if needful) will be equal to a Perpendicular 
drawn from H on 1G, that is VF==HP. 

For draw IQ perpendicular to HG, then from 
the ſimilar Triangles HGP, IGQ, we have GH ; 
GI: : HP: IQ, but from the ſimilar Triangles 
HIG, V.KEE, GH: I:: EV: EK EI (&+' 
Conſtr.) hence HP: QI:: EV: EI. Again, from 
the Triangles EIQ, EVF, we have IQ: IE:: 
VF: VE; whence, and the laft Proportion, VF: 
VE:: HP: VE, therefore VE=HP. Q; E. D. 


PZ. I. 

Let KEBA (Fig. 53.) be the Fruſtum of a Pyra- 
midic Cone, whoſe Pole is V, Baſe the Plane 
AMBN, End the Plane KE, Vertical Plane V AB, 
and MNEB a Hoof thereof : then AB, KE are 
the Diameters of the Baſe and End reſpectively, and 
EL tbe Avis of the Side; on which make EI equal 
to EK, and through I draw IG, IH parallel to 
AB, AV reſpe#ively ; and from the Points V, H. 
let fall VC, HP Perpendiculars on AB, IG ; then 
(calling the Baſe of the Hoof MNB, S, and its Side 
EMN, S') the Meaſure of the Hoof MNEB is 
expreſſed by this 
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— 


10 

15 
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THEOREM, V12. 


— 3 BN 
MNEB=BC%S—GPx8'x N 


For through V and the Line MN, imagine a 
Plane drawn, whoſe Section with the Cone is the 
Triangle VMN, and from V let fall a Perpendicu 


lar on the Axisof the Side (produc'd if neceflary) - 


meeting the ſame in F. : 
Now *tis manifeſt the Hoof MNEB is equal 
to the pyramidic Cone VMNB, made leſs by 


| V 
VMNE, but (by Lemma 2.) VANB=Sx >, and 


VMNE=S' x ==. But V= r (for BR 


: ER :: BC: VC)alſo VE=HP by Lemma 3, and 


HP = = (for BR: ER : : GP: HP)there- 


fore for VC and VF in the above Values of 
VMNB and VMNE put their equals, and we have 


MNEB = BC XS— OF xS/ x 3BR . 9. E.. 


Cor. 1. But if the Cone be upright, or the Tri- 
angle VAB iſoſceles, then BC r AB, and GP = 
IP; whence if D be put to denote the Diameter 
of the Baſe, and d that of the End of the Fru- 
ſtum, viz. D=AB, d= KE, and ER=b, the 


Height of the Fruſtum, then BC =>, GP = 


2 
d x BL +. Pld : 
II, and BR = ; whence, in this Caſe, 


the Meaſure of the Hoof MNEB is expreſs'd by 


this on) 
THeo vi — . 
EOREM, viz, DxS EI. XS x. 


Cor. 


— * 2 f 8 * — * 
* — . — 8 a a - man — 
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Cor. 2. Let MBBNkeck (Fig. 53.) be the 
Fruſtum of an upright ſquare Pyramid, which is 
cut through the Sides :e, MN by a Plane e MN; 
then if D be the Side of the Baſe, d that of the 


End, and 5 the perpendicular Height of the Fru- 


ſtum, the Meaſure of the 
| Hoof eM N56 2D x > 1 


Com. Hoof «MN kk=24d+D x 2 2 
For ſince the (Pyramidic Cone, or) e Is 


upright, (by Coroll. 1.) we have e MN p = 


d x BL h 
DX S - HIL SN 5 but S , and 
D 
2 


r xD Mt, 

whence 75 ũ S7 = An r 
D442 85 1 i 
. th therefore DxS— EL 1 1 


X EL, as is evident from the Figure, 


2 DD. 


f 3 h | 
T e x : and this taken from 


n Dd + d * x =, the Area of the whole Fru- 


ſtum (as eaſily Ss from Lemma 2.) leaves 


«+ MN ik 4 Dxdx3. L. E. o. 


And from hence theſe Rules, to meaſure the Hof: 
x the Erna of a 4 ſquare Pyramid. 


22 


Ru 


2 


N 


d 


2 
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RU LE I. 


To twice the Side of the Biſe add that of the 
End, multiply the Sum by the Side of the Baſe, 
and that by one ſixth of the. Height of the Hoof, 
the Product will be its Content. Ut 


Ru LE II. 
To twice the Side of the End add that of” the 


32 


| Baſe, the Sum multiplied by the Side of the End, 


and that Product by one ſixth of the Fruſtum's 
Height, gives the Content of the Complemental 
Hoof By the SLIDING-RULE. | 


| Ry i k i, | 
Set 3,464 on D to the Fruſtum's Height on 
C, and find the Side of the Baſe, that of the End, 


and their Difference on D, noting the three. Num- 
bers oppoſite them on C. Then to the ſecond 


add five times the firſt, and from that Sum take 
the third, the Remainder is the Meaſure of the 


Hodf. 

But if to the firſt five times the ſecond be ad- 
ded, and the third taken from that 'Sitn, the 
Remainder 'is the Meaſure- of the Complemental 
Hoof. 

Example, Let there be the Fruſtum of a ſquate 
Pyramid, the Side of whoſe Baſe is 25, that of 
its End 16, and the Height of the Fruſtum 12 
Inches, which is cut by a Plane through oppo- , 


ſite Sides of its End and Bafe, to find the Mea- 


ſures of both the Hoofs. 


#.42 
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1 
x 


* * 
N 2 25% CER ER 
r 
; 5 8 . 
J * 3 
5 i wk 
. 
q 
% 
: 
” 
a 


Dang 5 
42 16 
5 = 12 
30 22D | 32224 
16 | 232D 
66 D- E“ 57 = 2d D 
. 113 
330 134 
132 57 
1650=2D+d xD g912=24FDxd 
2b th 2= | | 
3300=2DFdxD x4 | 1824—2d+Dxdxzb 
be Meaſ.. of the Hoof. | The Meaſ of the com. Hof. 


Or, 3,464 on D ſet to 12 on C, then againſt 
25, 16, and 9 on D is 625, 256 and 81 on Cre 
ſpectively; therefore by the Rule, 


3125 (=625 x 5) +256 ede before 

1280 (=256 x 5) +625—81=1824 

Cor. 3. If ABKE (Fig. 54.) be the Fruſtum of 
an U 1 Cone with a cher Baſe, whoſe ver- 
tical Te is ABKE, which is cut by a Plane 
. thro* the Points E, A, and D be the Diameter of 


the Baſe, d that of the End, and 5 its Height, 
then the Meaſure of 


$_ = Dxbxe 


Hoof ABE D*—4v/ Dd x 
IM Fry: fl” ET 
0M. 1700 0 x HXA. 
AEK | | DV/Damd? x „ 
Fot 


> > 


1 


RE ee ßßdßßß“ßßdß 
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Por here the Points M, N and L, are united in A, 
and the Space S' (by Defin, 3. Cbap. 2.) is an El- 
lipſe, whoſe Tranſverſe is EA or EL, and Conju- 
gate a mean Proportional betwixt D, d; hence S 
EL x / Bd & a, (Cor. 3. Prop. 4. Chap. 3.) and S= 
D* xa. Put theſe Values for S and S' in the Te- 
orem Cor. 1. then the Meaſure of the Hoof is 


RI. T JS Dd x a h 

| 2 XV) X FL X — — —— 

DxD* x a — — EI. * 1M BI 

— — Dx B A ; | — 

D -A Dd x Vhich taken from D —4 
. zx D—d- 


X — the Meaſure of the whole Fruſtum, 


(ſee Cor. 3. P rop. 2. Chap. 30 leaves DV Dd—a* 
 dxhx*a M's 


Hoof. Q. E. O. 


* 35. for the Meaſure of the Complemental | 


* 


And from hence we have theſe two Rules for 
meaſuring the elliptic Hoofs of an upright Cone. 


Ru l E l. 


From the Square of the Diameter of the Baſe, 
ſubſtra& the Product of the Diameter of the End 
by a mean Proportional betwixt the two Diame- 
ters; multiply the Remainder by the Diameter of 
the Baſe, and that Product by the Height of the 
Fruſtum, and this by , 261799388 (ot in Prac- , 
tice by ,2618) then if the Jaſt Product be divided 
by the Difference of the Diameters, the Quotient | 
will be the Meaſure of the Hof propoſed, 


5 RN Vl II. - 
From the Product of the Diameter of the 


Bie by a mean Proportional betwixt that aa! 


the Diameter of the * ſubſtract the 
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OPERATION for ABE (Fig. 


55.) 


16 


| 38,4=d 216 


8) 704 30% „ 
704 1536 1512 
o 1843, 2 C557 1226 
— 3600 D 1080 
1756,8=D*—dvVD7 1468 
60=D 1296 


— 


105408, D 4d D 


36 =b 1728 


— 


— Te 


——— — — * — 
n .. 0 oe We, 
— n * £2 — 


— 


rp ——— Oy * 2 5 . 
„—————— 


7 E 
2 4 n 


— "4. 
_—_ —— 


2304, 0 (48=v D2 ) =D—4=21,6)3794688 


1728 


—— 


— 


4 


þ 


275680,00 


4997162, o 
| 331 3600 


1054080 
17568 
12298 
1581 
158 
7 


at cones, 


| 45992,92= 
Hoof ABER. 


C GT) AAV 42/ NOILVNAdO 
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OvzxATION 5 AKE (Fig. 65. * 


36,4 = 1 
384 
17536 4s. =o 
3072 > = =D... 
1132 — | 3 
eee 28860 D 
1474.56 = 14%, % f 
1403, 4 DVD-“ 
338,4 = 
56217 6 
1124332 
421632 
5396,66 D- 
36 = 
2230 376 
EDT 


- 


D—i=21,6) 1942880,256 [89948,16 
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We might alſo ſhew how to meaſure theſe Hook WW 
by the Sliding-Rule. But the Operation would be 
too tedious for Practice, ſo I proceed to the Pa. 
rabolic Hoof. DE, 

Cor. 4. The ſame being ſuppoſed as in the laſt 
Corollary ; only here let EL (Fig. 56.) the Axis 
of the Hoof's Side, be parallel to KA; then 
MEN the Side it ſelf (by Def. 6. Chap. 2.) is a 
Parabola, and therefore the Meaſure of the - - 
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ot S (by Prop: 4. Chap, 3.) = SS = 


B 
NR D—a, therefore L* = dxBLx+ 
Tr Bd, or 4+xdx DA VdxD-A let this 


be put in its Room in the Theorem Cor. 1. and 


it becomes 2 D n 
57S 5 3 x =, and ti 


taken from — — _ ? the whole F ruſtum, 


leaves the Meaſure of the Complemental Hoof as a- 
bove. Q, E. O. 

Exampl. Let the Dimenſions of a Conic Fru- 
ſtum be as above, to find the Meaſure of the 
Parabolic Hoof. 

Firſt we muſt find S the Segment of a Circle, 
whoſe Diameter is D=60, and verſed Sine D—4 
=21,6 : Whence by the Rule, Page 105, I annex 
two Cyphers to 21,6, that ſo it may conſiſt of three 
Decimals as the Rule requires, and it becomes 
21, 600, which divided by 60, gives, 360, againſt 
which in be Table of Segments is „2545905 this 
multiplied by 3500, the Square of 60, gives 


D 
916, 381928, alſo. 5—, = . therefore — 


1008 
30 * 


, and from hence the following 


N 3 OyERATION, 


2645,5053=2> . 


3 
1474250 
1070, 9453 3 
| I 2 ==. 


— | 5 : 8 7 
128 51,3436 


4 
> 
_— 


1 | | d = 38.4 
[ 2 D—d: = 21.6 


, Fig. 56. 
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Hence the Meaſure of the Parabolic Hoof is 
12851,3436 z and this taken from BAY 
* = = 69541,2893, the Meaſure of the whole 


Hoof, leaves 56689,9457 for the Complements! 
Hoof ELB. 

Cor. 5. The ſame things being ſtill ſuppoſed, 
only here let MEN (Fig. 57.) be an Hyperbola, 
then the Meaſure of the He Hoof MNEB, 
is expreſſed by this 


 TrnxroRE M, viz. 


" ann h 
MNEB=D xS — TE x SYM == 


Where LE i is the Diameter of the Side, and LB 
that of the Baſe, which muſt be given before theſe 
Hoofs can be meaſured : But if MEN, the Cut- 
ting Plane, ſhould be Perpendicular to the Baſe 
of the Cone, then the Meaſure of the Hoof MNEB 
85 expreſſed by this 


THEOREM, vi. 
D 4 


MNEB = — x Sup XI”. 


And the 3 Axis of the Hyperbola, S/ or 
MEN, is — - 22 , Conjugate —. 


The firſt Theorem is evident from Corol. 1, and 
the ſecond follows from thatz for when MNE 


is perpendicular to the Baſe of the Cone, then 
: D—4 


LE _— and LE gb, which being put for 
LB and LE, will give the Theorem above. 
But as — is commonly ſmall in reſpect of D, 


we may for thoſe Caſes give an Approximation of 
4 Theorem 
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Theorem 2, which is very near the Truth; for D d, 2 


and þ ſtanding for the ſame Sines as before, 


D =" 
ax [x 474-240 


- DA. proximò. 
4 
For an Example to theſe two 3 let 


N=32, d —24 and des. threes BL 3 — — 


In the firſt place we muſt find the Values 
S and 8/, that is the Area of the Segment of a 
Circle whoſe Diameter is 32, and verſed Sine 4; 
alſo the Area of an Hyperbola, whoſe tranſverſe 

2455 
Diameter is 57 = 120, Conjugate 12, and Ab- 
ſeiſſa 20; for the firſt I annex three Cyphers to 
4, and devide it by 32, the Quotient 125 I look 
for in the Table of Segments under VS, againſt 
which under Seg. is ,0566640 ; this multiplied 


by 321*=1024 gives 58. 0239=S. And to find 
S', (by Prop. 6. Cbap. 3.) we muſt put for x, er x, . 
and V their values, which here are 20, A122 4 23, 


and 140; therefore calling Te) => VII2 = 


** 

282, 21 = "FP then S'=A—=— = —= 

72 gi 1 
3 


8 G. as 9 


A 28221347 
B = 8, 06324 
C = 16456 
D =: 784 
E = "3 
F = 5 
Sum — 8.22620 
| 87 277777 
| There 
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Therefore for S and S', put theſe Values in the 


| * 32 * 20 
ſecond Theorem, then 772 8, becomes TT 


x 58,02399= - +» « 154743040 
and * = 4 X 273,97727 = | 1095,9091 
* . 82 5 the — of 4513949 
But if we uſe the Approximation, then we ſhall 
have 3 WE 

x 32+23 X 24 47 * 24-83-38 
3» * F 24 3% 24P6x32 * +5V 448 
that is EMNB = 164,48 — 116,5 x 44/448 = 
451,35, nearly the ſame as before. 

So that from what has been ſaid in this Propoſi- 
tion and its Corollaries, the Reader will be able to 
meaſure the Hoof of any Cone, let the Figures of 
the Baſe and Side he what they will; from whence 
is deduced the Method of Gauging an inclin*d Co- 
nical Tun. Alſo from the laſt Corollary any Caſk 


8 in the Shape of two Fruſtums of a Cone may be 


ullaged; but in what follows, I ſhall lay down 
a Propoſition for meaſuring Planes or Solids by 
Approximation,a thing of the greateſt Importance 
to this Part of Science, of any that was ever 
brought for that Purpoſe, ſince it may be ſaid to 
contain the whole Art of Gauging, and that of Cop- 
pers, Stills, Tuns, as well as all kinds of Caſks, 
among full or part empty, either ſtanding 6r 
ying. 
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| ERIE 


Of meaſuring Curve-Li id Planes, and Solids, 
| by Approximation. 


PR O p. 


F MQ=y', NR=y", PS (Fig. 58.) repre- 
ſent three equidijiant perpendicular Ordinates to 
the Axis of a Curve MNP, whoſe Fquation is y=: 
a4bx-+cx*, where x lands for any Abſciſs QT, 
and y its Ordinate TO ; then, calling QS the Dj. 
ance of the extream Ordinates l, the Meaſure of the 
Space QMPS ſhall be expreſs d by this 


THEOREM, viz, QMS EV x 


For by the preceding Principles, the Quadra- 
ture of the Curve, whoſe Abſciſſa is x, and Or- 


dinate aJ-bx+cx*, will be found a * ＋ 
: 3 


2 


X x ; and this when # becomes , is a + — 4 5 xl 


= 644-301 + 2c. SD = QM 8. 


a 


But from the Equation of f, bl «&Þ 
the Curve we have tneſe three W = #4 TT 
Equations, f : : 
| D aA cl 

E 
And by taking the Difference) f 
of thoſc above, we have theſe, bl 3 


8 
18 * FEY + 4 

And the Difference of the cl 
laſt gives yay a= 


 Whence 
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Whence 2cl*==4 x #—29%+a ; and by the 3d 
Equation above, S =--, therefore 361 


37. — 3.6 * e 29 put 
theſe for 2cl* and 361, in the above Expreſſion of 
the Area, and then we . 


QMPS=64a+ cf. * A a. ; 


E. D. 

Bo 1. The ſame Method of De ex- 
tends to any Number of equidiſtant Ordinates ; 
ſo if A denotes the Sum of the extream Ordinates, 
B the Sum of thoſe next to them, C the Sum of 
the two next following the laſt, and ſo on; 
then we ſhall have the following Tables of Areas, 
for the ſeveral Numbers of Ordinates prefixt a- 
gainſt them, vig. for 9 


1 g 
Ax 


X 

N 

7 F 32B-+I2C x = 

19A +7 55 50 * = 

IAF 16 B＋27 C272 D x _ 


751 AF3577 B+1323 C-2989D x 


This Method was invented by Sir Iſaac New- 
ton, and publiſhed by Mr. Jones in 1711; and, 
ſince proſecuted by Mr. Coats, Mr. De Moivre, and 
by Mr. Stirling, in a whole Treatiſe entirely built 


thereon, 
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thereon, where ſuch as defire a further Inſight in- 


to this matter, may find it ſufficiently explain'd, 


and applied to ſome of -the moſt intricate Parts 
of Mathematicks. | 

But as I am going from thence to offer a new 
Method of Gauging, by which all Gueſſing will 
be laid aſide, I judg'd it not amiſs to ſhew its 
Uſe in ſome Inſtances of a different Nature. 

And Firſt, Tis known the Hyperbolic Loga- 
rithm of any Number denoted by 1-+x, is as the 
Area of a Curve whoſe Abſciſſa is x and Ordinate 


"IM therefore to find this Area, or the Log, 


of IA, let x be ſuppoſed equal to 1, and di- 
vided into fix equal Parts, then we ſhall: have 
the ſeven following equidiſtant Ordinates 2 , 
— 3-0 _ 3 8 
1, 1+ » 144 » 1454» i, 18 that is, 7, 


5 $» 18 TT» Fr, and therefore according to 


the Rule, againſt the Ordinates in the Table of 
Areas, we have this Proceſs : 
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Muu 


TEST 


$4 +4 
[2 =. — 
8 FN 
= 2 = & 
(GS) i ey 
i 
ON 8 : 
A 
O 
— 
+> 
op — — 
8 
Q. 

dv ['S) x 
SES = > 
Q „ I 

[4-4 + 
uo | - us. UW A 
8 A O 8 
3 
> 8 8 
8 > 

| | DS 
218 * 


And the Sum 582, 244371, divided by 840, 
/ 5 ; : 

equal to 94 (for [/=x=1 ) gives ,693 1479, which 
is the Hyperbolic Log. of 2==1+x, and would have 
required at leaſt 1000000 Terms of the com- 
mon Series x—Zx*þ+ix*—zx*, c. 
For a Second Example; Let it be required to 
ſquare the Curve, whoſe Equation is N this 
by what was ſhewn Prop. 2. Chap. 1.) is equi- 
valent to the circular Arch, whoſe Radius is 1, 
and Tangent 7; let the Arch be 45 Degr. then 


I, 


A - - 5 
__ —_—— a = wt —_— - FA 
— — — — — - — —— — —— = 5 
1 - = _ ED 6 = 

——— — - ar. — —— — — — = 2 — — — - = _— —— 

5 : 2 * > — . 8 0 : — g — 1 1 — — — K — ä = 3 TIT _ - ==. = * — 
E 257 Wi; 38 2 6h CR a 3 LS r : _— : - — —— ne <a —— . 5 > = 2 — We 2 r 
r : 4 = 2 3 „5 ww 22 * 88 78 2 == = 2 3 1 6 . — Pez. - p 3 2 «i. Ie * v 5 — — 

3 3 1 n . pr : — CO \ r —— 9 * 8 - _— - __—_ —— — at — OO. =. 0m - FS +. BIT ET IIS — 2 — : 5 _ —_— D 
_ « oy = = . K i \ 2 8 y — 2 — ou — - — 4 4 Co i - l 

e — = 92 — a 8 5 — — 5 E 4 — "II — - — 5 — - > ts — 2 2 * — n . —— Ce — — IE a, by 43 — — — Xx. LO 

= y * * = = par * Vs, + p _ — Z 2 * 2 — E — — — 3” —— ay — — . _ 2 - ——— — — hs 
, XL — a — _ : = — = 2 8 — 2 - 0 - — — 1 
— $1”. — — — — =. . e 5 _ : --- 9 = — og Ons —= — um 

= be — rad - - bigs bang ens 


* 

oy —_————— -. 
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- + — 
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;=1, which ſuppoſe divided into ſix equal Parts, 
and we have theſe ſeven equidiſtant Ordinates, 


OS, WOW 


- 


je I I 1 RE I 
1＋o, Ig, I Fe 1+25 II, ITT, 1+35 
Or, 1.275 485 18. 34 33 39 5 


And hence by the Rule againſt the Ordinates in 


the Table, this Proeeſs, 


ZI 
2 


So Co 
9 
9 
+ 


80826112231 


| *ung 


1£766*7þ = Az 


g066z4*<6$9 
91 


And this Sum divided by 840, gives „586393 
for the Length of the circular Arch of 45 Deg. 
erring but 5 in the laſt place. 
Theſe two Examples will be ſufficient to give 
the Reader a Proof of the great Uſe and Accuracy: 
of this Method in Quadratures; I ſhall 1 
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ceed to ſhew its Application in meaſuring of So- 
w_—_ : 3 
, 2. For if J Y, M in the Fropolition, 
inſtead of the Ordinates MQ, NR, PS, ſhould 
denote the Circles generated by them, when the 
whole Curve MNP turns on QS as an Axis, then 
the Expreſſion itſelf would be the Meaſure of the 


Solid, generated from that Motion, which there- 


r Te] x 
fore 1s expreſs*d by 4 425 * * "7 » Or putting 
di, di, du for the Diameters of thoſe Circles, the 


Meaſureof the Solid will be 7*F4@7* Fax >, 


And therefore when this Method is applies to 
meaſuring Solids, the Quantities A, B, C, D, Cc. 
Page 1 by, denote Spaces, but Lines when. uſed 
in meaſuring Spaces. 


Cor. 3. So if S/ denote one End of a Solid, S® 


the other End, and Sa Section thereof by a Plane 


in the Middle betwixt the two Ends, then the 
Meaſure of that Solid is nearly expreſs'd by 


SAS, where | derotes the perpendi- 
cular Diſtance betwixt the Planes S', S”. 


The ſecond Corel. is ſufficient for Meaſuring or 5 


Gauging all Solids, generated by a Curve revol- 
ving on ſome Line as an Axis; and the third 
for all others, or Ullaging a lying Caſk. 

Cor. 4. For let the Bung and Head-Diameters 
of any Caſk be denoted by 4, B, and the Length 
I, as before; alſo put m to denote a Diameter 
taken in the Middle betwixt the Bung and Head, 
then for meaſuring any Caſk whatever in cubic 
Inches, this is the 


TRHEORE M, b*ph*+4m* *--; nearly, | 


the Sum is the Meaſure ſought. How to ob- 


in favour of. this Method, I ſhall ſhew what The- 
orems are thence deducible, for meaſuring the ſe. 


thoſe Solids are given, we can by help of the E- 
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Or by the Sliding-Rule, ſet 2,764 on D to the 
Length on C, and find the Bung, Head, and 
Middle Diameters « on D, noting the three Num- 


bers oppoſite them on C; then to the Sum of 
the firſt and ſecond add four times the third, and 


rain the ſame in Gallons will be ſhewn preſently. 
To engage the Reader's Attention ſtill more 


veral Varieties of Caſks, mention'd in the firſt 
Scholium of the laſt Chapter. For as the Forms of 


quation, defining the Curve by whoſe Revolution 
they may be ſuppoſed generated, find m the 
Middle Diameter, which in Practice, when we do 
not know the Form, muſt be found by actual 
Menſuration. 

Cor. 5. For if the Sides of a Solid were freight, 
and the two Ends two Ellipſes, parallel and fimi- 
larly poſited, or ſo that te longeſt Axis of the 
one was parallel to the ſhorteſt of the other, and 
B, W denoted them of the greateſt End, alſo 5, w 
thoſe of the leaſt reſpettively ; z then, if this Solid 
was cut through its Middle by a Plane, paral- 
lel to its Ends, the Section which is parallel to 


B, 2, will be denoted by 2, and that parallel 


2 3 = the Area of the 


to W, w, by 
greater End is Bx W x a, the leſſer bxwwxa, and 
of the Section in the Middle 2 ee der . X a, 


(as is evident from Cor. 1. Prop. 8. Chap. 3.) If 
thee are put for S', S", and &, in Cor. 3. forego” | 


ing, we . 3 - 
for 


> & 


wc” 


— . 0 ow 


al 


r 
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for the Ay of this Solid, or W 52571541 


9 B 7. hich is a general Theorem for 


meaſuring all freight ſided Tuns, whoſe Ends are 
circular, elliptical or rettangular, and fituate as a- 
bove. For let the two Ends be Circles, then 
WB and w=b ; whence for meaſuring the Fru- 


ſtum of a right Line we have 2B*+24* 2B x 


al 
* or R TNT > „ as was ſhewn Cor. 3. 


Prop. 2. Cbap. 4. 


If the two Ends are "HM. then a in the laſt 
Theorem muft on made equal to Unity, whence 


B -* FB x + T,. is the Meaſure of a Tun in 


the e Kare of the Fruftum of a ſquare Pyramid. 
But if the Ends _ Rectangles, then 


Wx W « 2B-+b + wx FB is the Meaſure of all 


ſtreight- lined Tuns, whoſe Breadths at Top and 
Bottom are 6b, B, or B, 5, and Widths corre- 
ſponding w, W, or W, . 

We might from the ſam: Principle Jays the 
Meaſures of Tuns, having their Ends of any o- 


ther Figures, but they never occurring in Prac- 


tice, I decline ſuch uſeleſs Purſuits, and proceed 


Cer. 6. If MMPP be the Fruſtum of a parabolic 
Conoid, the Diameter of whoſe greater End is &, 
leſſer b, and Length I, as before; alſo put .p 
the Parameter of the generating Parabola; then 


to 


(by MG Prop. 2. Chap. 2) pxl== x 
and p xS= I *, whence m = | 


1 S : 3 Y * 1 * ae 
5 1 > * . 1 Rr 
N * "7 
: 9 Z 


-#be Square of the middle Diameter; therefore, by Ci 


« . 5 2 2 2 al —_— 
4 foregoing, ? + 4* An x Y Y RN 


as found before, Page 123. i P9e 6 22 
Cor. y. If MMPP repreſent the Fruſtum of a Sphe. 
roid, whoſe anne Axis is /, the reſt as above, 
then (from Cor. 2. Prop. 1. Chap. 2.) t* : b*;. 
141“: b*; and r: 5: : —1 : , whence 


| 1 | | | 
* E, the Square of the Middle-Diame- 


ter, therefore now 6*-+b*+ 4m* x = ä PF 
X * „as was ſhewn Page 126, 1 
| Theſe three Caſes agree exactly with the Solu- 
tions given from other Principles, but in thoſe 
that follow, eſpecially the two laſt, which do 
not admit of a perfect Cubation ; the Solutions 
found from this Method, will deviate a ſmall 
matter from the Truth, but never ſo much as t 
be of the leaſt Conſequence in Gauging. 
Cor. 8. Let MMPP be the Fruſtum of a paralu- 
lic Spindle, the Letters 5, b, I, m, denoting the 
ſame Lines as before; then from what was ſaid 


by 
ok 
13% 
+ 
Y 
Ls 
. 
oy 
* 
'F. 
- 8 
N 
= 
. 
& 
1 
* 
id 
N 
yl 
* ** 
3 
3 
44 
1 
"3 
P ; * 
3 
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Prop. 5. Chap. 4. b=b — = and. therefore m= 


2 bh i urls 
3— = = =, tbe Middle Diameter. Put this 


for m (Cor. 4.) and we have 26*+b*—4 x E 
- too much by = x =, 
mount to Ysth of a Gallon in Gauging any Caſk to 
be met with in Practice. But if we ſhould” ſup- 
poſe another Fruſtum exactly equal to' this in e 
very reſpect join'd to it; then we have the Va- 
ue of five Equidiſtant Diameters of this _ 
: tt the 


which can never a 


"SIT. 
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the Extreme ones being b, B, the next to theſe 
mn, m; and the middle one 4; whence by the Rule 
againſt five Ordinates in the Table, we have 


2 +12C *, which is equivalent to 


4 


146*4+42 x 35A ＋3 x =; for Aa 
TN 


ab Hab', Bam EA 4 * 5 „and C 
abe: which put for A, B, C, gives the Expreſ- 
ſion above; and that contracted, is equal to 
— | - 2 1 8 : 
2b* +h*—3 x — , the Meaſure of A para- 
bolic Spindle, the Diameter of whoſe Ends are 5. 
that in the Middle betwixt them 4, and Length 1; 
exactly the ſame as was ſhewn Prop. 3. Cbap. 4. 
Cor. 9. Laſtly, let MM P repreſent the Fru- 
ſtum of a Circular, or Equilateral Hyperbolic 
Spindle, and i the Diameter of the generating 
Curve, then from what was ſaid Prop. 6. Chap, 


4. we have. for the 8 41 


* * - - N Y x om ff 
+ * K b+b—b\ 5 * - is 
But ſince in the Theorems (Scholium 2. Ch. 4.) for 
meaſuring thefe Solids, there is S a Segment of 
the generating Curve, therefore we can no other- 
wiſe ſhew the Coincidence of the Meaſure deduced 
from this Method, with the true Solution there 
given, but by a particular Example; for which 
| purpoſe let b==32, h==24, and /=40, the ſame 
as in the above Scholium, then for the 


22 


O 2 _ 


= £ p 
* . * - 


Fe 855 
* * 5 
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+ Circle q | TI i 
| 999 m = 
. 96 29.9339, 

And therefore (by the Theorem Corollary 4) = 


| 7 


FFP Fam * => '- gives for the 


N C. Tiches. A. Gall. 
Circle e 996 | 

Eq. Hyp. 27150, 34 96,28 
The firſt differs but 5+ = th Parts of a 
Gallon from the Truth; and the Second but 


2 - 2 
. . oe ner ne, a, 
5 mY — - . * 

- 


= — of a Gallon, 
oo 165 


From what has been ſaid, it plainly appears by 
this Method, you are certain either to have the 
true Content, or within the 2oth Part of a Gal. 
lon ; whereas I may venture to affirm, by the 
common. way of gueſling at the Form of a Caſk, 
and thence finding its Content (by reducing it 
to a Cylinder from the ordinary Multipliers) you 
can never be ſure within two or three Gallons, 
or perhaps more; and this Method being alfo 
very ready in Practice, I would fain hope ſome 
time or other to ſee it generally follow'd by the 
Officers of Exciſe. - 

Having now laid down all the neceſſary The- 


orems for Gauging, I ſhall proceed to ſhew their 
Application to Practice. 


wh —— 


PART 


PART III. 
The Practice of Gauging. 


FF what has been faid in the 83 Pages 
was thoroughly conſidered, there would be no 


neceſſity of adding any OY 1 for 
fince | 


„ | 2842 © 1 
A J Gallox of Vine comin 231 Cub. Inch. 
Buſbel of Malt 2150, 42 | 


*Tis manifeſt if the Meaſure of any Solid in Cu- 
bic Inches, found by the foregoing Rules, be 
divided by any of the Numbers above, the Quo- 
tient will reſpectively ſhew, how many Gallons of 
Ale, Wine, or Buſhels of Malt, a Veſſel in chat 
Form will contain. 

But as this Tract may fall into the Hands of 
ſome, whoſe Employment requires they ſhould 
be acquainted with the Practice of Gauging; and 
yet have not Time, or perhaps Patience to 1n- 
form themſelves with the Theory, and ſo might 
have ſome Difficulty to fix on the proper Rules 
or Theorems for their purpoſe, as they are inter: 
mix'd with the inventive Part, and alſo the The- 
orems themſelves, require ſome A elucida- 
tion to render them more eaſy Learners; 
I hive for their ſakes added this Third Part, 
which contains the Practice, or all the Rules for. 
Gauging, neceſſary to be Known by Nay Off- 
cor in the fe. 55 


* 
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of das- 


THIS Chapter is divided into three Sections 
1 containing three different Methods for Sag 
ging a full Caſk. The firff and ſecond are on 
Suppoſition that the Form of the Caſk is known, 
and alſo that it is generated by a Circle, or one 
of the Conic Sections turning round its Axis, or 
an Ordinate thereof. But the bird Method 48 by 
taking a fourth Dimenſion without any regard to 
the Form, which is required. in the other two. | 
The Number of Forms inte which Caſks are 
commonly diſtinguiſh*d in Practice, are only three, 
viz.two Fruſtums of a Spheroid, two Fruſtums of a 
Parabolic Spindle, and two Fruſtums of a Cone; but 
as there undoubtedly may be others betwixt theſe, 
and alſo. becauſe we have given Rules for Mea- 
ſuring ſome of the intermediate ones, we diſtin» 
guiſh them in ſix Forms; the Order and Names 


of which are as follows; Ina.” 2 
wo ep © 34: 01, $-Cirentdr  Opindit.” 
a „5 4 0 Q —— + p ©" £1 . F 
> SE 3 \ Two equal Parabolic Spindle. 
Variety tbe F 4 Fruftums | Equlat. Hyp. Spin. 
5 en e Parabolic Conoid. 


Some have laid down Rules to diſcover theſe 
Forms one from another by Inſpection, but as 1 
conceive that impoſlible, inſtead thereof we re- 
fer the Reader to the Figures 58, 59, 60, 61, 62, 
63, which are exactly drawn for the ſeveral Va- 
rieties above, when the Bung-Diameter 1 
BT | ea 
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Head 26, and Length 40 Inches; by which he 
will acquire a better Idea of the ſeveral Varieties 
bal Deſcription whatever. | 


s E CHI GN Nn 


| | PRO * 1. ä 1 
The Length, Head, and Bung-Diameters of a Cast 
in the Shape of two equal Fruſtums of a Spheroid 
| being given, to find its Meaſure in Ale or Wine- 
: Gallons, , 


Solution. To twice the Square of the Bung- 
Diameter, add the Square of that of the Head, 


— * * 


then if that Product is multiplied — © 
b ,0009284 J or divided 107%, 15) (Ale, 
n 382, 35 Wine, 


the Product, or Quotient, will be the Meaſure re- 
ere. | 


6 hs Or by the Sliding-Rule. 
£22.82). (A 85 8 
Set} 2% 0 Wine | on D, to the Caſf's 


| Length on C, and on D find both the Bung and 
Head- Diameters, noting the two Numbers oppoſite 


them on C; then if the ſecond is added to twice. 
the firſt, the Sum will be the Meaſure required. 
Example. Let ABCD (Fig. 58.) repreſent a. 
Caſk in the Shape of two equal Fruſtums of a 
Spheroid, whoſe Bung-Diameter EF is 32 Inches, 

Head BD AC 26 Inches, Length GH 40 Inches, 
and its Meaſure requir d in Ale and Wine Gallons, . 


O4 1 


2% Tr THE OR V a ch. . 

Twice the Square of (32) hog? Ely 
Bung- . 59 

The Square of (26) the 2 4 


Their Sum _ - 1 


Multiplied by (40) the Leng - 40 
—_— OM | 108960 
This multiplied 55 ,00092 64 inverted 482900, 0 
wht vw e AN IR. 
; "218 
| * 44 


Gives the Content in Ale Gallons, - 101, 13. 
„„ BIKERS > 1-53 £3 ns ; heb 


2 


ee. des ene de 106966 
Multiplied *. I too, o 


10896 

1090 

N vie whnd | 5% 

* 8 * 5 4 VV. . 7 32 


Gives the Content in Wi ne Gallons 2-110 oY 23:49 


' Or, By the Sliding-Rule, I ſet 32,82 on D., to 
40 on C, then againſt 32 and 26 on D, is 38,03 
25 25, 1 on C therefore by the. Rule, twice the 
fit 38,03) 1x. 26,06, added to 255 the, . 
cba gives 8 65 le Calle bg 2 33 — 
. t 2957 on beg let. to, on, C, 2 
gain 32 79 36, on D, is 46, 45 and e C; 
therefore twice (46,4) the firſt, vi. 92, 8, added to 
30,79 gives 123, 5 Wine Gallons, both nearly the 
. as before. 5 | 

EN 0 = Prov. 
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7 he 8 Bung, and 1 of 4 Cast 
in the Shape of two equal Fruſtums of a Circular 
Spindle i men to Jus 116 dee: in r | 


lons. 


Solution. To twice the Square of the Dung Bie 
meter, add the Square of the Head- Diameter, and 
jet the Sum be called the firſt Number ; then te the 
Square of the Length, add the Square of the 
Head-Diameter, and from the Sum take the Squan 
of the Bung-Diameter, the Remainder multiplie 
by fourteen times the Square of the Difference of 
> the Diameters is a Dividend: And thirty-five times 
| the Square of the Length, added to five rimes 
the Square of the Difference ꝓf the Diametors, ig. 
the Diviſor : the Quotient of this Diviſion is he | 
Second Number: Then if the Difference of the 
firſt and ſecond Numbers be multiplied by the 
Length of the Caſk, and that Product © 


„0009284 {or divi-\ 1077,15 Ale, 
0 Jer gd by 5 115 Wine, wp 
the Product, or rr will be the Meaſure 
rogue © 2 at ov 
Or, B/ the Sliding-Rale, | 17 
+ 32,92 Ale 2 
r ber deen v. . g 
Length on C, and find both the on out Head. 
Diamerers, as alſo their Difference on D, noting 
the three Numbers oppoſite them on C; then if | 
tothe ſecond twice the firſt be added, and "7 ths of by 
the third taken from the Sum, the Remainder 
will be nearty the Meaſure ſought. 
HON Let the Dimenſions Fa Caſk ABCD' - 
(Zig. 59 ) repreſenting two equal Fruſtums of a 
lar 8p 


indle, be the ſame as in | the preceding 
Propoſition. 


145 
Vil 


14 be 
2 


Or ERA - 
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By the laſt, the Int Number is 2724 


The Square of (40) the Length 1 is 1600 
The Square of 209? the * is 676 


— —— 


Their Sum 48 „ - 
From which take the Square of ( 32) 1024 


There remains. £ _ | - vag0-< 
n e by (4 oy * 8 1 


—— nmon——ononnn——nm, 
* — 


: 6260 
The Produft is the Dividend - 631008 


— 


And 33 times the Square of 40 = 56000 
To which 5 times 6 X 6 Bong Ke = 180 


Hikes A — nt 


The Sum is the Diviſer = - 56180 N 


F 


—_— 


Then 56180)641008(= e 11,232 


Which taken from the 1ſt No. leaves. 2712,768 


T his multiplied hy the Length -: A 0 
Gives + | 2372 108510, 720 
75 multi, by ,0009284 invert. 4829000, o 
55 957660 

% 55 2170 

N 38658 

Gives the Content in Le Callnn 100, 741 


- 
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Or, YL 2x .- 5... - » JO0M0. 
Multiplied by ,0011333 inverted 9$33331100,0 


—- 


Mee % 


9 6 R . 


Gives the Tontent in Vine Gallons 12 122,979 ; 


By the Sliding-Rule, 1 ſet 32, 92 on D to 40 on C, 
then againſt 32, 26 and 6 on D, is 38,03, 25,1. 
and 1,34 on C; therefore 76,06 (=38,03 * 2) 
＋ 25,1—,4 (=, 34x, 3) gives 100,76 Ae 
C © | n 
And if 29, on D was ſet to 40 on C, then 
againſt 32, 26 and 6 on D, is 46, 42, 30,54 and 
1, 63 on C; therefore 92,84 (=46,42 * 2) ＋30, 64 
, 49 (= 1, 63 K 3) gives 122,99 Wine Gallons; 
both nearly the ſame as were found before by 
Computation. a 


— 2 

The Length, Bung, and Head-Diameters of a Cast 

(Fig. 61.) repreſenting two equal Fruſtums of 4 

Parabolic Spindle being given, to find its Mea- 
fare in Gallons. 


| Solution. To twice the Square of the Bung-Dia- 
meter, add the Square of the Head Diameter, 
and from the Sum ſubſtract 3ths of the Square of 
the Difference of the Diameters; then if the Re- 
mainder be multiplied by the Caſk's Length, and 
that Product | I 


a for 
E 


> 
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Ale \, d, o009284 (.: 1077, 15 
f Moe $69 10072343 he divid. by 882435 
The Product, or "IO. will be the Meaſure 
ſought. 


Zy the Sliding-Rule, bet 20, 325 7 for Ale ken 


D, to the Length on C, > "ind both the Bung 
and Head-Diameters, as alſo their Difference on 
D, noting the three Numbers oppoſite them on C; 
then if the ſecond is added to twice the firſt, and : 
2ths of the third taken from the Sum, the Re- 
mainder will he the Meaſure of the Caſk pro- 
ofed. _ 
" For an Example to this Propoſition, let the 


Dimenſions of the Caſk be the ſame as thoſe 
before. 


| Then twice t the Square of the Bun 


added to that of the Head-Diam. X * . 2724 
zchs of (6x6) the Sq. of their Differ. is 14,4 


Which taken from the firſt, leaves 270946 
This multiplied by the Lengrh, 40 


_ Gives - 108 3 84,0 


PE 


— 


And this mult, by 100092 $4 invert. 4829000,0 


97546 
2168 


867 
| . * 2 13 
Gives the Content in Me Gallons - v0. 
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5 ES 108384, oo 
Multiplied by ,0011333 inverted 3333 1 100, 


Gives the Content in Vine Gallons - 122,835 


But, when 32,82 on D, is ſet to 40 on C, then 
againſt 32, 26 and 6 on D, is 38,03; 25,1 and 
1,34 on C: therefore 38, o3 x 2451, 1—1, 34 x, 4 
==100,62 Ale Gallons. | = 9 
And when 29,7 on D, is ſet to 40 on C, then 
on C againſt 32,26, and 6 on Dis 46,42 30, 64. 
and 1463 ; hence 46, 42 x 2-30, 64 — ,4x 1,63 
122,83 Vine Gallons. . | 


Px © »- IV: 


The Length, Bung and Head-Diameters of a Cask, 
(Fig. 62.) repreſenting tus equal Fruſtums of an 
equilateral Hyperbolic Spindle being given, to 
find its. Meaſure in Gallons. 


Solution. Let twice the Square of the Bung-Di- 
ameter, added to that of the Head, be call'd the 
firſt Number; and to the Square of the Length 
add the Difference of the Squares of the Bung 
and Head-Diameters, let the Product of this by 
fourteen times the Square of the Difference of the 
Diameters, be a Dividend; alſo from 35 times the 
Square of the Length, take five times the Square 
of the Difference of the Diameters, the Remain- 
der is the Diviſor; the Quotient of this Diviſion 
E | 18 


x 


{ 
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is the ſecond Number. And the Difference betwixt 
the firſt and ſecond Numbers, multi * by che 
Length of the Caſk, and that Produ | 


| Ale „0009284 \ or divi-\ 1077,15( 
rd We en JJ e 171 882,35 
the Product, or Quotient, will be the Meaſure 
ſought, 
Ale 82? 
Ay the Sliding-Rule z for Wine Fe t3 = 
on D, to the Length on C, and find the Bung and 
Head-Diameters, as alſo their Difference on D, 
noting the three Numbers oppolite them on C: 
Then if from the Sum of twice the firſt and ſe- 
cond - the third be taken, the Remainder is the 
Meaſure requir'd. 
Example. Let the Dinenficns of a Caſk repre- 


fenting two equal Fruſtums of an equilateral hy- 
ic Spindle be the ſame as before, and its 


Meaſure required in Ale, and Wine Gallons, - 
OPERATION. 
The firſt Number | iS „ 2724 


The Square of (40) the Lak = _ 1600- 
n of (32) che — = 1024 


Their Sum * — 2624 
From which take the Square of 26 = 676 
There Remains - - 1948. 

This — by des K 504 
7792 
| 5 3. 040 
. Gives tbe Dividend = «© 981792 


PRACTICE of GAUGING: aer 
From 35 times the Square of 40 = 
Take 5 times the Square of 6 = 


The Remainder is the Diviſor = 


14 180 403 
55820 


—— —ę—— 


Therefore the 2d Numb. is 2 75 17,59 


—— n 
„ 


Which taken from the 1ſt No. gives 2706 


This —— by the * 


Gives - 
And this _ oog 64 inverted 


Gives the Content in Ale Gallons 
Or, 


Multiplied by ,0011333 inverted 


Gives the Content in Vine Gallms 


40 


108256,40 
0 Nane 


97431 
2168 
866 

43 


100, 505 
1082 66,4 
3 


122,690 


But, by the Sliding-Rule, when 32,82 on D, is 
ſet to 40 on C; then againſt. 32,26 and 6 on D. 
is 38,03, 25,1 and 1, 34 on C; therefore 2 x 38,03 
＋25, 1—f X 1, 34 100, 49 Ale Gallons. 


1 i540; 


9 A 
- . y . * * e * * 9 N * 
, 
6-4 { 7 : 4 & f 
. 
— 7 


3s 4 „ % 0 - — — \ * ws, Kg we 5 . 1 
* * ** 1 5 £ 4 9138 ; 
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Or, 29,7 onD, ſetro 40 onC, ee 22; 36 

and 6 bn D Is 46,42 30, 7 and 1 63 on C, there. 

fore 2 x 46, 42-30, x 1,03=122,7 Wine Gal. 

lons, both nearly the ſame as before. 

„r 

The Length, Bung, and Head Diaumiers of a Cack, 
(Fig. 63.) in the Shape of two equal Fruſtums of 
a 3 Conoid being due to find its Mea- 
fure in Gallons. 


Solution. To the Square of the Bung-Diameter, 
add that of. the Head, multiply the Sum by the 
Length of the Caſk, and this Product 


Ale ,0013925 Cor divi- 5718, 1 e 
ford e ey Jef a by 7235 : 
the Product, or Quotient, will be the Meaſure 
required. 


Hy the Sliding-Rule : 1 Ale Vc ah 7 


on D to the Caſk's Length on C, and find the 
Bung and Head' Diameters on D, noting the two 
Numbers oppoſite them on C, whoſe Sum will 
be the Meaſure ſought. 

| ery in our Example, The Square 


Bun 102 
Welke © og 
Thi Sum 1700 
* by (40) the Length 40 
Gives - 8 68000 


And this maler byck .001 898 * 950013925 


e I 11400000 | 


WET — 


Gives the Content in Ale Gallons 94,6900000 
1 
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1 * n . 
6 i 4 r ff.. 68000 A j 
2 8 — — 
476000 : 
Gives the Content in Vine Gallons 115,6000- 


By the Sliding-Rule, when 26,8 on D, is ſet to 
40 on C, then againſt 32 and 26 on D, is 57,1 
and 37,6 : whoſe Sum is 94,7 Ale Gallons. 

But 24,25 on D, ſet to 40 on C, then againſt 
32 and 26 on D, is 69,63 and 45,97 : whoſe. 


* 


Sum is 115,6 Vine Gallons, as before. 


77 5 „ 

The Length, Bung, and Head-Diameters of a Cask 
(Fig. 64.) repreſenting two equal Fruſtums of 
an upright Cone, being given, to find the Mea- 

2 ſure in Gallous. . ; 18 Ton | 
Solution. Multiply the Sim of the Bung and 
Head-Diameters by the latter, and to the Product 
add the Square of the former; that Sum multi- 
plied by the Length of the Caſk, and this 
Ale 7 ,0009284 Tor divided \ 107%, 18 
ford ne $957 —_— 7 BY. -: q 882,35 
the Product, or Quotient, will reſpectively be the 
Meaſute in Ale or Wine Gallons, as required.” 

. an dread mts, 6. HAIR HORIAE 
| By thz Sliding-Rule ; for Wise erf = 6+} 
on D to the Caſk's Length on C; and on P find 
both the Sum, and Difterente of the Diameters, 
rioting the two Numbers oppoſite them on C; then 
if the ſecond is added to three times the firſt, four 
times the Sum ts the Meaſure ſought. 


P.' .... Mn 


** 
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Example. Let the Dimenſions of this Cally be 
the ſame with the foregoing, 


OPERATION. 


'The Bung 


- 2 
The Hea $5 Diameter! is is £2 5 
Their "Wm | RB” « 58 
1 | 348 
50 2:54. 300 
Gives = = 1508 
To which add the Square of 32 = 1024 
The Sum is - 2532 
This multiplied by the Lan * ISS 
Gives — 10180 
And this by 0002 84 inverted, 4829000, o 
91762 
2026 
810 
my 


The Prod. is the Content in Ae C. 94,029 


36 — — 


| 2 Kt ; 
Makciplied by 00¹ I 333 inverted 33 331 100, 


101280 

10128 

1 3038 
9 88 30 
 Giyes the Content in Wine Gall. 1 14,783 
ET OT. wt 
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But, by the Sliding - Rule; when 6564 on D, is 
fer to 40 on G; then againit 58 (the Sum of the 
Diameters) and 6 (their Difference) on D, is 31,23 
and „34 on C reſpectively ; therefore if to three 
times the firſt, viz. 93;69, the ſecond; 34 be ad- 
ded, we have 94303 for the Meaſure in Ale Gal- 
lons. 
Or, 29.4 on D ſet to 40 on C, then e 58 
and 6 on D is 38, 12, and , 41 on C; therefore, 
41 added to three times the firſt; viz. 114, 36, 
gives 114,77 Wine Gallons; nearly the fame as 
found by Computation. 


We might have ſet 125 5% 10 lap, 


to the Caſk's Length on 87 z then if the Sum of 
the Diameters; and their Difference were found 
on D, three fourths of the firſt, added to one 
fourth of the ſecond, would have been the Mea 
ſure of the Caſk propoſed. 


> 


Se not u. 


Thus we have done with the firſt thing pro- 
poſed in this Chapter, wherein, beſides the The- 
orenis for computing the Meaſures of the ow! 
Varieties of Caſks mentioned at the beginning, 
have given the Method of Gauging, each Joh 
Setting of the Lines C,D. on the Sliding. Rule, four 
of W e are ſtrictly true, and the others (viæ. thoſe 
for the ircular and Hyperbalic Spindle) fo nears 
that they - will never differ from the Truth, by 
| the 5th of a Gallon, in gauging any - Caſk ever 
to ie. met with 1 in Practice. And ſince the Ope- 

ration is ſo very eaſy, I am furprized this Me- 

thod was never raiſed ; . becauſe I am very. cer- 

tain, any; of the abovementioned Caſks may be 

gauged with half the trouble required in the com- 

mon Method of — them to 
0 


— — 
—_ ——ͤd 
— A— 


8 * 1 — " —— _ 2 N — — - k 2 - 
2 1 OY * — 0 - # — a - We 2 8 8 "7,00 a vs, — __ * = 
- 1 | : . . < = » — 
I u Z>EnNStt A4 N » un a 
A r=» Mes REEL * r — wy — n n . — 2 r 
* Ro * 4 — * 3 _ 3 —ä—᷑—äm̈êä — = rl 4 — - _ — 8 5 * — * — oo 
. 
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with this Advantage, that here you are ever ſure 


the true Content, if the Caſk has the aſſigned 


Form; whereas by any Rules, hitherto publiſh'd 
for finding the Mean Diameters, it is doubtful. 
And to render this Method ſtill more eaſy for 
Practice, I would adviſe every Officer that in- 
tends to make uſe of it, to have the Points an- 
ſwering the Numbers 32,28 and 29,7 on D, 
mark*d with a Braſs Pin, and A, W plac'd againſt 
them reſpectively, to denote Ale and Wine; which 
Points, in this way of Gauging, might be call'q 
Gauge Points, as 18,94 and 17,14 are in the com- 


mon Method. 


However, that this Treatiſe may not appear 
deficient, we ſhall now proceed to the ſecond 


thing propoſed, viz. 


SECTION II. 


The Manner of Gauging a full Cast by the Meas 
| Diameter, 


Pas”. 1, 


' The Bung and Head-Diameters of a Cask, reſembling 


the Fruſtum of a Spheroid, being given, to find 
- the Mean Diameter. = 

Solution. To the Head-Diameter add two thirds 
of the Difference of the Diameters, and to this add 


one third of the Quotient ariſing from dividing 
the Square of the Difference of the Diameters, by 


the. Sum of the Head and twice the Bung-Dia- 


meters, ſo will you nearly have the Mean re- 
quir d. , 


Example. Let the Bung be 32, and Head 26 


Inches, (as in the laſt Session) then we have this 


OPERATION. 


2 


” * 
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OrznariON. 


The Head-Diameter is 011 
3ds of 6 the Diff. of the Diam. = -— 
5 of 559 57 = Jo = ꝗ—Ü8EVAV—V8 *  _ 
Their Sum is the Mean, wiz. 4 8 30,1333 


Proe, II. 
The Bung and Head-Diameters of a Cask, reſembling 


. the Feufum of a Circular Spindle, being given, 
to find the Mean Diameter. 


Solution. To the Head-Diameter add two thirds 
of the Difference of the Diameters, and to this 
eleven ſixtieths (33) of the Square of the Diffe- 
rence of the Diameters, divided by the Head and 


twice the Bung- Diameter, the Sum will be the 
mean ſought, nearly. 
Thus in this Example; 


The Head-Dlameter i iS - - 26 
+ 2 of 6 Fo „ = 4 
258 of 35 28 = e — . 280 „„ os 
Their Sum i is the . VIZ, 30,07 3 3 
PRO P. III. 


The Bung and Head. Diameters of a Cat, reſembling 
the Fruſtum of a Parabolic — given, to find 
the Mean Diameter. 55 Fo 


Solution, To the Head-Diameter add two thirds. 
of the Difference of the Diameters, and to this four 
thirtieths (e = 4) of the Quotient ariſing from 
dividing the Square of the Difference of the Dia- 
meters by the Head and twice the Bung- Diameter, 


1 the 
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the Sum of theſe three Terms i i8 che Mean ſought 
nearly. 


The Head-Diameter i is 5 WE OTE 


3of6= „ LENA 26590 cls -.n tho. 

ToX N = h = 4 = - ".-.: 00533 

Their Sum is the Mean, viz. , 30,0333 
Prop. IV. 


The Bung and Heed-Diameters of a Caſe, repre- 
ſenting the Fruſtum of an Equ Equilateral Jyperbo- 
lic Spindle, given, to find the Mean Diameter. | 


Solution. To the Head-Diameter add two th irds 
of the Difference of the Diameters, and to this 
add one. twelfth 15 of the e wth 1H 56 


"ly 3 


The . 6 24 EF 5 7 
I \ 65 3 . ; EE 1. ! 
xx of 35 = = 5 0,0333 
The Sum is the Mean, vi. 230, 0333 
— 2 | 122 1 5 5 
PhOPF. v. 


The Bung and Head-Diameters of a Caſk, in the Shape 
ef the Fruſtum of a Parabolic C hoid, _&iven, ta 
find the Mean Diameter. 


Solution. To the Head-Diameter add half the 
Difference of the Diameters, and to this one fourth 
of the Square of the ſaid Difference, 'divided by 
the Sum of the nn the Sum is the Mean 
ſought, nearly. ; 


. The 


* w * 


OF 


0 
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29) 45 (61552 The Head-Diarn, i 6 95 


mee - 4 of Fr | n 74 ** = o, 1532 
1 e nin — 
Wh het, The Sum inthe Mean, VIZ. Is 552 


PROF. 


VI., 


The Als 12 Hend-Diamaters of 4 Caſh, a , 
the Fruſtum of an U pright Cone, 7 10 find 


"the Mean Diameter. 


Solution. To the Rab 44d haf the 
Difference of the Diameters, and to this one 
twelfth (Ar) of the ey poet found by dividin 


the Square of the. ſai 


ifference, by the Sum of 


the Di” the Sum is nearly the Mean requir'd, 


58) 300(,0517 The Head. Diam. is 26 
N = * 6 = * 1 
2 | 
— xX * =aT 051 7 
e 


Their Sumi is the Mean viz, 29,0 317 


Harkie n how to find a Mean Diameter for 
any of the ſix Varieties, (Page 198.) that is to 
find the Diameter of a Cylinder of equal Length 


and Magnitude to a Caſk propos 


*d, which is de- 


duc'd from the Theorems. (Page 165.) we muſt now 
ſhew what Uſe is to be made of it when obtain'd z 
and as I ſuppoſe the chief Deſign of reducing; 

Caſks to Cylinders, was from a Suppoſition — 
their Contents might thence be more eaſily com- 
puted by the Sliding-Rule, than when conſider'd 
in their original Forms, (tho' we have ſhewn it is 
otherwiſe) ſo here we ſhall only give the Method 
of finding the Content after that manner, the nu- 
meral Operation being eaſy from what was ſaid 


Prop. 1. Chap. IV. Part. 2. 


24 


Prop. 
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„ Ps y. VII. ce: 
The * Bung. int Bea Bnet of a cal, 
repre ſentiug any of the fix Karieties, (Page 198.) 
þ 6 ug to find its Meaſure in Gallons 2 the. Sli- 
ding-Rule. 


Solution. Firſt find the mean Diameter by one 
of the 8 Propelitions, proper to the Caſk. 
MO oa 8 | 
Then . Ak Pf? : 52. bon D, to the Caſle's 


Length on C, and on C, l the mean Di- 
ameter on D, will be the Meaſure in Gallons of 
the Caſks propoſed. 3 | 

Example. Let the Dimenſions of thi ſeveral Va- | 
rieties of Caſks be the ſame with thoſe in the pre- 
ceding Propoſitions, we have ſhewn the Mean 
Diameters for them to be as hereunder, viz. 


Spheroid Js 30, 1333 
Cir. Spin. 11 30,0733 
For the Fru- | Par. Spin. the Mean 30,0533 
ſtum of a ] Equil. H. S. | Diam. is > 39,0333 


Par. Con, 29,1552 
- Comp ” 
Therefore by the Rule above, 
[ 2 30, 1333 


I ſer 18,94 ˙8 80 30-0733 

on P, to40 1 = 300533 Pon D is 
on 0 1 = 300333 | | 

| * 29,1552 | | 

| i 1/4 RT 5 - 4 bs 
Which are the We in Ale Gallons of the a- 

bove Caſks, and nearly the lame 4 as was found be- 

fore in the laſt Section. 


Scho- 


* 
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The above Rules for finding the Mean Diame- 
ters are not only very near the Truth, but alſo very 
eaſy in Practice; however, they require a ſmall 
Multiplication and Diviſion, which is more than 
many care to be at the trouble of, rather chuſing 


to follow Methods leſs exact, that can be remem- 
bred, and ſo the Mean Diameter found as it were 


mentally: And therefore we muſt in this place ſet 


down ſome fixt Multipliers, which will ſerve 


pretty well, if (as commonly happens) the * — of 
e 


Diameter he about four or five times the Di 
rence betwixt it and the Head. 


They are thus 
going, VIS, 
S 


144 Circular Spindle | ,68 
For two Fru- | Parab. Spindle 07% 
ſtums of a #7 Equil. Hyp. Spindle | ,67 
\ 2 Parab. Conoid „22 
Cone *-} 


By which if the Difference betwixt the Bung and 


Head-Diameters of a Caſk reſembling any of the 
above Solids be multiplied, and the Product ad- 
ded to the Head-Diameter, the Sum will nearly 
give the Mean thereof. | Ars 

The Methods deliver'd in this and the laſt Sec- 


tion would be ſufficient for Caſk-Gauging, as be- 


ing each of them very exact, and (which indeed 
is chiefly to be conſider'd) ready in Practice, if 
there was not an Objection to both, which is too 
material to paſs over in ſilence: It is this; In each 
of them the Shaßę or Figure of the Caſk is ſup- 
poſed given, or eaſily determined by Inſpection; 
but this I conceive to be the greateſt Difficulty - 
N all, 
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for the ſeveral Varieties fore- 
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all, and is generally thought ſo by thoſe who have 
been moſt converſant therein : nay, if it was other- 
wiſe, why hive ſo many Mathematicians, even 
thoſe of the firſt Rank, taken ſo much pains to give 
us Methods for determining the Loci deſcrib'd by 


| Lines or Angles, moving according to ſome cer- 


tain Laws? If it was ſo eaſy a matter to deter- 
mine the Curve, (by whoſe Revolution on ſome 
Line as an Axis, any given Solid may be ſup- 
pos'd generated) meerly by Inſpection ? For in 
what I have juſt mention*d, you not only have an 
occular View of the Curve, but alfo the Law by 
which it is deſcrib'd; therefore we muſt have re- 
courſe to ſome other Methods, which are built on 
a more certain Foundation, of which J think the 
following one (deducd from the laſt Chapter of 
Part 2.) is better fitted than any, or indeed the 
beſt the Nature of the thing admits of, whether 
we regard its Accuracy or Readineſs in Practice; 
but as therein a fourth Dimenfion is requir'd, 
Viz. one more than in the other two, we muſt 
ſhew an eaſy Method of taking that at the ſame 
time the Length is meaſur'd ; and this is the third 
thing propoſed in this Chapter. 2 


SECTION III. 


Of Gauging a full Caſt by help ofs Fourth Dimen- 
ſion, without knowing to which Variety it belongs. 


Jo render this Affair as clear as poſſible, let 
AA DD/ (Fig. 66.) repreſent a Caſk, whoſe Head- 
Diameters are AD, AD,, and Bung EF; alſo let 
the Center of each End be at O, Q': then if a 
freight Ruler, having a Pin or ſomething of 
that kind in its Middle, which is put in the 
Bung-Hole at E, be turn'd about the ſame as a 
43 | Center, 
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cis till r let fall from either end 
would paſs by O the Center thereof, and fixed 
in that Poſition; then two ſtreight Rulers being 
apply*d to each End, ſo. as paſſing by O, Ol, the 


Center of both, they would alſo paſs by the Ruler 


1 above, Thich we will. denote by PP/ 
; tis 7 from this Poſition of the Rulers if 
x24 Parts AP, A'P!, or Ap, A'p, which. 


are ts Fee be taken from EF the Bung 


Diameter, you'll have AD, or A'D/ thoſe of the 
Head. And the Rulers remaining as before, if 


the Points M, M', or m, 1, be taken in the mid - 
dle betwixt the Points P, Pl, or B, p, and any 


common F oot-· Ruler be apply'd | ſucceſſively to 
M, M., or m, 1, in a Poſition as nearly parallel 
to DP, "DP, as poſſible, and ſlid down till it meet 
the Caſk, ſuppoſe: in N, N', you'll have the Mea- 
ſures of the Parts MN, MN, whoſe! Sum being 
taken from EF, the Bung-Diameter, will leave 
NR, or .N'R', "that in the Middle: betwixt the 
Bung and Head : And laſtly, if the Ends of 'the 
Ruler PP', which is fixt in the Bung, be moved 
in a vertical Poſition round the Pin at E (which 
is done by letting it conſtantly touch the Rulers 
DP, Dp) till. the Part A! P/ be equal to AP, then 
the Diſtance betwixt the Interſections of this Rule 
with thoſe a plied to each End, (as before di- 
rected) will be the Length of the Caſk. And I 
muſt further obſerve, both this Length and con- 
ſequently the Middle-Points. M, M would be ob- 
tain'd very readily, if the Rule Pp / was divided 
into Inches, and number*d both ways from E its 
Middle. But I ſhall not take upon me to give a 
particular Deſcription, how this Rule for meaſuri 

the Lengths of Caſks, and finding their middle Dia- 
meters, may be moſt conveniently made, that be- 
longing to the Inſtrument- Makers; but I 15 per 
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ſuaded a better Contrivance than the Calli pers 


might be found, which would render the follow- 
ing Method of Gauging vaſtly eaſy in Practice; 
and for its Truth, I will preſume to fay, *tis much 
more ſo, than any that has yet been offer'd for that 
purpoſe: for the Confirmation of which, I ſub⸗ 
mit to any one who will only take the trouble to 
gauge any Caſk by it, and after fill 1 it with Water 


carefully meaſured. 


The Giniral PROPOSITION. 


The Length, Bung, and Head-Diameters of a Cask, 
as alſo another Diameter taken in the Middle 77 : 
* them, being given, to find its Meaſure : 11 
allons, 


Solution. To the Square of the Bun g-Diameter 


: add that of the Head, and four times the Square 


of the middle Diameter ; let this Sum be multi-: 
wc by the Length of the Caſk, and that Pro- 
duct for 


Ale by „0004642 (or aivi- 2134,32 
Wine „0005667 F ded by 1764,71 


the Product, or Quotient, will be the Meaſure of 
the Caſk propoſed. 


 Bytbe Sliding-Rule; ; For gre. Ale Hf 46,4. on 


D, to the Caſk's Length on G * find doch the 
Bung, Head, and Middle Diameters on D, no- 
ting the three Numbers oppoſite them. on C ; then 
if to the Sum of the firft and ſecond, four times 
the third be added, 1 have the Meaſure re- 
en 
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One Example will be ſufficient to illuſtrate this. 


Let the Length OO“ (Fig. 66.) of the Caſk 
AA” DD be 40 Inches, 


Middle 
ſure required in n 1 


30, AN © 


Bung 1 Eau 
its 4 Head Diameter 4 26=AD Land its Mea- 


— Sq. 2 32 the Bung „„ 
26 the Head (g - 676 


grim — of} 30,4 the Mid.\ © - 3696, 64 


— ETEINS 


Their Sum Sk - 5396, 64 
Multiplied by the Length = = "65 


And this by ,0004642 inverted 


Gives the Content in Ale Gallons = 100,204 | 

Or, By the Sliding-Rule ; I ſet 46, 4 on D, to 
40 on C, then againſt 32, 26, and 30,4 on D, is 
12,8, 19 and 17, 1 on C, reſpectively; there- 
fore 12, 8-19 (4 K 17,1) 68,4 100, 2 as found 
before by Computation; and after the ſame man- 
ner by ao the Numbers proper for Wine Mea» 
; Gar the Contens. will be I: 122,3 Wine- 

ons, 
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CHAP. i. 


o ULLAGING. 


$t the P/ tions of a Caſk for the een 
of drawing off, may with reſpect to its 
Axis (which is a Line ſuppos'd drawn from the 
Center of one End to that of the other) be ei- 
ther upright or horizontal, ſo from thence there 
will naturally be two Caſes in finding the Quan- 


tity of 1 drawn out or remaining in a Caſk 


not quite full, and called 19 Ullage, which are 
very different from each other. To find the Ul- 


lage of an horixontal or lying Caſk, is a very dif- 


ficult Problem, except for two of the Varieties; 


"ez. the 5th and 6th 3 the firſt of theſe may 


be ſolved by Prop. 3. Chap. 4. Part. 2. and the 
ſecond "rc Corol. 5. Prop. 1. Chap, 5. of the 
ſame Part; alſo by the Theorem Pag. 147. you 
may nearly find x Ullage of any of the other 
Varieties ; but they are all too tedious for Practice, 


ſo we muſt have recourſe to other Methods, of 


which that now generally followed; is by he] 

the Lines mark d 8 L, 8 8, on the Sliding Wale. 
T cannot find for certain by whom theſe Lines 

were firſt introduced into Gauging, nor the Manner 


png they are laid down ; however, what T am 


Joy to offer on that Head, ſeems to be ſufficient 
Line 8, L, which is by the help of the 

Table Pag. 1 16. Edit. 9. of Everard's Steriome- 
try: For the Line of Numbers, or Slider N, 
(whoſe Conſtruction has been already ſhewn) being 
drawn out till 29.5 thereon (which is the Bung- 
Diameter of the Caſk, from whence this Experi- 
mant was made, and on which that Table is built) 
I eoineide 
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eoincide with a Point at the End of the Line SL 
mark d 100, (which was oppoſite to 100 on N 
before it was drawn out) for then againſt the ſe- 
veral dry Inches on the Line N, taken from 
his Table, muſt be the Points on the required Line 
SL, correſponding to the Number of Gallons of 
the Table that are reſpectively oppoſite the dry 
Inches, by which means thirty one Points of this 
Line will be had, and the remaining ones may 
eaſily be found by Proportion. But if this is not 
thought ſufficient, both it and the Line 88 may 
be made after this manner: Let a Caſk be fixed 
upon, whoſe Form agrees the neareſt to the moſt 
common ones in Practice, and ſuppoſe both its 
Bung- Diameter and Length divided into 100 e- 
qual Parts, and Planes drawn through each of 
them, vis. the firſt hundred all parallel to the 
Heads, by which means this Caſk will be divided 
into a thundred Parts two ways, the firſt ſerving 
for the Line SL, and the ſecond for SS : For if 
by the preceding Propoſitions the Meaſure in Gal- 
ons of each of theſe Slices (which are parallel 
to the Axis) be ſucceſſively found, and the laſt 
always added to the Sum of the preceding ones, 
you'll have a Table of Meaſures analogous to that 
of Mr. Everard's ; after which the Line 8 L may 
be made, as has been ſhewn above. In like man- 
ner, if the Meaſure in Gallons in each of the Sli- 
ces parallel to the Heads of the Caſks are ſucceſ- 
ſively found, and the laſt always added to the Sum 
of the preceding ones, a ſimilar Table will be had 
for a handing Caſk, or for making the Line SS; 
And this, I imagine, was the Method by which 
they were actually made, becauſe the Line SL, at 
this time, does not correſpond every where with 
Mr. Everard's Table, | 
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drawn out, if the dry Inches. 


— 


I thought it neceſſary Juſt to hint at the Man- 


ner by which theſe Lines may be laid down, not 


ſo much for any Direction to the Inſtrument-Ma- 


kers, for then I muſt have been more explicit, 


but that the Officer might be able to give ſome 


account (if required) of the Invention of every 
Line on a Rule he ſo frequently uſes. We ſhall 
now proceed to ſhew the manner of 3 


thereon. 


The firſt Method 4 ULLAGING. 
SECTION I: 


To find the Ullage of a ſtanding or lying Cast, 


belp of the Lines SS and SL, now on wg SM 
 ding-Rule. | 


The General PROVYOSlTI of. 


The Length, Head, and Bung-Diameters, as alf the 


wet or dry Inches either in a ſtanding or bing 
Cast being given, to find the Ullage. 


Sor TION. 


Firſt by ſome of the preceding Propoſitions pro- 
per to the Caik propoſed, find its Content; then 


for * 1 Caſk, ſet the 2 84. : on 


Lying 5 
N to 100 on the Line SI Th” mean the wet 


or = Inches on N, is the reſerved Number on 
12 8 Again ; ſet 100 on B, to the whoſe 


þ oor on A, then againſt the reſerꝰd Number 
on B 1s the Ullage on A, viz, what remains in the 
Caſk, if you uſed the wet Inches; but what is 


Example. 


* * * 
* * A "IE" "WY . 
9 * 5 G * 2 ren FR 
MARY - 
- 15 we, 9 * 
Pos 4 n 
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Examp. 1. Let che} Bung-Diam. J a ſtanding 
| ad-Diam. 5 Wert 

Caſk in the Shape of two Fruſtums of a parabolic 


40 = „ i OLDEST 
32 rache and the wet Inches 28, 
26 
to find the Ullage. W Aa 

The whole Content of this Caſk, by Prop. 3. of 
the laſt Chap. is 100.6 Ale Gallons; and 40 the 
Length on N being ſet to 190 on SS, then againſt 
28 the wet Inches, and 12 the dry is 71.5, and 
28.4 the reſerved Numbers on SS reſpectively. 
Again, 100 on B being ſet to 100.6 the whole 
Content on A, then againſt 71.6 and 28.4, the 
reſerved Numbers on B, is 72 and 28.6 on A, 
whoſe Sum is 100.6 the whole Content; the firſt 
is what remains in the Caſk, and the ſecond what 
has been H t. IO 

Examp. 2. Let the Caſk whoſe Dimenſions are 
the ſame with that above, be lying with its Axis 
parallel to the Horizon, and here alſo let the dry 
Inches be 12, and conſequently the wet Inches 20, 
to find the Ullage. LAH 

1 ſet 32, the Bung-Diameter, on N to 100 on 
the Line SL, then againſt 12 and 20 on N is 
32.8 and 67.2, the reſerved Numbers on SL. A- 
gain, 100 on B ſet to 100.6, the whole. Content 
on A, then againſt 32.8 and 67.2, the reſerved 
Numbers on B, is 33 and 67.6 on A; the firſt 
is the empty part, or Liquor drawn out, and the 
ſecond what remains, whoſe Sum is 100.6, the 
whole Content. Theſe two Examples will be 
ſufficient to ſhew'the Uſe of the Lines SS,.SL, 
now put on the Sliding-Rule for Ullaging; but 
as they are laid down from ſome particular 
| Caſks, fo 'ris moſt certain they can only anſwer 

| 2 for 


6 Me HEEORY wad ch. 11, 
for * as = it, or nearly ſo; there- 


fore in ithe tkird:Merhod her on, I ſhall ew. 
how others may be ſubſtituted in their place, 
which Hill render this difficult part of Gauging 
both _ in Practice, N W certain than 
Beretoforèé. 4 en A 


| The 2 75 Method 9 of ULL A o. 
13 0 SEC ION u. 
. a rd te {Lig of a. Cat by : Means of 4 M. Ale 


Diameter. 


Lets 


* = \ 
— * 4 4 
: Ss * 9. 4 


1 PRO P. I. 


r, Head. e of an upright Cast, and that of 
FEW Liquer's: Surface, as alſo another in ibe Mid- 
Ale hetepixtl it and the neareſt Head, bei laren, 
<ith the wet or ary Inches, to fad the. lag: 

gar a 


8 1" "$oL fo x. 


10 the! Square of the Head: Diameter, add chat 
Vi the. Liquor's Surface, and four times the Square 
of the Middle-Diameter, multiply the Sum by 
the wet or dry Inches 2 to which is leaſt) 


and id that Produc br, Vine 5 3 4 or 


ivide it 591776714 the Product, or Quotient 
os be the Ullage ſought, vz ; what is draws: out 
i the dy Inches are leg, what remains in if the 
wet Inches are leaf, and balf the Content of . the 
Caſk when the ut Inches are equa - — dry: . 
e 1 — . c ee 
6 'Bythe Side Ride n. "For ine 1 1 
on D, to the Diſtance of. the Fe svSurface, 
rand neareſt :: Head on. C (that is, to the wet or 


107 Q | | dry 


683 


2 U 


VU we 


quired. e 


* 
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* Inches on. C) then on D 2 the Diameter of 
the Head, the Diameter of iquors Surface, 
and twice che Middle Diltherer, — che three 
Numbers ede them on C, wh e will be 
the Meaſure of th e lealt F riftrun'gr Ullage re- 
Example. Let ABCD Fig. 65.) be a ſtandin 
Caſk, whose Length 00015 iS 40 Nee Head Di- 


ameter AD 26, that of the Liquor's Surface MM“ 


==31,04, the Diameter i in the Middle betwixt 


them, viz. NN!=29,06, and OP the Pi, a 
5 to find the be Digs, Mater _— 


f 
. * H ” 
» 3 : 


Op mr x ATION. IC has 


The oaks of 66 the Head- Diam. 6786 


The Square of 31,04 the Liquors $ Diam. $53,482 


The es. N. 2 5785 1 337793 4 


Their Sum | — "017,41 
NO by the e dry Inches — 
: jr bd Gives buon h 
And this mu plied by: 36004642 
Gr n e Yd 7 7 2464000,0 
2+ 
175 3612 
7 1 7 241 
e W hn 4 12 
e cl: 27 TH 


Gives the te Pike "or. Mi 9 Noa WED 


_Gallons ; Which is nearl one G on leſs than 
found for this Caſk. by. * 5 in the Lit — 


tion, the Dimenſions | aboye being ſuch as ;they 
would be found. in a Caſk in the Shape of two e- 


ape} Fruſtums of a r Spind/e., But if you 


would | 


4 


ſily meaſured by applying a common Foot-Ruler 
parallel to 9 the Points R, S, and to touch 
the Staves at N, M; for then twice SM and twice 
RN taken from twice OQ (which is equal to the 
Bung-Diameter) will leave MM and NN. 


"OBO bs 
The Length, Bung, and Head-Diameters of a lying 
Cast, as alſo another in the Middle betwixt them, 


and the dry or wet Inches being given, to find 
. - tbe Ullage thereof. 


— 22 — * — 
0 What * oth, — = & = 8 
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SOLUTION. 


If the Caſk is more than half full, from the dry 
Inches, but if otberwiſe, from the wet Inches, ſub- 
ſtract half the Difference of the Bung and Head- 
Diameters, and alſo half the Difference of the 
Bung and Middle-Diameter, noting theſe two Re- 
' mainders, let the leaſt be divided by the Head- 
Diameter, the biggeſt by the Middle-Diameter, 
and 'the wet or dry Inches (according to which is 
the leaſt) divided by the Bung-Diameter, look for 
the three Quotients in the Table (of the Areas of 
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the Segment of a Circle) at the End under VS, 
taking thence the Number oppoſe them under 
the Letters Seg. multiply the leaſt of theſe by the 
Square of the Head-Diameter, the biggeſt by tl e 
S_ of the Bung-Diameter, and the remaini 
ne by four times the Square of the Middle-Dia- 
nn ; and multiply the Sum of theſe Products by. 


the Length of the Caſk, and that for 208 - thy 


7 6 
720072 . 5 Jr divided byf : 386 the 8 


or Quotient will be the Vilage required, viz. 
ha is drawn out if the wet Inches exceed the 
dry; what remains in when the dry inches exceed 


the wet, and half the Content of the Caſk when 


they are equal, 
Example. Let AA'D'D (Fig. 66.) be a lying 


Caſk, the Length, Bung, and Head-Diameters 40. 


42 and 26, as before; alſo let NR exactly in 


the Middle betwixt the Bung and * 


ters be 30.5, and the dry Inches, viz. EQ=12; 


to find the Ullage, or Meaſure of the empty Part 


EA'doA. 


Half the Difference of the Bil and Head-Dia- 
meters is 3, half the Difference of the Bung and 


Middle-Diameters is ,75, both which} being re- 
ſpectively taken from 12, the dry Inches, we 


_ 9, 11,25 : and 9, 11,25, and 12 being re- 
Pres divided by 26: 30,5 and 32 we have 
or Quotients 33465. 3685 and 375 nearly ; againſt 


which in the Table (when corrected for the frac-” 
tional Parts) is 1 ieee 3. 


Q 3 The 
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„% eee rig 
firſt multiplied by 26x26 | 
The b oh multiplies 5.26 2 =}, 163,5 


The! ſecond e by 6: I x61 = bi | 978; 016 


451 5 uri lied by 2 => | 
rd mu tiplie *. Ee 32 = 
55 gives * 21 275,469 


The Sum 5 A | eee 
Multiplied by the Length | 1 2 2418 t 40 "4 
—_— 75596 3800 


And this mac” by ,0005 '* BY 
(inverted) | - - p * bod 


| 21 "Tas 

FE 115 | 5 181088 
Gi es the Uliize or abe 15 2 
Ab A/ in agg, of, MS TG E: 58570 


dig Eat he Is 1110 a Gallon. more. than was found for 
this alk. 17 the Line SL. I 


Ehn 15 * | Let all al the Diip TY be the 0 me, 
as Aboys on ly, ere let Middle Diameter IT 
29, f it th e Caſki is conical; here; the two. Re- 
main are 9 and 10.5, and the three Quotrents. 


26), 4346229) 10 62 2) 12 ( "0 
5 = — ae Flee Luck) is. 


> 256537 „269013. 


Orr. 


vac ric Abe G. 231 


O b. ER A 110. 

The firſt multip hell. by G gv es 1635737 
The fecond multiplied dy $364 Den 362 500908 
The third multiphed'vy. 1024 Wee 5 22614 


Their Sms 7 a7} 7 ee 15 
Which multiplied by d the Leng 40 10 


Gives 0 A bees 0 
And this multipl. by sg, Civ.) 199 000 | 


. * 
1 nn ay & 43. 


Pr 
. 250g l. 
iS 219 GE 
TS F * T 48 '52 0 
0 — — 


Gives che de in 45 Gallons ion | 30,7700! 


'This Method is very WY ha 100 e, Ps 
Practice, unleſs the Ullage be requifed to à great 
Nicety; however, it will ſerve to compare the 
windel Method, andiwhat: I am B's wexphin 


in the next Place. 


"vo * 1 
1 a 
* 
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_ The third Merbed of ULLAGING. 
yo SEC TTLON HI.“ 2 


To ful thy vn of a Caſt by. ek Diameter. 


. PD 1. Es 
The Len th of an 5 bt: (Caſe, : the: Difance * 
* E 1b 8 25 and its neareſt: Head (that: 
"Fs, the wet of "dry Inches) and a; Diameter taken 
exattly in the Middle betwixt them, Being given, 
#0 nd the Ullage. 


24 SOL U- 
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SOLUTION. | 
Let the Square of the Middle Diameter be mul. 
tiplied by the wet or dry Inches, i. e. by the leaſt of 


| . . Ale ,002785 : 
them, and this Product for vine by 4 5 


or divided by 3597 Fthe Product, or Quotient 


will be the Ullage required, if the Caſk is not half 
full, or very near it; but when that happens, the 
mean Diameter of the Caſk found by the laſt 
Chapter muſt be uſed inſtead of the ſaid Middle- 
Diameter. TY 

The Reaſon of this Solution is from hence, that 
in an upright Caſk,not very near half full, the leſſer 
Segment may. be conſidered as a Fruſtum of a 
parabolic Conoid, (becauſe the bulging Part is ſup» 
poſed to be wanting, which makes this Variety 
differ ſo much from the Spheroid and Spindles) and 
the Meaſure of every parabolic Conoid is equal to 
a Cylinder, whoſe Height is equal to that of the 
Conoid and Diameter of its Baſe exactly equal to 
that Diameter of the Conoid in the Middle be- 
twixt its Ends, E 

. W Ale 18,94 

: By the Sliding-Rule : For ne Met] "po 
on D, to the Diſtance of the Liquor's Surface 
from the nearcſt Head on C; then againſt the 
middle or mean Diameter on D, is the Ullage 
on C. 5 
Example. Let the Length of an upright Caſk be 
40, the dry Inches 12, and a Diameter exactly in 
the Middle betwixt the Head and Liquid Surface 
29 Inches, to find the Ullage or Meaſure of the 

empty Part. YI ee 
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OPERATION. 


The Square of 29 the Mean Diam. is 841 
Multiplied by the dry Inches - ©. of 
„„ 1 . 10092, O00 
And this by ,002785 (inverted) 387200, 


— 


— 


20184 
7064 
807 
50 


Gives the Ullage in Ale Gallnsn—k 28,105 


Or by the Sliding- Rule : Set 18 94 on D, to 12 
on C; then againſt 29, the mean Diameter on D. 
is 28.1 on C, the Ullage required. 

I I muſt obſerve, this Method for the four firſt 
| vi gives the Ullage a ſmall matter too 
much, but is exact for the fifth, and a ſmall mat- 
ter too little for the ſixth; but the Variation from 
Truth can never be manerial, bue when the Caſk is 
near half full, and then the mean Diameter of the 
Caſk is to be taken for the Mean of the Fruſtum, 
to be meaſured as obſerved before; but theſe laſt 
Caſes are better performed by the following Pro- 
POIs 75 


PRO. II. 


The Length, Bung, and Head-Diameters, as alſo 
the wet or dry Inches of a ſtanding Caſk, not fall, 
ON 1 to find the Ullage. 


SOLUTION * 


1f the Curvature near the Bung be great, then 
multiply the Difference of the W of the Burg 


and 


divided by the Square of the Caſk's Length, 
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and Head-Diameters, by four times the Square of 
the Difference betwixt half the Length of the 
Caſk, and the wet or dry Inches; let this Product 
be d: vided by three times the Square of the Caſk's 
Length, and the Quotient taken from the Square 
of the Bung- Diameter; multiply the Remainder 
by the Difference betwixt the wet or dry Inches, 
and half the Length of the Caſk ; then if this Pro- 


4 85 7, 
duct for "7:1, be multiplied by | on 51 or 


divided by] 294, 12 the Product, or Quotient 
will ſhew, how much the Caſk is more or leſs 
than half full; and therefore, in the firſt Caſe, if 
it be taken from half the Content, you'll have 
the Quantity drawn out ; but in the other Caſe, 
added to half the Content, what yet remains in. 

2. But if the Curvature of the Caſk be not great, 
multiply the Difference of the Bung and Head- 
Diameters, by four times the Square of the Dif- 
ference betwixt the wet or dry Inches, and half 
the Length of the Caſk; ker the Product be 


then this Quotient taken from the Bung-Dia- 
meter, will be the Diameter of the Liquor's 
Surface; which ſquared and added to twice the 
Square of the Bung-Diameter, let that Sum be 
multiplied by the Difference betwixt the. wet or 
dry Inches, and half the Length of the Caſk, then 


this for $77} multiplied. by iel er 


divided by} 292 } the Product, or Quotient 


will be, what the Caſk is more or leſs than half 

full, from whence the Vllage gb Vs r as a- 

bove. | f be bh” "1 ”—> X00 1 
Fl: 


* 997 * iS, * 
* * 1 * 1 4440 
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The Reaſon. of both theſe Solutions is, that that 
Part of an upright Caſk, not full; which lies be- 
twixt the Liquor's Surface and Bung- Circle, may 
be conſidered as of the firſt Variety; and therefore 
meaſured by the Rule given for that purpoſe in 
the firſt Chapter, the Diameter of the Liquor im 
the firſt Solution being calculated for a Spheroid., 
and in the. ſecond for a parabolic Spindle, as will 
eaſily be ſeen by conſidering what was ſaid Corot, 
7, 8. Chap. 6. for finding the Middle-Diameter: 

We ſhall illuſtrate both theſe. Solutions in thay 
laſt Example, where the Length, Bung, and Head- 
Diameters are 40, 32; and 26, the dry Inches be- 
ing. 12, ſo that the Difference 8 from half 
the Length of the. Caſk, is 8. 


By the irg "Rs 10 N. 


The 8 quare bf the B. Diam. is 322 FRE 
The Square of the H. Dian. is *Gxz628/ -- 676 


. — — —— 
— — - o ———U— — — —— — — —„ 
bs — — 
« 
. > Wn ei BITS or ad 
3+ 4 +4 
_— — 


Them Difference sz 349 
Molriptted by 4x 8x8 - 2336 


$088; 
„„ . 1740 

= — 696 | , 

Gives | * . 255 "07; 8908 I 5 
This divided by Sabel T860 Sve 55 18, ” 
Which Qken from the Square of e | 2 
Bug Diameter, leaves 1 1005,44/ 
This multip. by 8, the Difference = 
- betwixt the dry” Inches and half 6 . 4 
the Length, 2 end 


o 


1. 
11 
{'S 
» 
© 
> 
A 
"TY 
A. 


' 
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Brought over 8043, 520 
And this Levi by ,00278 5 (v.) 


45087 
5630 
643 

40 


1 


Sives what the Caſk is more than 

half full in Ale Gallons = ne 
Which taken from half the Content 50, 3 
Leaves the empty Part 27,9 
Nearly the ſame as found for the ſame in the pre- 
ceeding Section. 


By the ſecond Method. 


The Difference betwixt the Bung and? 6 
Head - Diameter is 
Four times the Square of 4x8$x8= 256 


Their Product is — - 1536 


Which divided by the Square of the Hs 
Length 50 as F 1600 


Gives = a; 96 
This * from the Bung- Diameter, $ 

leaves that of the Liquors "RY 3050 
Its Square 8 1 963,482 


Twice the e of 32 is - 2048 


Their Sum 3011,482 
Multiplied by 20—12 - Ents 
24091,850 

TOR 


40 


Gives 1 4 2 
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25 Brongbt over 24091, 8 66 

This multipl. by ,0009284 (invert.) 4829000, 0 
21683 

482 

193 

10 

Gives alſo the Exceſs by which the? - 
Caſk is more than half full - 22368 
And this taken from half the Content 30, 3 

Leaves the Liquor drawn out 27,9320 


Nearly the ſame with the true Solution. 

So that from hence it appears, if the Caſk is 
upright and nearly half full, this Propoſition is to 
be uſed for finding the Ullage, but the preceding 
one when not near half full, 

WW 2. F 
The Length, Bung, and Head- Diameter of a lying 


Caſk, as alſo the wet or dry Inches being given, 


zo find the Ullage., 
SOLUTION, 


By the laſt Chapter, find the mean Diameter 
proper to the Caſk propoſed, then to twice the 
wet or dry Inches, viz. the leaſt of the two, or 
either of them when equal, add the mean Diame- 
ter, and from the Sum take the Bung- Diameter; 
let half of this Remainder be divided by the mean 
Diameter, and the Quotient looked for under the 
Letters VS in the Table of the Segment of a Cir- 
cle at the End, (whoſe Diameter is Unity) from 
whence take the Number againſt it under the 
Letters Sep. multiply this by the Square of the 
mean Diameter, and that 8 by the N 
f e »00354 

of the Caſk, and this for To MLT 004329 

Or 


5 — — 1. — 
. — A ore eng > —— 232 WW 
" 2 Seb of En Fn * *” + 7} - * 
_ LEST A n "XX x; 2 * 4 


. E>.- s — hn 2 
. — Weg — 4 72> * 7h — 8 — 
. oy * — * — r 7 "7 2 7 IF — 
v5 þAY 4 5 p mw 1 1 "LE I; _ — 2 2 Ply l 
w —— — 2 — — 2 * r = 
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or divided hy 9 the Product or Quotient Will 


the Ullage — viz. what is drawn out 
1 = dry Inches are leaſt; what remains if the 
wet Inches are leaſt, and half the Content of the 
Caſk when the wet Inches are equal to the dry. 
Example. Let the Dimenſion ofa lying Caſk of 
the third Variety be the ſame as at the Example 
of Prop. 2. Salt. g. of this CGbap. and the dry 
Inches alſo 1255 figg thetMatare of the ey | 
115 * 28977 
| Here the mean a is 30,053 (< der Prop. 
5 Se#. 2 of the laſt Chap) Which added to 24. 
ltwice the dry Inches). gives, $4605Ss ! 195 32 the 
Bung taken thence, ; leaves 225053, half o f which 
is 11,0265 3, this divided by 30,0637 5 Di- 
ameter, gives, 307 gary; Againſt. „367 under 
VS is - „5261284 


This multiplied by the Ke of 
- 39, of SEP eee, 5 ad 
e 
HOLT 1 4046 7839 
R 2 | 201 
E Ri 5 02 198 


| Gives! 1 Merl : 1 b» a8 5h 775 ee 
This maliplc _ thei leagah | 40 


B dx SÞ 41 | r reg — 8 


Grad: 8 „ 9439,4600 
jad chi s mukip.by ,903546 bn 7 6455 300.0 


— 


„ * 


33; 4723 
« ted 
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4X @ +4 


- 2, Let the Dimenſion and the dry 
Inches be the ſame as above, only here let * 

aſk be of the Huth Variety. | 

The mean Diameter here is 29,0522, which 
added to 24, gives 53,0522 z from which 32 (the 
Bung-Diameter) being taken, leave 21, 0523, the 
half of which — being divided by 29,0522, 
gives 3625 nearly; nin which in the Table ef 


the Segments is 1 8 236792 
This multiplied by the Square of : 8 
29,0522 ( inverted). - 1 3 44 
205,46 36 
102717 
* a, | 27 
n | | 216,7402 , 
And this multiplied IA the Length Ss” 
Gives | = 8669,6080 
And this multip] by 003546 (iv.) 645 3000, | 
260088 
43348 
3468 
520 i 


7. —— AY 


Gives the Ullage in 1 de cal ] 30,4 1 


From what has been ſaid it appears, the firſt 
Example of this Section for 4 ſtanding Cafe, dif- 
fers but „7d the ſecond. but g, and the third 


Ban A of a Gallon from the Truth, as found 


im the e preceding Section; and the two laſt Exam- 
ples for a lying Caſk are full nearer, for they 


each of them vary but 78 of a Gallon from 
what 


5 


e n — 
_ 8 — 3 


— 


3 


* J — A > ae nan? 5 
. 
n 2 K OT In 


IT. - = r=, = 
= 8 


VEE 7 
7 
—  - 
= — 
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* 
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what was ſhewn for the ſame Dimenſions in the 
ſecond Method by a Middle Diameter, and is 


much nearer than can be found by the LS 
and SL on the Sliding-Rule : But as that In 


ment is principally uſed in Practice, where the 
Fatigue of Computation 1s avoided as much as 


le, I ſhall ſhew in what follows, how other 
1 may be put on the Sliding-Rule, by which 
the laſt Method for Ullaging a lying Caſk will be 
rendred very ready in Practice; for it is known 
by Method iſt, now in uſe, there are no leſs than 
three Operations for finding the Ulla ge of a ly- 

ing Caſk to be done on — Sliding-Rule ; Firft 
you muſt find the whole Content; Secondly, the re- 


ſerved Numbers by the Lines N and SL ; and, 


Thirdly, the Ullage by the Lines A, B; whereas, in 
that 1 am going to offer, you'll have but two 


Operations. But I muſt firſt ſhew _ theſe Lines 
are to be made. 


The Conſtruction and Uſe of a New Line for Ul- 
laging a Lying Caſk. 


In order to ſhew the Foundation of this Line, 
we muſt obſerve, that if S denote any Segment 
or Number in the Table at the End under the 
| Letters Seg. and 4 be the Diameter of any Cylin- 
Th then d* XS is the Area of a ſimilar Segment 
of its Baſe in Inches. Alſo if L denote the Length 
of the Cylinder, whoſe Diameter is 4, then 


* is the Meaſure of a Slice thereof, paralle] 


to the Axis in Ale Gallons, whoſe End i is ſimilar 


to the Segment Sz or = the Meaſure 


of the ſame i in Wi ne Gallons; call the Meaſure M 


* | | then 


— = 1 de * 
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then firſt for Ale Gallons we have E =M, 


23s -- 


232 - 


gy -xM=d*L, Whence this Proportion on 


the Lines C, D on the. Sliding-Rule, viz. 3 
on D, is to L on C, fois d on D, to M on C. 
Whence *tis apparent, if 282 was divided by eve- 
ry Number of our Table of Segments, niade to 
1000 verfed Sines, (inſtead of -500) and half the 
Logarithms of the Quotients laid on a Line ſuch 
as SL now is, on the Sliding-Rule, from the fame 
Scale of equal Parts that the Line marked N was 
made from; thence might the Ullage of any lying 
Caſk be found without knowing the whole Con- 
tent, as now practiſed ; for as the laſt or leaſt 
Number on this new Line we are ſpeaking of for 
Ale Meaſure is 4 =. = 18.95, fo nothing fur- 
ther is requiſite after this Line is made, but to 
bring the mean Diameter of any Caſk on N, to 


18.95 on this new Line (which would ſtand where 


100 now is,) then againſt the Mean wet or dry 
Inches on N, would be areſerved Number on the 
new Line : And by ſetting this reſerved Number. 
on D, to the Length on C, then againſt the mean 
Diameter of the Caſk on D, would Be the Ullage 


"9 +. 0 . * — o pi. "© is a 
on C, viz, what is drawn out, if you uſed the 


mean dry Inches, but what yet remains in, if you 


uſed the mean wet Inches : Where, by the mean wet. 


or dry Inches is to be underſtood, what remains af- 
ter half the Difference of the Bung and Mean Di- 
ameter is taken from the wet or dry Inches at the 


Bung. But I muſt be. a little more explicit in 


this matter. It has already been obſerved, the firſt 
Number towards the right Hand of this Line "yy 
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be 18,95, and the Point anſwering to it, wes very 
ſame with that anſwering to 1o0 now on the Line 
SL; it is alſo manifeſt the Numbers on our Line 
will increaſe towards the left Hand; or in a contm . 
ry Order to thoſe on the Line N, in ſuch manner, 
that the Number oppoſite x, on the Line N, or 
againſt its Beginning, will be nearly 460, 584. 
The ſame Obſervations ſerve alſo for the Line that 
is to ſhew Wine Meaſure, only that Number on 
this at the right Hand will be 17.14, and on the 
left Hand againſt 1 on N will be a Diviſion near- 
ly anſwering to 416,87; but we may give a Rule 
for finding a Point on the Line N, againft which 
muſt be the Diviſion on the Line we want to con- 

ſtrut, agreeing to any given Number. 
Ale } 


* * . « a . 4 3 a N — 
TPA * 2 IT "res 
— dec: — . — We - > — 


— * 
Sr in co IE, 2% — 


* * - 
2 E > 2 ot 2 
— _ — ST 


* 0 — <<» 42 = 7 j Winne. * 
r ot” —— — > = * 2 - 
S ; EE TE 0 A 9 — — 
- 4 I 4 I A \ 
WM, tr « © -£ 8 - bn * 


The Rule is this, To make the Line for Wi 
iue 


i 
. 1 
14 
+ i 


n divide 47 — by the Square of a- 


ny g given Number; look for the Quotient in Mr. 
A. Sharp? s Table of Segments, and note down the 
verſed Sine belonging to it ; then againſt that 
verſed Sine on the Line N (not drawn out) is the 
Point of Diviſion on the new Line, belonging to 
the ſaid Number, whoſe Square was the Diviſor 
above. 

N. B. I choſe to refer to Sharp's Table of Seg- 
ments, becauſe it is the largeſt, and moſt correct 
of any extant, But had this Table been made 
for a Circle whoſe Diameter (and not its Area) is 


359,05 &c. 
Unity, then inſtead of the Numbers 204.17. Ge. 1 


above, we muſt have taken} ps 1 fhall juſt 
give an Example of this Method, let the Dimen- 


Hons be exactly the ſame with ole in the laſt 
Example. 


/ Ro 
J. 
E A 
lt © 
8+,0 
i 
% 
{ : 
bY v 
. 1 
— 74 
"#4 4.75 
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Therefore I ſet 29:05, the mean Diameter on 
N, to 18.94 on SA; then againft 10.52 the mean 
dry Inches on N, ought to be 33. 14 on the new 
Line AL: the reſerved Number. Again, I ſet 
33.14, the reſerved Number on D, to 40, the 
Length of the Caſk on C; then againſt 29.05, 
the mean Diameter on D, is 30.7 on C, which 
is the Ullage required, as was found by Compu- 
tation. 5 
Hence, from what has been ſaid, tis moſt e- 
vident the third Method of Ullaging is by far pre- 
ferable to what is now practiſed, whether we re- 
gard Truth, or Facility of Operation; ſo that I do 
not queſtion but, ſome time or other, to find it 
generally practiſed, | ia 


GAT W = 
Of Gauging Tuns, Backs, Coolers &c. 56 


NE Veſlels called Tuns are of various ſorts, 
ſome having the Ends equal, others unequal 

but ſimilar, others unequal and diflimilar, but in 
general their Sides are ſtreight, or ſuch; that a 
riglit Line applied from the top to the bottom, 
touches the ſame every where, and theſe are what 
I ſhall principally conſider in this place: for tho? 
in ſome Parts of England another fort, where the 
Sides are not ſtreight, may occur, yet it is very 


ſeldom, and when they do, what will be found in 


the next Chap. for Gauging Coppers and Stills, will 
be ſufficient for them alſo, the Theorems for Mea- 


ſuring all kinds of ſtreight- ſided Tuns with paral- 


R 2 lel 
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lel Ends is laid down at Corol. 5. Chap. 6. Pag. 
192, 193. ſo that all that remains in this Place is 
but to give the Solutions in Words. 

In order to which, we muſt explain the Meaning 
of ſome Terms uſed herein. 

Definition 1. When the Bottom of any Tun is 
parallel to the Horizon, or exactly level, it is cal- 
led an vpright Tun, but otherwiſe, an inclined 
one. | 3X | 

2, What Liquor is required juſt to cover every 
Part of the Bottom of an inclined Tun, is called 
the Drip. 

Or if a Plane be e drawn through the 
higheſt Point of the Bottom of an inclined Tun, 
parallel to the Horizon, that part of the Tun con- 
tained between the bottom and horizontal Plane, 
is the Drip thereof. 

That horizontal Plane that juſt touches the 
higheſt Point of the Bottom of an inclined Tun, 


is called the horizontal Baſe, and another that 


would juſt touch the loweſt Point of the top or 
other end, the horizontal End. 

Thus, (Fig. 68.) Aa being an inclined Tun, 
where A is the higheſt Point of the Bottom, à the 
Joweſt Point of the Top, and AL, al, two hori- 
zontal Planes drawn thro? Ala, then ALi is the ho- 
rizontal Baſe, and 4 the horizontal Ed. 

4. If from / any Point in the horizontal End 


a Perpendicular be let fall on the horizontal Baſe, 


viz. I P, it is called the Height of the Tun. 
The Ends of Tuns are ſaid to be parallely-po- 


Os 
fited, when the Sides (if Rectangles) or Axis (if 


Ellipſes) of one End, are — to thoſe of the 
other, viz, either when the longeſt Side, or Axis 


of the one End, is parallel to the longeſt or 
ſhorteſt Side of the other End. 


6, 
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, 6. If a parallely-poſited Tun is cut thro? the 
8 middle of both its Ends by a Plane that is paral- 

lel to the Sides when they are Rectangles, or paſ- 


ſing thro* the Axis when Ellipſes, the Section of 
this Plane,. with the Ends, are called the Lengths 
5 or Breadths of both the Ends reſpectively; that 


is, if its Section with one End is called the Breadth' 
thereof, then its Section with the other End is cal- 
led the Breadth of that End alſo; and this tho? it 
ſhould be longer than the other Dimenſion of that 
End. 2 

I was neceſſitated to introduce theſe Names for 
the ſake of Brevity, for it is common to call the 
longeſt Side of every Rectangle the Length, and 
the ſhorteſt the Breadth ; but then we muſt have 
augmented the Number of Propoſitions in this Sec- 
tion, to prevent Confuſion ; whereas from hence 
we can comprehend all the Caſes in ane. | 


| or, I. 


The Lengths and Breadths of the Ends of an upright 
parallely-pofited Tun, as alſo its Height, being 
given, to find the Meaſure in Gallons. Tr 


SOLUTION. 


To twice the Length of the Top, add the 
Length of the Bottom; multiply the Sum by the 
Breadth at the Top, and call the Product the firſt 
Number; alſo te twice the Length of the Bottom, 
add the Length of the Top; multiply the Sum by 
the Breadth at the Bottom, call the Product the 
ſecond Number; add theſe two Products together, 
and multiply the Sum by the Height of the Fru- 
ſtum, call that Product the third Number; then 
if che Ends are circular or Ellipſes for - R 


M3: multi - 


3 
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multiply the third Number by 15822 45 or 


divide it by 1176 2154. 471 che Product or r Quotient | 


will ſhew the GA ought. 
But if the Ends are Neues, the third Num- 


ber multiplied by 17 15 51 or divided y- | 


190 7 96 f che Product or Quotient will be the Mea- 


ſire x SIND in Ale or Wine, as above. | 

This Rule is general for meaſuring any vprigh 
parallely-poſited Tun, whether the Fade are 
cles, Squares, Ellipſes, Rectangles, E N or Un. 
equal and ſimilarly poſited (as ſome expreſs S. 1 855 
ſelves) or not; I ſhall inſtance in two of che | 
difficult Caſes. _ 


Example the Firſt ; There i is a Tun EFgb (Fig. 
67.) woſe Ends are Rectangles, 


Length q ab==68 
The Bread of the Top pore 5 


the HK, bot he bse gf 


and the Height 30 das whoſe Content is re- 
quired in Ale Gallons. | 


OrERATION.' 


Twice the Length of the Top (68 x 2) = 1 43 
The Length at the Bottom - - = 100 


Their Sum — 3 2 Gs 236 
Multi plied by the Breadth at Top — 85 


Gives the firf Number = 20060 
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e ee over = 20060 


— 


Twice the Leng ch the Bottom - = 200 
The Length at 1 Bottom =68 
Their Sum - - 268 
Multiplied by the Breadth ft Bottom = $0----:; 


* as 

1 Gives the ſecond Numbe” - 221440 

7 The Sum of the it and 24 Numb. * 41 50 

: Mult: by the Height of the Tin = 30 

N Gives the third 1 — -m_—_ 

: This mult. by ,000591 (invert.) - 195000,0 

622500 3 
: pda 112030 
1245 


Gives, the Meaſ, of the Tun i in 5 ae =735. 795 5 

In this Example, the longeſt Side of one End 
was put oppoſite the ſhorteſt Side of the other 
End, but in that which follows, I ſhall ſuppoſe 
the longeſt and 1 — Side of one End reſpec- 
1 oppolite the longeſt and ſhorteſt of the 


+ ample 2. Let As (Fig. 67.) be an upright 
| pes g- pots Tun, ks Ends are Ellipſes, 
its Height being 30 Inches as before; and 


Length AB=—148 Vf 
The f 5598 oy of the Bottom | I 361 Inches; 


| The] Bas 13 3 of the Top 1 - : Inches; 
Twice the Length of the 1 +: any 
The Length of the Bottom = 148 


3 


Their Sum - — — E 332 
©" R 4 Mul- 


4 = 290 
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ofthe Top = 3932 


Multiplied by the Breadth of the ME =. 72 
664 
2324 
Gives the frſt Number 2 2 2904 fi 
Twice the Length of the Bottom = 296 
The Length of the Top — =» 92 
Their Sum 105 a 388 
Mult. by the Breadth of che Bottom 5 
2328 
| 349% 
Gives the /econd Number 8 = 37248 
The Sum of the / and 2d Numb, = 670 "+ 
Multiplied by the Height 2 = i 30 


Gives the third Number - * 34560, 8 
This multip. by — (.) 2464000, 0 


* 


733624 
110074 
73386 
1 367 


Gives the Content in Ale Gallons = 851,603 


And from hence the Reader cannot be ata loſs to 
obtain the Meaſure of any of theſe Tuns when full, 


or even part empty, by taking the Dimenſions of 
the Tun at the Liquor 8 — | 


But 


PRACTICE of GAUGING. 249 
Bur as it would be troubleſome always to go 
through with the Computation above, and which 
indeed, properly ſpeaking, is only fitted for a Tun 
that is full, it is common in Praftice to have the 
Content of Veſſels of this kind for every Inch of 
their Depth, regiſtered at the Office; 2 that the 
Officer has no more to do, but to take the wet 
or dry Inches; and then from ſuch a Table he has 
the Liquor in any of them. Hence it is neceſſary. 
to ſhew the Method of finding the Content of any 
Part of theſe Tuns, uſually called inching a Tun; 
* may be performed by the following Propo- 
ition. a 2” 


"Sans | Haw 


The Lengths and Breadths of the Ends of any up- 
right and parallely-poſited Tun, together with its 
Height being given, ti find the Content agreeing 
to any Number of wet or dry Inches. | 


SYRET ION... 


Multiply the wet Inches by the Length of the 
Top, and the dry Inches by the Length of the 
Bottom, the Sum of theſe Products divided by 
the Height of the Tun, is the Length of the Li- 
quor's Surface. Alſo, multiply the wet Inches by 
the Breadth of the Top, and the dry Inches by 
the Breadth at Bottom, the Sum of theſe Products 
divided by the whole Height of the Tun, is the 
Breadth of the Liquor's Surface. Thus having 
got the Length and Breadth of the Liquor's Sur- 
face, take thoſe of the Top or Bottom, and by 
the preceding Propoſition find the Content of the 
upper or lower Fruſtum; remembring if you uſe 
the Lengths and Breadths of the Top with thoſe 
of the Liquor's Surface, you muſt alſo uſe the dry 

— 15 Inches, 
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Inches, and the Reſult will ſnew what the Tun 
wants of being full; but if you uſe the Lengths 
and Breadths of the Battom with thoſe of the Li. 
19's Surface, you muſt alſo uſe the wet Inches 
for the Height, and then the Reſult will be what 


Lame 1 in 8 Lon | ED 
Corol. 1. Henee by ſuppoſing 1, 2, 3, 4, Ce. 
for the dry Inches, and theſe ſubltracied ſrom the 
whole Height the wet Inches, you may by this 
Rule inch any ſtreight-fided Tun, whoſe Ends are 
parallely-poſited, be they round, ſquare, elliptical, 
or rectangulat, ſimilar or diſſimilar. . 
Corol. 2. But from the Forms of theſe Tuns, it 
is evident the ſeveral Lengths are equidifferent, 
and ſo are the Breadths; ſo that one of each from 
the Top or Bottom being found, you'll from 
thence have their common Difference, which con- 
tinually added to, or fubſtrated from the prece- 
ding one, as the Caſe requires, will give the ſuc- 
ceeding ones. 3 5 . 
Examp. Let there be an upright parallely- poſi- 
ted Tun, whoſe Ends are Ellipfes the Length at 
] Bott. = 115 lach. the Breadth. 2 F j — . 100 
Inches, and the whole Depth 12 Inches, to find 
the Length and Breadth at 1 Inch from the Top. - 


| /OyxRATIONn., 
The wet Inches multiplied by the 1. 
Length ar Top, n. rx 652 


+ 
$i. 
"a LE be 


4 


713 

The dry Inches multiplied by the 8 
8 Length at Bottom, VIZ. "e . 1 * . ee | 

Their Sum is — = ES ==92 5 


Which divided by 12, thewholey 47 
Height, gives - += $ 1 


There- 
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Therefore 683—6 a the FRAMED Ct. : 
of all the Lengths, 7 a 


Alſo the wet Inches mult. by 7 ntl? 
the Breadth at Top, viz: hs x60- > ebe 
The dry Inches multiplied by 
the Breadth at Rane, VIZ. 11 : x 100 - = 199 
— 


Their Sum is = =, *, 760 


Divided by 12, the whale Depth, gives = 63 


Therefore 634—6Q=3+ the common Nilerence 
of all the Breadths. 


Or, If the Difference of the Lengths : at Top and 
Bottom, viz. 1 10—65=45, had been divided by 


* 


12, the whole De pth, the Quotient (34) is the 
Difference of all — Lengths; and the Difference; 


of the Breadth at Top and Bottom, viz. 10050. 
==40 divided by rĩ2, 5 3+ for the Difference; 
of all the Breadths, as found before.” Therefore 3& 
added to 65, and to the Sum continnatly, gives all 
the Lengths, as in the 24 Column — Hllyning! 
Table; and 35 added to 60, and to the Sum conti- 
nually, gives all the Breadths as in the 34 Column. 
Corol. 3. We may alſo give a Rule for compu- 
ting the Contents belonging to the feverat wet or 
dry Inches, from having three eontiguous Con- 
tents given, which renders the 15 of theſe 
ſtreight-fided Tuns exceeding eaſy. 4 
Rule. Let each of the three us Con- 
tents be divided by its dry Inches, and the ſecond- 
Quotient taken from the third; then if three times 
the Remainder be added to the firſt Quotient, and 
the Sum multiplied by the dry Inches belonging to 
the Content required, the Product will be that 
Content. 
We will illuſtrate this in inching the Tun men- 
tiond in "_ laſt Example; and in the firft place 


we 


{ 
l 
t 
1 
N 
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Yo 
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we muſt find (by Prop. 1.) the Contents belonging 
to the three firſt vg Inches, the ene for 
them is thus, viz. for the 


17 65 x 2+ 684 * 60-6824 x Te x 6 N : 
: 5872 =o 55 = IT .4884. 4 Ale Gallons. 
65 * 2-725 X 604-722 x 2-+65 * 66% 
2 
577 oo; = 24.2766 Ale Gall. 


2 5 + 762 x 60 o 76x x 2-65 x 700 


= 38.4340 Ale Gall. 


2d. 


6 * 359.05 


dh eſe three Terms being found, will ſerve to 


find all the reſt without purſuing the above Ope- 
rations any further; for call the firſt A, the ſe. 
cond B, the third C, and the reſt in order D, E, 
F, G, Sc. then by the . Rule 2 have 


And 2 Ihe manner ah Numbers i "a the 4b GS. : 
lumn of the following 7 10 were computed. Each 
of which taken from 2 19595» the whole Con- 
tent of the Tun leaves tl + e in the 5th Column, 
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The TABLATURE for Inching an upright and ga- 
ralelly-pofited Tun, whoſe Ends are Ellipſes. 


I 


1 — 8 — 
I-| 2 4 1 8 5 
EE E ”S 
o | 65 | 60 0 238,9595 
r 683 | 637 11,4884 | 22,4711 
12} 7 Do: 24,2766 214, 6829 
3 767 70 j 38,4340 | 200, 285 
4 80 [737 54,0305 184,9290 
15] 834 [ 767 71,1355 16/7, 8240 
6 872 [ 80 89,8187 | 149, 1408 
17913837110, 1497128, 8098 
| 8 95 3867132, 1982 106,7613 
19 98 90 56,0338 82,9257 
110 | 1025 | 934 | 181,7262 | 57,2333 
j:1 | 1064 | 963 | 209,3446 29,6147 
12 | 110 {| 100 | 238,9595 | O 


The Uſe of this Table is evident by Inſpection ; 
for ſuppoſe we ſhould come to the above Tun, and 
find 7 wet, or 5 dry Inches, then to find what 
Liquor is taken out or yet remains in the ſame, *tis 
but looking for 7 in the laſt Column, or 5 in the 
firſt, and oppoſite either in the 4th is 71,1355, 
what the Tun wants of being full, and in the 5th 
Column is 167,8240 what Liquor is in the ſame. 

Corol. 4. But ſince Tuns generally are made to 
lean a little, and alſo have a certain Point fixt for 
taking the wet or dry Inches from, call'd the Dip- 
ping-Place, which is commonly ſo taken, as to 
be the eaſieſt come at; we muſt ſhew how theſe 
Tuns are to be inched, and a Table made thereof ; 
in order to which, and for the ſake of Brevity, 
we 
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we ſhall refer to Fig. 68. where AL 41 are the 
horizontal Ends of the inclin*'d Tun Aa, and 
their Diſtance, or the Height thereof, P; then 
by the preceeding Method, the Part AL al] be- 
ing inch'd and a Table made of the ſame, as has 
been ſhewn already, let the Meaſure of the Hoof 
or Drip ALB be found, by the general Prop. pap. 
172. and its Corollaries ; orotherwife, alſo from the 
fiend Dipping-place, take the wet Inches be- 
longing the Drip, then if this is added to all 
the wet Inches of AL Ia, reckoning from the ho- 
rizontal Bafe AL, you'll have the wet Inches for 
the inclin'd Tun, alſo the Meafure of thè Drip ad- 
ded to each of the Meafures in the 5th Column 
will be the Contents of thoſe wet Inches. Then 
_ theſe ſeveral Contents taken from the whole Con- 
tent of the Tun, contain'd betwixt the real Baſe 
AB, and Horizontal End 4 J, will leave the Con- 
tents of the dry Part, wanting the Hoof at 
Top z and the wet Inches taken from the whole 
Dip, from the Dipping- place to the Bottom of the 
Tun, will leave the Dry Inches correſponding. 
I 0 illuſtrate what has been ſaid, let Fig. 58. be 
a Tun whoſe horizontal Ends AL, a l, are the 
fame with that we have inch*d above; its Height 
being / P=12 Inches; alſo let the Dipping-place 
be at D, and the whole Dip Dp==15 Inches; of 
' which ſuppoſe that Part betwixt p and the hori- 
Zontal Bottom is 2 Inches, and the Meaſure of the 
Drip 15 Gallons; then by the above Method we 
have the following Table. | 


FN — r — | 
nr po :4 To 5 
[| F | 7 | 4 1 1 
: [5 F. 1 E e 2 * 8. 
1 65 | 60 | O | 253+9595 | 14 
121 683] 035} 11,4884 | 242,471 
413] 722. 665 | 24,2766} 229,6829 
4 765] 70 | 38,4340 [215,525 | 1 
3 8 | 734] 54,0305 | 199,9290 | 1 
6 8372 765 | 71,1355 182, 8240 
7 872 80 | 89,8187 | 164.1408 
8 | 17 837 | 110,1497 43,8 
9] 95 | 865 |] 132,1982 | 121,7613 
10 983 90 | 156,0338 | 97,9257 | 
11 102 | 937 181,7262 72,2333 
12 106; 967209, 3448 44,6147 
131110 | 100 | 238,95995 | 13 


This Method ſeems to me more natural than 
that now practiſed, where ſomething is generally 
to be added or ſubſtracted, as is expreſſed in the 
Dipping-place : for here by entring the Table 
with any dry or wet Inches (taken at the Dipping- 
place) in the firſt or laſt Column, then in the 45 
and 5th you have what is wanting to fill the Tun 
as it then ſtands, and what is then in the ſame, 
and this directly without being troubled to add or 
ſubſtract at all. ond 


'ScuoLrium I. 


The Quantity of the Drip is commonly found 
in meaſuring as much Water, as will juſt cover the 
Bottom, and then alſo an Account may be taken 
of the Heights to which the Liquor riſes, in pour- 
ing in every Gallon, ſo as to be able to tell how 
mach is in when the Bottom is not cover d; for 1 

5 9 all 
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all other caſes if the Depth or Dip is not an exact 
Number of Inches, you may find how much is to 
be added or ſubſtracted from̃ the tabular Number 
dy Proportion. Thus in the laft Example, ſup- 
poſe we ſhould find at any time the wet Inches 
7, 2, take the Content for 7 wet Inches from that 
or 8, and there remains 15,6050 ; then ſay if x 
gives 15,6050, ,2 will give 3,12100, and ſo much 
B to be added to 167,8240, which gives 170,945, 
nearly the Content belonging 7,2 wet Inches. 
We have obſerved, if the Bottom of the Tun is 
even, and alſo the Tun it ſelf the Fruſtum of auß 
Pyramid or Cone, the Quantity of the Drip may 
be computed by the Theorem, Page 174. and its 
Corollaries: but ſince the Inclination is common- 
Iy but ſmall, half the Meaſure of the Fruſtum 
ABM L, (where ML is parallel to AB') may be 
taken for the Meaſure of the Drip; for tho* that 
will always be a little different from Truth, un- 
leſs in priſmatic or cylindric Tuns, or Coolers, yet 
the Error will not be of any Conſequence in 
. | | 


Scnolium II. 

Backs, or Coolets, whoſe Sides are commonly - 
at Right Angles to their Bottonis, which are al- 
ways very broad in reſpect of their Height, that 
ſo the Liquor put into them, may the ſooner 
cool; I ſay theſe Veſſels are not only inch*d, but 
the Content found to every tenth of an Inch, 
which is called tenthing a Back; in order to 
which, the exact Depth of the Veſſel muſt be 
found, for the Bottoms: being very broad, are 
very often uneven, and thence the Depths taken at 
different Places muſt be different, a ſmall Error 
in which would produce a conſiderable one in the 
Content: Therefore to find the true Depth, or 


Dip 
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Dip. of a, Back, or Cooler, let any Number of 
Dips be taken, and all added together; then the 
Sum divided by the Number of Dips,. will be the 


true Dip ; after which you mult try found the 


Veſſel, till you find. a Place where the Dip is e- 
qual to that you before found for the mean Dip, 
which muſt be mark*d for n But 
this may be aſſumed any where, for tis but mark 
ing how much the Dip taken there, differs from 
the mean Dip, and noting the Difference thus, 
let the mean Dip of any Back be 5 Inches, and by 
dipping at the aſſumed. place, ſuppoſe we. ſhould 
find 5,5 for the Dip there, thence *tis evident, 5 
muſt be taken from all the wet Dips; arid-it may be 
noted down thus D—,5 3' but kad the Dip there 
been found 4,5; which is 5 leſs than the mean Dip, 
then the Dipping-place muſt be mark d D+,5. 
The Dipping-place and mean Dip being found, 
and mark'd as above, we ſhall next ſhew how 
the ſame is to be tenth'd; in the firſt-place, let 
the Area of the Top or Bottom be found by ſome 
of the preceding Propoſitions, then this divided 


by 282, will ew how many Gallons the Back 


holds at 1 Inch depth, one tenth of which will be 
what it holds at 4th of an Inch depth; this, 
doubled, tripled, - quadrupled, c. will be the 
Contents at th, £2;ths, Psths, ths, &c. of 
an Inch of its Depth; and by repeating this Ope- 
ration, *till you have multiplied the Content at 
Toth of an Inch in depth by the mean Dip, you'll 


obtain a Table of the Contents of the whole Back 


for every tenth of an Inch of its Depth, the laſt 
of which will be the whole Content of the Veſſel. 
For Example, Let there be a Back reſembling 
2 Parallelopipedon, whoſe Length is 140 Inches, 
Breadth 120 Inches, and 3 the Depths taken at 
1 _ 


> | ten different Places croſs- ways, be as in t 
Margin, where the Sum 18 48,9, this Ql 

'} vided by 10, the Number of Dips, or which 

5 js here the fame thing, removing the deci- 

| Es ene 

6 | mal Point one place towards the left Han d, 
45? gives 4,89 for the mean Depth. _ 

59 Next to tenth the ſame, becauſe the Baſe 

75 of this Back is àa Rectangle 140 * 120= 


_ { 16800 is the Area thereof og eg 
2 | divided by 282, gives 59,57451, for the 
429. | Content in Gallon? E — 1 Inch depth ere: 
8.q | fore 5,95745 is the Content at th of an 
45.9 Inch depth 3 and this reduced into Barrels, 
I . „ B. A A. Gall. 1 
Firkins and Gallons, is o, o, 595745 3 $ Gal - 
lons being 1 Firkin, and 4 Firkins 1 Barrel. 
This ſet down in the following Manner, viz. 
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And multiplied by 2, 3, 4, 5, Gc. to 10, gives 
the Contents of this Back for every tenth of an 
Inch in Depth, which is ſufficient for Uſe, ſo we 
have only to the tenthing for an Inch, * 


FU 


Depth of the Malt, (in the ſame 
wi 
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the whole Content, which is found by multiply= 
ing the laſt Number by the mean Depth 4,89. 

And this wilt be ſufficient for Backs whoſe 
Ends are equal fimilar Figures, and their Sides 
ſtreight 3 but ſhopld they be otherwiſe, tis neceſ- 
ry to find the Content for every Inch of the 

epth, by taking the Dimenſions in the Middle 
of every one of them, after which you may pro- 
ceed as above, only the Operation, or the Num- 
ber that is to be multiplied by 2, 3, 4, 3, 63 
Sc. will be different for every Inch of Depth, 
but the Manner is the ſame in all. 


0 Gouging MAL T. 


In making Malt they uſe a Ciſtern, Couch and 
Floor, each of which is generally in the Shape of 
a Parallelopipedon, {© that if the Area of the Baſe 
of any of them in Inches be nere by the 

| ame Meaſure,) you 
| have the Quantity of Malt in cubic Inches, 


x 


and this divided by 2150,42, or multiplied by 


0004651, the Quotient, or Product will be the 
Meaſure of the fame in Buſhels. ' But we muſt ob- 


jeruy that Malt being a dry Subftance, does not 
7 


ke what is Liquid, form a Plane at the Top, pa- 
rallel to the Horizon, fo that tis the Officer's buſi- 
i fs to examine carefully if the Malſter has laid 
his Malt even; if not, he muſt conſider what is to 


be allow'd for the Irregularity : Now the Method 


to do that, is the fame with what we gave before 
for taking the mean Depth of a Cooler, which is; 
by taking a ſufficient Number of Depths croſs- 


Ways, and at each Angle of the Figure form'd 


thereby, for then the Sum of all the Depths di- 
vided by their Number, _ give the mean Depth; 
n "IF 
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| or ſuch aone, that the Area of the Baſe being mul. 

0 tiplied thereby, and that by 400046 I, this laſt 
4 Product will give the Quantity of Malt in Buſhels. 
44 How this may be effected by the Sliding-Rule, 
73 has been ſufficiently explained, before, (Peg. 62» 
44 53, 54, 55-) ſo that it would be needleſs to inſiſt 
= any longer on it in this Place. 
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; Of Gauging Coppers, 0 and Curve-ſided 
. Tuns. 
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L To Gauge « a Copper which is ; Broad 7 at Tot . 
e Fig. 69. 


Rule. NAK E. Croſs-Diameters, that i is, two per- 
pendicular to each other, at the To 
(AB) at the Bottom ( 9, where a Plane would 9 2 
touch H, the Vertex fo the Crown) and alſo o- 
thers (at K) exactly in the middle betwixt the 
Top (AB) and Bottom (2). Then add the 
Product of the Top-Diameters, the Product of 
the Bottom-Diameters, and four times the Pro- 
duct of the Middle-Diameters together, let this 
Sum be multiplied by (GH) viz. the Height of 
the Copper from its Top (G,) to the Vertex of 
the Crown (H,) and that by ,0004642, or divide 
it by 2114,32, the Product, or Quotient will be 
the Meaſure of the Copper, all but what is re- 
quired to cover the Crown; and this muſt be 
1 nd by meaſuring in Water : then this added to 
the — will ſhew the W of LAI the 
ſaid . will bold. 5 1 


% 
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11 To meaſure a Still, or Copper, when the Top ” 
is not the Breadght (Fig. 70.) 


| Rule. Suppoſe the ſame divided into two Fru- 
ſtums, by a Plane paſſing thro? the broadeſt Part 
LL,) and let each of theſe Fruſtums be mea- 
ſured by the laſt Rule, then the Liquor requir'd. 
to cover the Crown being added to the Sum of 
the Meaſures of the two Fruſtums wiltkbe the Mea- 
ſure of the Copper or Still propoſed. 
This' Solution is deduced trom Corol. 4. to 
— 6. pag. 191. But if the Veſſel is very large, 
divide the Diſtance betwixt the Top 
an ac woll bulging Part, as alſo that betwixt the 
Bottom and moſt bulging Part into 2, 3, or 
more equal Parts, and take Croſs-Diameters at 
each Point, then find the Meaſure by uſing the 
Theorem ſtanding againſt 4 or 5 Ordinates, Page 
187. but the Rules above will be found generally 
ſufficient for gauging any Still, Copper, or Gr. 
ſided Tun to he met with in Practice, therefore 
we ſhall proceed to illuſtrate them hy Examples. 
Examp. I. Let ABCD (Fig. 69.) be a Copper 
broadeſt at the Top, whoſe Height from the Top 
G, to the Vertex of the Crown H is 36 Inches, 
and let the Point K be taken exactly in the Mid- 
os 9 G and H; and ſuppoſe the Croſs- Dia- 


110,0 „ 4 

meters mr the fs 1 beef 11450 1 then for 

| 44 116,0 2853 Boe 
58 Copper we 878 the following Operation. 


The Rectangle of the Top-Dia- 
meters, viz. 116 115,8 15 733980 

The Rectangle of the Bottom 
Diamet. viz. 1IOX III = 12210 


4 Times the Rectang. of the Mid. ee 
Diam. viz. 113x114 X 4 = } 516580 | 


Their Sum 2 „ . OG 
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- — 
— —— 1 — — 
r — r 
Nn — — Dad 
2 r ele » 


2 aur ee 6% 
Multiplied by che W OM 


Gives 3 22776896 
And this by eat. (ans) it. 


- lb 8. 2:1 gan 
LPT: 1666138 
111076, 
554 


Gives the Meaſure of he pare IM 
A Bag in Ale Gallons ; => 4" ee 
To which add the La - 28 4 
quir d to cover the Crown — 20, 


+ * 


i. 


And 1 have a Content of | | 
the wholeCo DET, VIZ, ,;'= "8 1317,0352 
II. Let ABCD- (Pig. 70.) be a Tun 

where the greateſt Bulge i is not at the Top AB, 
but lower down as at LL, and let the whole 
Height GH be 36 Inches, as before; of which 
the Diftance of the Bulge II., viz. GO is 13 
Inches, and conſequently. OH=21 Inches, alſo let 
the Points .KK'. be taken in the middle betwixt 
the Points GO and OH, and Croſs:Diameter ta- 
ken at the Points G, K, O, K, H, which ſuppoſe 
as here under; viz. let che Croſs- Diameters 

G 780. 5 1 = 

1 857,5 . 
at J be 489 
IK (86,5 
82 


r 7 $03 - 
$9,5.> then for this Tun 


- : 436 54 


or 2117163 


meters, viz. 80,5 x 8608 = 
The Rectan. of the greateſt Bulge- 

Drameters, viz. 89 x 89,5, = | 
4 Times the Rectang. of the Mid. 

Diam. at K, viz, 85,5x86x4=S 


Their Sum 


Multiplied by the Height 


11 


And this by, oo 4642 


in Ale Gallons 


' Again, 


ameters, viz. 8 $ 2x8 255 =; 


Diameters, VIZ, 89 x 8935 = 
4 Times the Rectang. of the Mid. 1. 
Diam. at K vi. 7 Aae 


= Thelt um 2 
3 


* 5 = 
- - 


The Rectangle of the Top- Dia- 
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6504. 4 
7965, 5 


2 8 
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7388 1,9 


21925 


438819 


Gives the Rate Part wy | 


The Rectangle of the Bottom-Di- 7 | 


39554 


The Rectan. of thegreateſt Bare. ny 
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J 


1 | Brought over 44998 
Multiplied by the Height 21 


- 


„ 


44998 
E 


* 


> . 944958. 0 
And this by ,0004642 (inverted) 2464000, o 


27596 3 

en) 5 5097, 

| | 3780 
189 


— 


Gives the Meaſure of Part CDLL AER 
Jin Ale Gallons = 438,649 
o which. add the Meaſure of the | 
mu. 
32 


Then add the 1 required to 
cover. the Crown = F 


And you'll have the Content of the 2 
whole Tun in Ale-Gallons - 5 776, 189 


Examp. 3. Let ABCD Ag. 71.) be a still 
where the greateſt Bulge is at LL, and let the 
whole Height GH be 42,8 Inches, of which the 
Diſtance of the Bulge LL, viz. GO is 22,3 Inches, 
and conſequently OH g, g Inches; alſo let the 
Points K, K,, be taken in che Middle betwixt the 
Points 60, and OH, and Croſs-Diameters taken, 
at the Points G, K, O, K, H, which ſuppoſe as 
below, vis. let the Croſs Diameters | 


$473 wen for this Silt 


we have the following Or- 
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Or E ARA ION, 


The Rectangle of the Top Diam. 
UX:.27.x:21 WW. » } 441 


The Rectan. of the Diameters of the 
reateſt Bulge, viz. 47,8 x 47, = 2260,94 
4 Times the Rectangle of the Mid. 28 
Diams. at K, vix. 45, * 46 X4=4 53535 
Their Sum ; „ 11035, 84 
Multiplied by the Height 1 22,3 
| 3316662 
2211108 
2217708 
Gives the Meaſure of Part ABLL 1 PETTY 
Again, ae 
The Rectangle of the Bottom Dia- } 1 914 
meters, viz. 43,5 K 44 = $3 R 
The Rectan. of the Diameters of the | 2260 g £ 
greateſt Bulge, viz. 47, 8 x47, 3 =) _ , 
4 Times the Rectangle of the Mid. . 88 36, 1 
Diameters, viz. 7 47 4 ain 
Their Sum 3 +. ee 
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Wale "7 the Height 5 Gael N 
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3 75 15 over 513262,812 
This pes by 000566 vu). | 60s. 


Then add the Liquor N - Þ 
cover the Crowh - 


And yotill have the 8 of the 
whole Still in Wine Gallons 2 298,3 14 


The Rule made uſe of (in or about London) for 
gauging Stills, is to meaſure the globical Fruſtum, 
or Part, from the Nails to the Top, as by Rule 3. at 
Page 132. foregoing z and then the Body, or re- 
maining Part, by taking Croſs-Diameters at the 
Middle of every 6, 8, or 10 Inches: from thence 
their correſpording Areas are found, and multi- 
ply'd into their reſpective Depths, will give as ma- 
ny Cylinders, as are the Numbers of Diameters ta- 
ken ; the Sum of which Cy linders, added to the 

olobical Fruſtum above, 5 the Liquor re 
= cover the Crown, will give the Content of the. 
Still requifed. 

As for Example, Let ABB (ſte Eg. 71.) be a 
Still, whofe Depth GH is 42,8, and GK=7,3, 
conſsquentiy KH will be 35,5, and their reſpec- 
tive middle 'Erok-Diameter as follows. 
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Years Experience in ſurveying the Diſtillery, and 
is well ſkill'd in theſe kind of Speculations, and 
has clearly demonſtrated, if four times the Square 
of the Altitude be not equal to the Difference of 
the Squares of the Diameters, (which he ſays he 
never yet found) the greateſt Diameter will not be 
that of the Sphere. 

I ſhall here ſubjoin his Demonſtration, for the 
Satisfaction of thoſe chiefly, who are concern'd in 
that Branch of the Revenue, and have fo much 
Curioſity as to know the true Reaſon of what fo 
frequently occurs, and would not rely too much 
upon the Force of Cuſtom, and take things for 
granted upon an implicit Belief only, when there 
is to be had moſt evident and indubitable Prin- 
ciples *% Geometry, to N a certain Theo- 


ry upon. 
| Scnotiv m I. 

To inch dgwn curve, ſded Figures, as Stills, &c. re- 
preſenting the Fruſtum of a Sphere, obſerve the 
following Articles. 

I. As eight times the Height of the propoſed 
Fruſtum, in Inches, is to the Sum of its Baſe and 
Top-Diameters, ſo is the Difference of thoſe Dia- 
meters to a fourth Number; from which Num- 
ber increaſed by one Inch, take half the ſaid 
Height, and multiply the Remainder by ,0272, 
reſerving the Product. 

II. Multiply the Square of half the Baſe, or 
greater Diameter, by, oi 36, and from the Pro- 
duct increaſed by 25 0 Wot. take half the 


"#4 


'* * Fg. . Plate: 2. Let AB = greater Diameter, Ek 9 

2 
lefſer, and DC =p Weight, . then n * — = DC*, that. 
js ABER. 2 * of n ft. 5 
91 i ee 
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| reſerved Product, the Remainder will be the Wine 
Gallons at 1 Inch deep, which alſo reſerve. 

III. To the reſerved Product found by Article 
I. add ,0272, and to that Sum add alſo ,0272, 
and to this laſt Sum ,0272, and ſo on continuall 
till the Number of Additions, or Sums thus found, 
are equal to the Number of Inches in the Height 
of the Fruſtum leſſen'd by two. 

IV. From the reſerved Remainder take the re- 


ſerved Product, and from the Remainder thus a- 


riſing, take the firſt of the ſaid Sums (mentionꝰd 
in Article III.) and from the next Remaindet the 
ſecond of thoſe Sums, and from the next che third, 
and fo on continually. 

V. Add the Remainders, mentioned i in the laſt 
Article, continually together, in order. as they 


follow; the Sum of the two firſt will be the Wine. 


Gallons contained at 2 Inches deep, of the three 
firſt at three Inches deep, G. 

Exgmple. Let the Top-Diaineter be 21, and 
the Baſe 41, and the Height of the Fruſtum 7 
Inches. 

Then it will be as 56: 62: : 20: 22142, from 
which increaſed by 1, taking 3,5, there reſts 
19,642 3 and this multiplied by ,0272, gives 
„53421 for the reſerved Product: And therefore 
the Square of half the greater Diameter by ,0136 
being 5,715400, we have een equal to 
the reſerved Remainder. | 

The Work will ſtand as follons &3:. 


2% Te T Ut 2 O RV and ch. .. 
bo JH Remainders Inch. | 
353426 554573 '@ 1 545793 
: 72 5343 1 192307 
1 AI 4,9230 | | 2 | 10, 38040 
20272 55614 ] { 436161 
„8866 4.3616 1 3 | 14,7420t1 
20272 0 1 3,77294 
61586 | 3.776 4 | 18,51495 
$0272 . 6158 | 3,15708 
»64.306 3.2572 | 5 | 2167203 
9272 56430 12 2,5 1402 
67026 2,142 I's 24118605 
. 6702 T7 184376 
138440 E 26,0281 1 


** * = 


SG HOL IVM II. 
Toyo tate the Dimenſions of a Still. 
Firft take its true Depth 
the riſing Crown H, to the Center of the Collar 
g, by laying a flat Rule, or the like, acroſs the 
Middle Thorac, which being done, you muſt de- 
duct the Depth 'of the Collar from the Depth ſo 


taken; by which means you'll obtain the true 


Heig ht GH. - At the fame time you may alſo 
find — Altitude of the globical Part or (Zone) 
ABEF, which is join'd to the Body of the Still 
EF CD with large Nails, ſo that the Place of 
Contact plainly appears by a Seam that goes quite 
round, and this is uſually done by extending a ſtring 
diam ically in the Seam EF, and by pgs 

where 


from the Center of 


7 
\ 
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where it cuts your Dimenſion- Rod in K; if you 
take that Number from the whole Depth, it is 
evident you'll not only have the Height of the 
Zone KG, but alſo KH. In the next place, quar- - 
ter the Still, and take Croſs-Diameters dd, rr in 
the Middle of every ſix, eight, or ten Inches, the 
latter is generally ſufficient and moſt expeditious. 

If you make uſe of Theorem Page 191. at the 
greateſt Balge, or broadeſt Part of the Still LL. 
At the Top AB, and the Bottom q q, where a 
Plane would. juſt touch H, the Vertex of the 
Crown (by the help of your Dimenſion-Rod) take 
Croſs Diameters, alſo others, exactly in the Mid- 
dle betwixt the greateſt Bulge LL, and each End, 
viz. AB and 4, as at KK, which are all the 
Dimenſions required; after this manner the ſame 
may be obtain'd for Coppers and curve-ſfided 
Veſſcls. | 5 


Ap DEN VD As 


I. Tho? we have already given all the Rules for 
gauging Tuns and Caſks commonly practiſed, with 
{ome others that have not been publiſh'd before; 
yet I thought it would not be improper to add 
what follows, which in ſome Caſes may be of uſe. 
The Theorems I am going to offer, are for 
gauging Caſks whoſe Heads are unequal, and con- 
ſequently unequally diſtant from the Bung or bul- 
ging Part, in which Claſs ſome or moſt Stills, 
Coppers, and Tuns with curved Sides may be 
rank'd. SA 35,00/6364 2 
Let ABCD (Fg. 52.) heaVeſſel made from ſome 
of the Varieties mention'd Page 198. by cutting off 
n CAD 
2 Part OP from one End, and put — 


O0 2214 


Then if the original Caſk was of the Fo 


I Cr 


id - 2 5 Gn *+ J 6*—4i | 
. 

* 8 
a LS l | 7 
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650 = od Me 


And having by theſe Theorems got the Diſtance 
of each Head from the bulging Part, the Content 
of both theſe Fruſtums will be found by Chap. 1. 
Part. 3. whoſe Sum will be the Meaſure of the 
Veſſel propoſecc. 0 = 

Corol. From theſe Theorems twill be eaſy to de- 
duce Rules for computing a Diameter at a given 
Diſtance from the Bung- Circle for any of thoſe 
Varieties, and from thence the Reaſon of the Rule 
for Ullaging a ſtanding Caſk, Page 233. 

3. To find the true Content of the Globical Part of 
Lf 4 Still in Wine Gallons. . 

Keule. To half the Sum of the 2 of the 
Top and Bottom Diams. add of the Square of the 
Altitude, multiply the Sum by the Depth, and this 
Product divided by 294, or multiplied by ,0034, - 
and you'll have the Content in Wine Gallons. 
 Examp. Let the n be 21, Bottom. 
Diam. 41,2, and the Hcight 7, 3 Inches. | 

OPERATION, "ok 
a1, 41124 1:2=1697 444 nd 7,387, 3% 


441i 607, 73 | 
835,52 f , f. 35,5 X 2% = 27.43 
I. The Method for computing Logarithms. 
We ſhall now give the Rules for computing 
the Tabular Logarithme, as promiſed Page 31. In 
order to which, let a, % be any two Numbers, of 
which b is the greateſt, put a, and 6—a=d, 
alſo aſſume n=,2685889638 Sc. then the Tabular 
Log. of a,b are as follows, viz. L:3 
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PFG 1 
L. 42 2L25— — A — > ages C&e. 


L:b==L: a+ _ Tr Ap = B+ = Cee} 
Where A, B, C, Cc. denate the Term going be- 
fore reſpectively. But we may give an eee 
mation ſufficient for making the Logarithms to 
more Places than in moſt Tables now uſed. Thug 


„„ 


F Or 
5 L. 0+ = ED 
E nd 1% —40* 
L. Ee 
a . 
-4 23 = 7 * 7572 9⁴ 


5 


Theſe Approximations are but Corollaries to a 
general Method of converting a Series converging 
ever ſo ſlow into another converging faſter. We 
ſhall illuſtrate both by an Example, let the Loga- . 
rithm of 11 be required, the Log. of 10 is 1, hence 
S$=21, Ml; therefore by the Series this 1 


OPERATION. 


IL: a = 1,00000000 
4 


— = A = , 04136138 
755 AS B 2 3126 
34* 5 PF | 
57 B HI. 5 


IL: a+ A4+B+C == 1,04139269 = Log. II 
= F o 


£ — Aa” 6611_ 

Or, By the Approximation = = gag and. 
d „„ „ | 
T = 575; therefore Er = 44139269. - 
PD which add I, the Log. of 10, | then we have | 
1,04139269 for the Log. of 11, as found by the 

But if a and a2 are two even Numbers, then 
2 Ei is an odd Number, put y=24*4+-44+1, 
then the Log. of a-+1 is expreſied by this Series, 
Oiz. ; 8 . 


a . axaÞ2 i n_ 1 * L. i 
c. which converges ſo faſt, that tis ſearce worth 
while to uſe any Arts to render it more eaſy in 
practice; however, ſome may be deſirqus to have 
an Approximation, which is as follows, viz, 
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ATA BLE of the Areas of Segtnenits. 
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V. d. Seg.Araa. 
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; 7. 8. Seg. Area. 
992313 


093074 
093836 
094601 
095366 
0961 34. 
096903 
097674 


09922 T 
999990 
100774 
101383 
102334 
103116 
103900 
10468 g 


105472 


106261 
107051 
107842 
108636 
109430 


110226 
111024 


111823 


| 112624. 
| 113426 


114230 


. 115035 


115842 
116650 
117460 
118271 
119000 


1119897 


211 


. Ce 
1129712 
127329 
122447 
123167 
123988 


126459 
127285 
| 128113 
128942 
514129773 
' | 130605 


| 

7 þ 225 34 
] 
| 


132272 
| 133708 
1733945 
134784 
|; 135624 
136463 


38250 
138995 
139841 
140688 


141537 


143238 
1 "920 
144944 


1 246655 
3 1473512 


149230 
150 


(34717 


| 249 
q #22. 


124810 


131438 


137307 


142387 


| 145799, 


148371 


F. S. 


24 


N THEORY % Ch. IV. 


mo 


187975 


152680 

2 
155480 
156149 
157019 


120765 


159636 
1605 10 
161386 
162263 
163140 


16 64019 
| 164899 


165780 
166663 
167546 
1684.30 
169315 
170202 
171089 
171978 
172867 
173758 
| 174649 
127857 
17 6435 
177330 
176223 
179122 


1 * 


180019 


180918 


2 |. 181817, 


283 


PRACTICE ＋ GAUGING. 
Seeg Area. 
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7. 8. 
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4 It will be eaſy from what was faid above, r N 
1 | the Reader to apply theſe Theorems of himſelf, 


galy. Seeing Silver, Soap, Candles, Starch, and 
ſeveral other Commodities, are charged according 

to Weight, and ſome Frauds having been com- 
mitted by uſing falſe Scales, the Officer ought to 
take particular Care in that Point, as to ſee if the 
Beam play equally free on both Sides the Ful- 
crum; 9 4 _ ny” . ſee if the Brachia are e- 
ual in Length, and the Beam equally. heavy on 
Lock Sides; for any of theſe being ene. wilt 
cauſe the Weight to vary from Truth; for which 
Purpoſe tis thought convenient to add the fol- 

lowing n 
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The Weights of any Body taken in each Scale of a 
Ballance of unequal Brachia's being given, to find 
its true Meigbt. . | 
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SOLVTLION. 


Multiply the two Weights together, and extract 
the Square Root of the Product, that will be the 
Weight of the Body propoſed. Fig. 73. . 

For let the Weight of the Body be x, and when 
it is put in the Scale A, let it weigh 0; but when 

ut in the Scale B, let it weigh WW; then from the 
ebe Law in Mecban. we have thefe Proportions, 
vix. PC: CE: : : x, and DC:CE::x:W, 
therefore ww: *:: X: W, or x*=wxW, that is 

Corol. Hence we may alſo find the Proportion 
of the Brachia's of theſe Scales, for DC: CE: : : 
VWXW, | 


N. B. 
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N. B. Tis thought proper to add the following Remark 
to Scholium 2. Pag. 256. 

The Bottoms of Common Brewers large Backs 
do generally warp after they have been a little 
time uſed, and become more and more uneven as 
they grow older, eſpecially ſuch as are not every 

where well and equally ſupported ; many of them 
are ſo large and uneven, that *tis hardly poſſible 
to find a true Medium of the Depth of the Wort, 
without taking a very great Number of Depths, 
and ſome are ſo ſituate, that it is difficult to take 
Depths in every Part where it may be neceſſary, - 
and therefore it is a common Practice to take one 
Depth at a Place in the Back (cloſe to the Side) 
which may be always moſt conveniently come at; 
then ſee all the Wort let down into a Tun, in 
which it may be exactly gauged, and (if the Dip 
taken in the Back does not happen to be a mean 
one) mark on the Side of the Back ſuch Addition 
or Abatement as will make the Gauge of the Wort. 
in the Back equal to the Gauge thereof in the Tun, 
which is called ſetting a Back by ſeeing the Wort 
come down; and this is frequently done, becauſe 
moſt large Backs are continually ſettling more 
one way than another. Beſides, | 

The Dimenſions of large Backs are (for want 
of more proper Inſtruments) generally taken with 
inched Tapes, which are ſeldom very exactly di- 
vided, and the Alteration of Weather affects them 
in their Lengths; and a very ſmall Error in the 
Dimenſions of ſuch a large Veſſel, cauſes a conſi- 
derable one in its Area: but by ſetting the Back 
as above, there will be a Compenſation in the 
Depth for any Error that may happen in taking 
the other Dimenſions. So we ſhall here put a Pe- 
riod to this Treatiſe. 1 


FIN FE 8 
3 10-DE 


Eb ; . : 
7 , N , * A as , . * x Frey — } 2 w# "I *4 
0 y 9 . L 


* : 6 * 
a S -4 4 ” 8 2 4 % . 
* * * * * w * * * F * wth 4 * 
* 1 * 
|: * 4 * * * r g 4 — * * 
- * * 0 » » s 
* N 3 * 
Fo * „„. ws + 4 
TY. bon = ? — wt _ 
i Pp 2 ” OF 
7 * b - * * 
a » 
. * * 
- of * . 
; 1 4 A 
\ FA 
. 2 4 
* * * 
* * 1 * 4 = * 1 
. N * — \ +" 
* U . ” ” 
- * * — 
= Wa « 
On 4 * 
2 
. * » * 
— * : F 
2 --< 1 
- __ of 
4 . 
. — 
4 "R LE 2 4 * 
* 
* 
* 8 © „* * 
* 
LS. 
* o 
* 8 * 
* be: , G 45 4 
_ - + i 
* 
= » 4a [ = 
» 
2 


* x « 
4 o.* 
k. 
. 
w * ' * „ 
4 oy * 5 
— 
— 
8 i 
- * 
E * > * . 
* 
* 
* - * * = 
* - 
© 4} 


. 


Rnd ET TOE OO IE II nates. 
- © pe gr ors - 
- ; , — 3 
— 7 2 « pct 
"EN — - 1 a —_ 
* 2 "= Se r * - 


— — — 


. 
r 


„ 


1 1 w | W lt WH | : a 
* 134 lo | | W: 3 | | : 
0 0 * — — 4 — 
1 wv me Wh 4 3 ? * : ® =" * 4 + 4. — 4 == = bo - * ? — 9 
+ = | 
22 TR | 221 2 | : RN . 
— * , 
by S ＋ 80 * . N 5 N. * 
— — „ 1 N 2 
5 E - | 2 3 ww — — 5 = © b& 0 ——44 2 — 4 —ͥ(̃[ I Idm. ff 
* BF — — ' - £ : P F * 
K | "FS "© | * 4 5 989 : 
— — 7 3 p 
— PLEA wy — [1-2 | 
- = FER N 1 . 
S == ==n V I : 
* — 2 - Bs — \ t . 
==i E 2 — 2 
== 1225 Bj. 16. © || © E == — 
—— mm == mew Os un 6, —ä t— : 
— —_ —— | — — — 225 bd 
— — => ' — _ — 22 
122 Hor | LR + = ITS 
122 = a2 [SR / JUTE at LEST: 2 N 
=> 122 121 — 2 2 <=x pl [>] 
my = — pan 1 S 
— — 1 — 22 
22 = 22 = — BH 
- * 8 122 21 / 
3 = 22 o 2 l === 
-: ; © ua 22125 = 2 2 
2 —— = — — — 
; Was! 2s il ' TH + 
Hl 1 9 RO | ß | 
. | HH 1 222 — 
* ; m= 1 * CY m= FA {a4 [ET] 2 
5 W 4 as — — ö — 
2 = a 
| = — w T -1_ hl — 22 2 I 
N 4 bong — - — i 8 
121K TH} it Ha - = 7 
222 TH — - 
3 — * NH * Wn HE WH 
> ＋— — 2 2 1 
5 2 . * — — 7 
— the 11 1 . — = _— : 
V or O 1211135 w +4 vw : 
. — LL &% 2 — 122 
5 a e p _ 1 I — — i 
| 0 7 N. + © 3 Bt 4— — 122 "to 
5 - 298 : 444 Hr 5 9% Fj 
. 14 £4 — 2 
p Sa | s 11 * a 22 222 
5 — 7 17 —_— 
: t 4 . 
E { — O jug — * * 2 
; == of 1 — 1722 . 
22 2 7 = 4 —_— me oh 
. 8 1 m * ag — N 
- L - e 
MH m = ' ene 0 bad Fi) or N 2 : , 
pos wn rr 4 f | 2 — | — — . 
N 222 22 7 ö Tx J 
_ J — = = 122 ; AJ / 
— q | | - 
| _= A] 1 — 321 Z 
- — — \ 5 
2223 — | — 221 | < — — <3 
» 7 
— _ dos a TI T — — f 
1821 — m 222 
* by * 1 w= I OX AB 7 218 _— og x 
32 as +, 7 4 > N NS IE . 2 == E | | 5 -N 
2 e E= — L | A | 2 
* 7 —̃ —— , * WS r 
or * Fe ii r : 
* TI 5 11 P * 22 . . 
== | o —5 = : ; 
— ! — - = Wo _ 21 — 4 . 
= == - . 
TT, . 3 = E : 
* Q 4 Xl , - 2 2 
74 2 2 1 1 — TE . 
122 = - . 
& _ * Tn 22 * 5 . 
©" * 2 — = - 
f 252 44 + a 
BA = | 22 E 
| : —— 2 
: 5 4 . 5 > : ws an — 0 A 
] * = 1 e 5 1225 4 1} by 4 * 5 * — 5 F $ . | 1 > 
r . #1 LA, EE E 3 E A 
| s TT 22 2218 
| ＋ = 22 221 - 
q A- itz I ff x 
5 : * f 5 4 h | 
. 4 : 1 5 | 7 or OI ' 
* ay d | ; * | _ 4 
* . 4 1 2 1 8 
— | | ' Ii] | - a * 
- | 4 1 ? 4 | 
+, * | j TY F A 
p Las. ad * — > yo . % 
* , — 4 — % n 1 5 | 1 . ' 
| IT 15 II OE: * / 
e a "= HEINE * 4 Ge 
J 2 1 , 
— 7 — 2 


% 
* 
en 
2 #> r 
. : "A a0 Sf * 
p 3 
* — bh < 3 $7 * 2 9 * 
3 * 15 8 Wo 
* 
. 
* 
* 
- 
" * 
* 
= . 


- 


LILI 


III 


11 


10 Ne 


7 


1 


1 


400 


Wu | 


III 


1 


III 


= 


4 
IIIA 


1 e 


LLLIIIII 


* 


MD 


i 
LLL. 


5 


LLLLLLLII 
* * 


— 4 


— 


LOL EEE LTELLELY 


I LLEEEEI EE LIETEEETEEDE EE EE CEE TE EE EE EEE FEE LELCY 


LI 


— 


Mann 


| 


L 


* 
* 

— 

222 

1222 — 

==n I 

. 222 N 
— 
& | 41] © 

1222 " 

— 

== . 

—— Ld 

232 ES 

. a _TI=ls 

— 

© e 

* - on 222 0 

* 
© | FT 2222 1 

2 1 1222 

1 ==DM= 

28 

124 — * 

AA * 

—V — . 
5H HET 
+566 3 * 

HY Rs 
2 HAR 
22 * * 
. 
* 
—_ = WS — 
AN 

2 2 1222 

122 — — 

=... — 

— 11221 

WW 
—_ <6 My = 
- ———— a — — 

222 i 
I 

1+ 

0 —— 

— — 

WW 122 

—— —— 

y 1 

— + 

—— = 
11A -x 
A = — 
— 
1222 — 


718 9 


* 
LLL 


1 


| 


* 


1 


[ 
0 


1 


IIIIIIIIIIIIILILIIIIIUIIIIIIIIIIHUl 
1 


WE WW 


1 


— 


* 


6 


e n Ot 


III 


| 


LL 


1 


. 


LLILII 


1 


4 


| WE PAs HE 255: Bt 


WWEAQOSHS EZ OE BL 


1 


1 


1 


LILLE! 


L 


210 


1 
1 


* 


ITTTTITTTTITTT 


1 


1 


1 


1 


1 


1 
[WELDEHPERDEUUITUEOIEN EILEEN EETEEELETEG! 


| WY 


1 


1 


+ 


1 1 


1 


10 


Li 
7 


L 


| ou 


L 


1 


TL 


LLLILILLILIIIIT 


L 


4 
LLLLLE 


1 


LLLILLILII 
HLIILLILILI 


III 


1_1 


* 


7 8 © 


= 


ILL 


III 


| 
T 
III 


IIIIII II III 


— 
— — 
— 
5 
222 
_ 
— = 
© [4] © | 
—— += 
— 
22 max =O 
——— — * 
— 1 poo 
—o - 
— - 
BH. 
I 122 
—4— — — 
—— an 
= = 22 
— mu © 5 
7 — 
KK |} N 22 
— 2 HED Wn — 
—— — — 
— — 4 — 
= aw 223 
22 — 
— 8 TT” 
S bend © —— 
— == 2m 
W 2 
—— — 
— 
—— 
+ _ — 
= an 228 
—— -a 
"HD F H 22 
— 
— + +- 
= _ 
ms _ 
_ _ —ͤ— 
= l_ H 
— 4 — . 
— — 
— — + — 
II 
- —p— — 
12 2828 
2225 —ͤ— 4 
* 
—4 — 
8 A 
— — — — 
7 * an 
3 122 
—— — — 
II — — 
* mx = DH 
45 [nh +5 Lt 
— — 
12 2 
1 2 122 
_ —— 
* | HZ 0 
S a * 
= — 
—— 
= N 
— — 
2 ＋ | - 
* = — 
2 FT 
— 122 
_ 
NE N o 
= — 
— — 
— 


111 


L 


* 
* 


A 


fo.» =» > 


* 
FEY RS 


5 


hy 


* 


F 


5 


* 


—j—ꝓ— 2 
th 


4 
L 


7 
D 


9833 


1 
; 


9«h«««%ch 
. 


1 


xs Ys nn 


— — K 


1 


—— — 6 


- 


#**+++++ „ 


* 


+» - I. 


* 


* 


4 


” 


— +», 
PTTL „„. 
5 * 9 9 


88 - „—F % ꝛͤͤ»- » 


* 


8 


4 
AEST EET EESTETTYY 


= 0-00 © 000.9058 60.080 


Y Ro#09<rc0<vo00e9 200000005 


J 
3 


„„ „1 


E 


Hate n. 


ip 


4 


0 | | MATTY 


TY Md 


— da - , 
, ß CP 9 
7 OL 2 , , . p . LS PA Lp 7 , , 77 / 


— —— — 


OY. —_ 1 
JD 8e 
N SO "14:44 * % 
DDD, 10 —— 
* N 


0 
J el. 


(1 
itt 


D D W= Y 1 
D N 
2 ID Wt 


7 


1H 
F / 
1 7 
, 
7 7 
9 
/ / 
77 / / 
/ / 
/ 1 
7 HH 
/ 
/ 


10 
DT 


in 


WW 
\ N < 


% 


In 


TILES 
FELL 


SHITE 


7 f 
* 


4 


— 
— — — 


4 
7 


SILVA DS. XXX 
LOO LIU 

4 / HJ FH, 5 COTA — \ 
F 4 DIA LH WO W 
£ \ 


£9 


2 


* 


* 
\ 
N 


W 


2 


perth a 


— 
2 
Z 
— 


—— 


$ 


N 

8 

* \\ 
VO 
V N 
N 


2 ——ä—4ͤ—k— — 


, 
— SJ 


8 


LH 

/ 5 PF 
L FH 2 ” 
L 


J 
W 
8 


d 


VL 
Hy 


ee, 
. 
7 2 
e, , 
2 PA 2 
1 1H SS 
= 
LSE 
VIVO 
LAWS 
. 


ie WJ 8 
W D 


Th 


Q * N 


N N n \ 
x $ \ \ Cd N 


Wo 


\ 
WV NPY 
CWCCCCIN 


P 


, 


SDS oP 
WJ d W D. 


WY 


. Spfleroid a0 PR  / 


= 


\\ 


IQ RSS 


\ \\ 

\\ Y\ 

GRID A \ ARYAN A XA AN 
n > WON \ \ * We 
7 a es WW ON \ 
/ "Ve ID \, WO \ 
* 1 n \ 

/ 


DV 


DSI 
JI) 


D 


DJ S 
JD 


J 


N 
n 
WAX AY D 
NC WEAR Q 
WW DD 
» * JE NJ W * * 


Hyper. Spindle Far: conoid ö | Comic|Fruſtum | 'Y 
62 | 63 2 1 . 


„ N 
V S 
/ | — === D 
% N by J JJ \ W 4 > — — * 
S JQQ \ WV W - — — . Ü—1—— " 
DD DD J N ——— J 
n VN DD D —— ns N 
jj — . — = a $ 
7 D____—_—_—_—_—_—_—_—_ —̃ ——̃ "I \ 
————— —_—_——— : J 
— — —̃ä CR ' vb b 3 A 
lj — — ——ꝛ— 
2 411 1 * 8 
Sr —— TRIS = 3 N 
| — — — — f 
li — K<==—CexK==p - p <++S- +5 EEE" k 
i _—_—_—_—_—_——— < D 
» = —C— — — o => J 
1 —— ̃—— IL 
? . 'L —— 
: — 
— - 
— — — — 
— D —— ͤ (—-— 
— — 


| 
| 


= MW _———_——= 


— — — — 


GH Pgem Seulpt, | 
2 - 


P is rear mpg ns 


